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ANNOUNCEMENT 


BOUT two and one half years ago, the American Institute of Physics began 

the translation of the Journal of Experimental and Theoretical Physics 
under a grant from the National Science Foundation. At the time, this was a 
pioneering effort, as far as scientific societies in the United States were con- 
cerned. Jt was then estimated that the number of Russian pages would run to 
approximately 1600 per year. 

Since that time, the Russian journal has twice expanded, and is now publish- 
ing at arate of 4000 pages per year. At the same time, The American Institute 
of Physics has undertaken the translation of three other journals (journal of 
Technical Physics, Acoustics Journal and the physics portion of the Proceedings 
of the Academy of Sciences), so that approximately 8000 pages are being trans- 
lated annually. All of these journals are finding steadily increased support from 
subscribers. 

Beginning with the next issue, Soviet Physics JETP will have a new editor, 
Prof. J. George Adashko of the City College of New York. It is my hope that the 
new editor will have the same generous support from translators and subscribers 
that was the good fortune of the retiring editor. 


Robert T. Beyer 


Grigorii Samuilovich Landsberg 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 409-412 (March 1957) 


HE outstanding Soviet physicist Grigorii G. S. Landsberg was born on January 22 (new 
Samuilovich Landsberg died in his 68th year on calendar), 1890 in the city of Vologda. He was 
February 2, 1957 after a painful illness. eraduated from the Moscow University in 1913, 
Physical science suffered an irreparable loss. G. _ where he remained to prepare for a teaching career. 
S. Landsberg’s great physical discoveries and his This marked the beginning of his scientific and 
fruitful pedagogical and scientific activities, span- pedagogical activity. 
ning more than 40 years, made him widely known in In 1915 Grigorii Samuilovich was drafted into the 
our country and abroad. A highly educated person, army, and in 1917 he was assigned to the Laboratory 
a scientist with most varied interests, Grigorii of the Agricultural Union, where he first worked as 
Sanuilovich contributed much to the theory and a scientist, and then as deputy chief of this 
practical application of physical optics, molecular laboratory. 
physics, and atomic and molecular spectroscopy. After teaching two years in the Omsk Agricultural 
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Institute (1918-1920) and after three years’ work at 
the Institute of Physics. and Biophysics in Moscow, 
Grigorii Samuilovich started his long scientific and 
pedagogical association with the Moscow State 
University. At the same time, during 1923- 1931, he 
also lectured in general physics also at the Second 
Moscow University (now V. I. Lenin Pedagogical 
Institute). Grigorii Samuilovich worked more than 
25 years at the Moscow State University. There he 
founded the optical laboratory and made many of his 
remarkable investigations. 

When the Academy of Sciences moved to Moscow, 
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(Rayleigh) scattering, predicted by I. I. 
Mandel’shtam as early as 1918. This fine structure 
(splitting) is due to modulation of the scattered 
light by elastic thermal waves (hypersound). This 
line splitting was too fine to be observable with 

the apparatus available to Grigorii Samuilovich at 
that time. The experiments were therefore performed 
with extreme precision. The systematic investiga- 
tion of the spectral composition of scattered light 

in crystals has led G. S. Landsberg and L. I. 
Mandel’shtam to the discovery in 1928 of an entirely 
new phenomenon of tremendous scientific and 
practical significance—the combination scattering 


Grigorii Samuilovich organized the Optical Laboratory of Jight (Raman effect). This discovery was 


of the P. N. Lebedev Physic Institute, to which most 
of his scientific activity shifted gradually. He 
headed this laboratory until his death. In recent 
years Grigorii Samuilovich taught at the Moscow 
Mechanical Institute, and then in the Moscow 
Physico-Technical Institute, where he established 
and headed the optics division. 

Grigorii Samuilovich published his first scien- 
tific work in 1915. When L. I. Mandel’shtam, who 
influenced G. S. Landsberg greatly, moved to Moscow 
in 1925 the two started their joint prolonged work 
on molecular optics. This work led to fundamental 
discoveries. 


The first great series of investigations was 
devoted to the study of molecular scattering of light 
in solids (quartz). This was before even the exis- 
tence of such scattering in crystals was established. 
The experimental difficulties inv dved seemed 
insurmountable because the stray light was hundreds 
of times stronger than the molecularly-scattered 
light. Grigorii Samuilovich first succeeded in ob- 
serving and measuring molecular scattering of light 
in solids because of his outstanding experimental 
skill in devising clever and elegant techniques that 
lead to success. This phenomenon was exhaustively 
studied quantitatively in subsequent works by G. S. 
Landsberg and his students. G. S. Landsberg, L. I. 
Mandel’shtam and their students created the theory 
of molecular scattering of light in solids. They 
observed and studied the anisotropy of the scattered 
light in crystals. All their experimental results were 
in full agreement with theory. Thanks to these 
investigations, scattering of light in crystals can 
now be considered a closed discipline, i.e., one 
fairly well developed from both the experimental 
and theoretical aspects. 

Immediately after the first reliable observations 
of molecular scattering of light in crystals, G. S. 
Landsberg and 1. I. Mandel’shtam started a 
search for the fine line structure of the classical 


destined to play an outstanding role in the history 

of science. The investigation of the new phenomenon 
distracted G. S. Landsberg somewhat from the initial 
problem, to which he returned only in 1930, when 

the modulation of scattered light by hypersound was 
indeed observed. This effect was studied sub- 
sequently in many laboratories in the world. It be- 
came evident in the course of this investigation in 
G.S. Landsberg’s laboratory that precise measure- 
ments of the speed and absorption of ultrasound in 
liquids were necessary. Although such measure- 
ments were new and unusual for an optical 
laboratory, Grigorii Samuilovich included them in 

his laboratory’s program without hesitation. 

It was generally typical of Grigorii Samuilovich 
to have a broad and versatile approach to a solution 
of a problem. His study of all the problems con- 
nected with classical scattering of light led to 
results of great scientific significance. Grigorii 
Samuilovich retained interest in this topic, and 
continued to develop these investigations to his 
last days. 

An investigation of certain aspects of resonant 
fluorescence led G. S. Landsberg and L. I. 
Mandel’shtam to the discovery of an entirely new 
phenomenon — selective scattering in mercury vapor. 
Grigorii Samuilovich displayed here a particular 
experimental virtuosity, leading to an unmistakable 
observation and to a thorough study of the effect not 
only qualitatively but also quantitatively. 

The second great subject in which Grigorii 
Samuilovich engaged was the study and practical 
application of combination scattering of light. 
Combination scattering of light (Raman scattering) 
discovered by him jointly with L. I. Mandel’shtam 
in quartz crystals and discovered independently by 
Raman in liquids, is one of the greatest physical 
discoveries. G. S. Landsberg and L. I. Mandel’shtam 
grasped immediately the true nature of this phe- 
nomenon. Many of their investigations and those of 
their associates were devoted to exhaustive experi- 
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mental and theoretical studies of this scattering. 
They developed the classical and quantum theories 
of the phenomenon and studied the temperature 
behavior of the long-wave and short-wave satellites. 
The great significance of this phenomenon to 
physical and chemical problems was immediately 
appreciated. A new path was blazed in scientific 
research and many practical applications were found. 
Thus, G. S. Landsberg and his school used combina- 
tion scattering to study exhaustively the so-called 
“hydrogen bond,” which plays a particularly impor- 
tant role in many problems of molecular physics and 
chemistry. They performed the difficult investigation 
of second-order combination-scattering lines that 
characterize the nonlinearities of the intramolecular 
forces, and were the first to measure by interference 
the widths and the contours of the combination- 
scattering lines. The work by Grigorii Samuilovich 
and his students on the analytic application of 
conbination scattering of light has made this method 
a powerful precision tool for quantitative and qua- 
litative analysis of complex organic mixtures. 
Shortly before his death, Grigorii Samuilovich and 
his students summarized the results of their research 
in this field in a special monograph. 

G.S.Landsberg’s all-around scientific activity 
was by no means limited to a study of the above 
scientific problems. His outstanding accomplishment 
is the development of the scientific foundations and 
methods for the application of emission analysis to 
metallurgy and to other branches of industry. 
Grigorii Samuilovich proceeded to develop and 
introduce spectral analysis at the very same time 
when some of the greatest spectroscopists in the 
world thought it impossible to apply spectral ana- 
lysis to production. The persistent work by Grigorii 
Samuilovich and his school led to a solution of this 
problem, which he clearly understood to be 
important to the government, and now spectral 
analysis is widely used in many plants and enter- 
prises of the country to the great benefit of the 
national economy. 

Grigorii Samuilovich was also most influential in 
training of an entire army of spectroscopists and in 
launching a domestic industry of spectral instru- 
ments. He was the permanent head of the Commis- 
sion on Spectroscopy, Academy of Sciences, USSR, 
and guided the policies of its important work. 

As already mentioned, Grigorii Samuilovich’s 
pedagogical activity began in 1918. He taught 
courses in general physics, in “Experimental 
Foundations of Atomic Theory,” in “Scattering of 
Light,” etc. His masterful lectures inspired in the 
listeners great interest in physics and love for 
science. His lectures were a creative process. 
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Grigorii Samuilovich believed teaching to be his 
unswerving duty. He has trained many generations, 
of Soviet physicists, who remember their teacher 
with respect and gratitude. 

Grigorii Samuilovich’s qualities as scientist and 
teacher are shown in his excellent Optics, which 
went through four editions, and in the three-volume 
Elementary Textbook of Physics, produced under his 
leadership, to which he devoted much of his labor. 
These books occupy an outstanding place in our 
physics literature. 

Grigorii Samuilovich’s tremendous scientific 
accomplishments, his scientific-organizational merits, 
and his activity as a Soviet patriot were highly 
esteemed. On November 30, 1946, GS. S. Landsberg 
was elected an active member of the Academy of 
Sciences, USSR. He was awarded the Stalin prize for 
outstanding services in the development of spectral 
analysis. He was awarded two orders of Lenin and 
medals. 

Grigorii Samuilovich was a man with a sense of 
duty, both as a scientist and a citizen. He never 
compromised with his conscience. His high princi- 
ples, consistency, and courage in defending his point 
of view gained him universal respect. He was 
generous and responsive, but was feared by climbers 
and grabbers. Everyone who was genuinely devoted 
to science gained his support and unselfish aid. 

The glowing memory of Grigorii Samuilovich 
will long be indentified with the idea of what a 
scientist’s basic human qualities should be. 


G. S. LANDSBERG’S PRINCIPAL WORKS 


Molecular Scattering of Light in Solids: 1. Scat- 
tering of Light in Crystalline Quartz and its Tem- 
perature Dependence, Z. Physik 43, 773 (1927). — 
II. Temperature Dependence of Intensity of Scat- 
tered Light, Z. Physik 45, 442 (1927). — III. 
Intensity of Light Scattered by Crystalline Quartz 
(with K. S. Vul’fson), Z. Physik 58, 95 (1929). — IV. 
Intensity of Light Scattered by Rock Salt (with 
L. I. Mandel’shtam) Z. Physik 73, 502 (1931). 

Discovery and Investigation of Combination 
Scattering of Light (with L. I. Mandel’shtam): Sixth 
Congress of Russian Physicists, Moscow, Gosizdat 
(1928); Journal of Russian Physical and Chemical 
Society , Physics Part 60, 335 (1928); Compt. rend. 
187, 109 (1928); Z. Physik 50, 769 (1928); Naturwiss 
16, 57 (1928); Uspekhi Fiz. Nauk 9 (1931). 

Contributions to the Theory of Molecular Scattering 
of Light (with L. I. Mandel’shtam). Zh. prikl. fiz. 6, 
155 (1929). 

Concerning the Intensity and Temperature Depen- 
dence of Combined Scattering (with M. A. Leontovich), 
Z. Physik 53, 439 (1929). 
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Scattering of Light in Crystals at High Temperature 
(with L. I. Mandel’shtam), Z. Physik 58, 250 (1929); 
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On the Theory of Molecular Scattering of Light in 
Crystals (with L. I. Mandel’shtam and M. A. 
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Combination Scattering in Absorption and Fraun- 
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Fundamental Works on Spectral Analysis of Metals: 
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S. V. Tuliankin, and V. V. Tseiden). 

Selective Scattering of Light in Mercury Vapor 
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Second-Order Lines in Combined Scattering (with 
V. L. Malyshev). Dokl. Adad. Nauk SSSR 3, 365 
(1936). 

Frequency of Hydroxy] Group of Methyl Alcohol 
and its Dependence on Density (with S. A. Ukholin), 
Dokl. Akad. Nauk SSSR 16, 399 (1937). 

Intermolecular Forces in Combination Scattering 
of Light. Izv. Akad. Nauk SSSR, Ser. Fiz 3, 373 
(1938). 
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Spectrum and Positive Excess of the Hard Component 


initiew7.si=cl/)ix 10° eve Momentum Range 
at an Altitude of 3250 Meters 


A.I. ALIKHANIAN AND A. O. VAISENBERG 
Physical Institute, Academy of Sciences, Armenian SSR 
(Submitted to JETP editor, October 6, 1956) 


J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 413—416 (March, 1957) 


The spectral distribution of the positive excess in the hard component was measured in 
the (0.3 —17) x 10° ev/c momentum range. The measurements were performed on the large 
Spectrograph of the Alagez Laboratory at an altitude of 3,25 km. 


HE purpose of the present work is to continue 
into a region of significantly greater momenta, up eter of the Alagez Laboratory at a magnetic field of 


to 1.7 x 101° ev/c, the measurements of the momen- 


tum spectrum and positive component which were 
carried out in Ref. ] in the region (0.1 — 2.5) x 
109 ev/c. At the present time interest in this prob- 


lem has increased in connection with the fact that 


the study of the production of K-mesons in cosmic 


rays and especially in accelerators has disclosed a 


sharp asymmetry in the number of positively and 


negatively charged mesons produced. By this same 
fact, the proton character of the primary cosmic 


rays has ceased to be the only possible explana- 


tion of the positive component. Measurements were 


carried out in 1952 in the large magnetic spectrom- 


magnitude 13,700 oe. At such a field the probable 
error in the measurement of a momentum of 1,7 x 
102° ev/c is close to 50%. The construction of the 
magnetic spectrometer and the methods of treating 
the data have been described briefly?’°, and we 
will limit ourselves here to introducing only a sec- 
tional drawing of the distribution of the counters in 
the telescope and of the absorbers (Fig. 1). 

A layer of lead of 7 cm thickness was placed 
over the entire apparatus. The total thickness of all 
the lead absorbers over the rows of counters V/ — X 
was equal to 5.8 cm. Under the row of counters X 


TABLE Distribution of the particles of the hard component by momentum intervals. 


Momentum 

Rides 3—5 5—6 6—8 8—10 10-15 

10° ev/c 
= 
x“ Ny 83 140 382 436 898 
/\ es 88 114 264 318 667 
& |k=n,/n_ 0,94+0,14 | 1,23+0,14 | 1,4640,09 | 1,37+0,08 | 1,35+0,07 
= us tie oe 99 152 490 
28 iii 30 101 123 395 
Sy k=n,/n_ 12073-0505 {142-05 10 1,24+0,08 
/\ 
iad 


(continuation of the table) 


15—20 20—30 30—50 50—90 90—170 | >170 3—170 

: 88 765 582 309 5082 

oa oe 546 418 590 211 3669 
1,42+0,08 | 1,43+0,07 | 1,40-0,07 | 1,39--0,08 | 1,47-0,09 1,39-£0,02 
ya 588 551 492 594 oe 2029 

288 LDA 405 399 ee (2271 
1,294.0,09 | 1,39-+0,08 | 1,36-+0,08 | 1,28-+0,08 | 1,270, 12 1,29-40,03 
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FIG. 1. Distribution of the counters in the 
telescope and of the absorbers. 


was located a layer of lead of 14 cm thickness, 
under which was placed the row of counters X/. 
Particles which passed through all the rows of 
counters up to the tenth inclusively, and did not 
undergo multiplication, as determined by coordi- 
nated counters, were considered to belong to the 
hard component. The path of these particles was 
greater than 5.8 cm of lead. The path of those 


particles of the hard component which also passed 


through the row of counters X7 was greater than 


19.8 cm of lead. 
The Table gives the experimental results — the 
number of positively and negatively charged parti- 


cles (n, and n_) the momenta of which lie within 


a 5 
the indicated intervals (the tabulated numbers being 
given without correction for the magnetic aperture 
ratio of the apparatus). These data were obtained as 
aresult of measurements of the momenta of 8966 
particles. They give the momentum spectrum and 
the distribution of the positive component in this 
spectrum. The last column of the table gives the 
values of the positive excess for the entire mo- 
mentum interval investigated, this excess is 

k = 5082/3666 = 1.39 + 0.08 for the particles with 
path length R > 5.8 cm of lead. In order to explain 
how an excess of this magnitude is concerned with 
mesons, let us consider the average value of the 
excess for particles with a path greater than 19.8 
cm of lead. Because of ionization braking, pro- 
tons of momentum less than 1.05 x 10° ev/c do not 
occur among these particles. Protons of greater 
momenta must be strongly absorbed in the supple- 
mentary 14 cm block of lead, the thickness of which 
is equivalent to a single “geometrical” nuclear ab- 
sorption path. The positive excess for particles 
with a path greater than 19,8 cm of lead is given 

by k = 2929/2271 = 1.29 +0.03. 

The spectrum of the positive excess was meas- 
ured in Ref. 1 up to 2.5 x 10° ev/c. It is of inter- 
est to obtain the value of the positive excess for 
larger momenta. From the data of the table it fol- 
lows that for momenta greater than 3 x 10° ev/c 
the positive component is equal to: 

k = 1656/1174 = 1.41 +0.05 for particles with path 
R> 5.8 cm; & = 1197/910 = 1.31 +0.5 for par- 
ticles with path R > 19.8 cm. 

These results, in agreement with Ref. 1, indicate 
that in each measured spectrum as well as in the 
region of larger momenta a significant part of the 
positive excess is produced by yp mesons. Since a 
part of the protons of high energy produces pene- 
trating particles in the lead and thus “passes” into 
the hard component, it follows from the results intro- 
duced that the positive excess arising from the mes- 
on component itself is, in any event, less than 1.30. 

The spectral distribution of the positive excess 
is shown in the table and in Fig. 2. In these results 
it is to be noted that the positive excess in the re- 
gion of small momenta, where protons are known to 
be absent (momenta less than 0.6 x 102 and 1.0 x 


10° ev/c for mesons with paths greater than 5.8 
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and 19.8 cm of lead, respectively), is near unity. 
This fact, which appears as a consequence of the 


local generation of slow mesons by the neutron 
component, is well known at the present time4»®. 


FIG. 2. o— positive excess for particles with R > 5.8 cm Pb; o—the 
same with R > 19.8 cm Pb. Momenta in units Bev/c are plotted as abscissa. 


The separation of the positive excess into a pro- 
ton part and a meson part which has been carried 
out in this and the preceding work! allows the pos- 
sibility of determining the vertical intensity of the 
proton component under the conditions of our experi- 
ment, that is, under a layer of lead of 7 cm thick- 
ness. Subtracting the spectrum of the negative par- 
ticles, increased by the magnitude of the mesonic 
positive excess, from that of the positive particles, 
and carrying out a summation over the momentum 
intervals, we obtain the number of protons with mo- 
menta of interest to us. The results obtained above 
show that the upper limit of the positive excess for 
mesons is near 1.30. On the other hand, measure- 
ments at sea level, where the intensity of the pro- 
ton component is of a smaller order than at a 
height of 3250 m, show that the positive excess of 
the mesonic part of the spectrum, /,, in our momen- 
tum interval, measured with high statistical accu- 
racy’, is near 1.25. Just such a value of k. was ob- 
tained in Ref. 1 for the mesonic part of the spec- 
trum in the momentum region (2.4 — 7.7) x 108 ev/c 
at a height of 3250 m. Taking &, = 1.25, therefore, 
we find the intensity of the proton share of the hard 
component by the formula 


Np = y(n, —1,25 ni) | (ni, + nL). 


J 


The summation in the numerator is carried out be- 
ginning with the fifth momentum interval (p > 10? 
ev/c), while that in the denominator is carried out 
over all the tabulated momentum intervals. Thus, 
from the intensity of the total hard component reg- 
istered by the apparatus, we obtain NV, = 4.8 + 
0.05%. 

In conclusion we note that in the region of mo- 
menta greater than 5 x 10° ev/c the integral p 
meson spectrum, constructed according to the table 
for paths greater than 19.8 cm of lead, is satisfac- 
torily described by a power function ~ p'” with ex- 
ponent y = 2.45 + 0.05. 


LITERATURE 


1 A. O. Vaisenberg, J. Exptl. Theoret. Phys. (U.S.S.R.) 
32, 417 (1957). 

2 Alikhanian, Dadaian and Shostakovich, Dokl. Akad. 
Nauk SSSR 82, 693 (1952). 

3 VY. M. Kharitonov, Dissertation, Moscow, 1955. 

4 G. Poiani and G. Salvatori, Nuovo cimento 4, 503 
(1956). 

5 H. A. Morewitz and M. H. Shamos, Phys. Rev. 92, 

134 (1953). 

6 Beretta, Filosofo and Sommacal, Nuovo cimento 10, 


1354 (1953). 


Translated by M. G. Gibbons 
106 


SOV IH IPH Y SIGS erie VOLUME 5, NUMBER 3 OCTOBER, 1957 


Momentum Spectrum of the Cosmic Radiation 


and the Positive Excess in the (0.1—2.5) x 10° ev/c Range 
at an Altitude of 3250 m 
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The spectrum of the hard component and the spectrum of unfiltered cosmic radiation 
have been measured at an altitude of 3.25 km with the aid of magnetic analysis. The 
spectral distribution of the positive excess was obtained and the contributions of the 


proton and meson components to the magnitude of the excess have been evaluated. 


iB recent years the spectrum of the charged part of 
the cosmic radiation at mountain altitudes has 
been studied in a number of works!**. In the present 
article, momentum spectra of the cosmic radiation 
which were measured during 1949-52 in the small 
magnetic spectrograph of the Alagez Cosmic Ray 


Laboratory are considered. A detailed description 
of the apparatus and of other similar spectrographs 
has already been given briefly elsewhere’’®, so 
that we can limit ourselves to a schematic diagram 
showing the arrangement of the counters in the 
telescope and of the absorbers (Fig. 1). 
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FIG. 1. Scheme of the apparatus 1- 7- rows of 
counters: A, B, C, D- absorbers, measured in 
millimeters. 


In our apparatus the total error in a momentum 
measurement due to the geometrical dimensions 
of the counters of groups 1, 2 and 3 (indicated by 
dashed lines in Fig. 1) and scattering in their 
walls is such that momenta in the range (0.1—0.2) 
x 10° ev/c is measured with a relative error of 
about 25%. 

In what follows we shall consider spectra of the 
unfiltered rays, consisting of electrons, mesons and 


protons, and spectra of the hard component, from 
which electrons are excluded. 


1. SPECTRA OF THE UNFILTERED RAYS 


The spectra of the unfiltered rays were obtained 
in experiments where no special absorbers were 
used over the magnetic spectrograph or between 
the counter trays of its telescope. 
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Let us consider the spectra of the unfiltered rays 
(Table 1 gives the distribution of particles according 


to intervals of deviation in the magnetic field. The 
a 


deviation distance 5 (cm) for a momentum pe (ev) is 
obtained from the formula 6 = 1.7 x 10°/pe, where 
1.7 x 10° ev-cm is a constant of the apparatus. 


TABLE I 
eee 
ape : Spect f th 
Deviation | Average | “prin” | “infiltered rays ees 
interval momentum | ,~ a u ae 
: eee aperture 
dincm | in 10% ev/c patie N, N_ N, Ne 
3 <0), 949 2203 
0,5— 1,0 22 sit 1,00 669 | 409 1569 Oy) 
i 1,0 kejgle 1,02 500 304 188 747 
1,5— 2,0 9,7 1,03 367 207 780 908 
2,0— 2,5 7,6 LOS 303 52, 538 313 
2,9— 3,0 One, 1,06 218 421 Sill 246 
3,0— 3,95 D2 1,09 163 89 206 Ui 
3,0— 4,0 4,9 ale ell 133 08 140 434 
4,0— 5,0 One ey 165 101 216 166 
5,0— 6,0 Dail dio 120 69 94 82 
6,0— 8,0 2,4 1,46 SV oo) 89 64 
8 ,0—10,0 iy) 1,85 70 a 14 of 
10,0—12,0 ae 2,44 D2 49 4 4 
12,0—14,0 5 Paces 3,40 30 3t ss) 2 
14°0—15.0 119 4-60 7 9 2 0 
§ > 15,0 ND 16 0 2 
The third column of the table gives the correction From the spectra shown it is clearly evident that 
for the “aperture ratio” of the apparatus. The the spectrum of the negatively charged particles 
momentum spectrum obtained after the momentum has two components, an electron component, which 
interval is shown in Fig. 2. decreases rapidly with increasing momentum, and a 


meson component extending to the end of the spec- 
trum, while the spectrum of the positively charged 
particles differs sharply from it by the presence of 
a bulge in the momentum region (3-10) x 108 ev/c 
which occurs because of the presence of a third 
component. It is natural to suppose that this 
component consists of protons. The difference 
just described in the spectra of the positively and 
negatively charged particles was noted also in 
Ref. 2, where the work was carried out at an alti- 
tude of 3.4 km. 

The difference between the two spectra can be 
described in terms of the magnitude of the positive 
excess k =N, /N_ inthe various regions of the 
spectrum. In order to obtain the magnitude of & 
with sufficient statistical accuracy, it was deter- 
mined for eight rather large intervals of momentum. 
The distribution of the positive excess through the 
spectrum is shown in Fig. 3 (curve A). From a 
consideration of this curve we may make the fol- 
Momentum in 10° ev/c lowing conclusions: 

1. For momenta of less than 2 x 108 ev/c the 
I—negatively charged positive excess, to with the limits of the sta- 
Il—positively charged, tistical accuracy of the observations, does not 
IlI—sum of both spectra. occur. That is,  ~ 1. Just such a value of & 


Intensivity 


FIG. 2. Momentum spectra: 
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would, in fact, be expected for the electron-positron 
part of the spectrum. 

2. The positive excess arises in the neighborhood 
of a momentum of 2 x 108 ev/c and increases rap- 
idly, reaching a maximum value, approximately 
k = 2, near a momentum value of 5 x 108 ev/c. An 
approximate result was obtained in Ref. 1, where 
the positive excess in the momentum region (0.3— 
0.7) x 10° ev/c was found to be equal to 2.50+0.14 
at an altitude of 3.4 km. We note that the emergence 
and rapid growth of the positive excess begins in 
the neighborhood of the minimum momentum of the 
protons stopped by the apparatus (the total thick- 
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FIG. 3. Distribution of the positive component 
A—unfiltered radiation 
B—hard component. 
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TABLE II. Absorption of the positive excess 
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ness of the walls of the counters, equal to 0.2 mm 
of Cu, corresponds to a proton momentum of 2.4 x 
2.4x 10° ev/c). This indicates that in the region 
of small momenta the positive excess arises as 
soon as protons begin to appear among the particles 
counted. 

3. With a further increase in momentum (p >5 x 
108 ev/c) the positive excess decreases slowly, 
approaching a constant value of about 1.5—1.6. 
This is in agreement with the date of Ref. 1 and 2, 
where, under conditions analogous to ours, it is 
found that & = 1.50 + 0.05 and & = 1.68 + 0.06, 


respectively. 


2. ABSORPTION OF THE POSITIVE EXCESS 


A series of measurements was made in an attempt 
to determine whether all of the positive excess 
observed in the spectrum could be explained in terms 
of the presence of protons. The experiments carried 
out consisted of the measurement of the magnitude 
of the positive excess when lead and graphite ab- 
sorbers which should have cut off a significant part 
of the proton component (experiments 3, 4 and 5, see 
Table 2) were placed over the entire apparatus. In 
experiment 3, a 10 cm layer of lead was placed over 
the apparatus, in experiment 4, a 20 cm layer of 
lead was used, and in experiment 5, a 40 cm layer 


10 cm Pb===| 20cm Pbh=—| 40 cm Com 
1 1 1 1 
{ Scheme of the 2 2 2 2 2 
experiment | 0,8cm Pbh=™/0,8cm Pbh==|0,8 cm Pb==|2,4 cm P= 
43 3 3 3 3 
1,1cm Pb==|1,1cm Pb=!1,1 cm Pb==|3,0cu Pb=— 
4 i hea 
5 5 5 “> ay 
Number of the 
2 Experiment : | . 2 | : | > 
8 Pas (108 eV/c) -~ | = | 8,3 | 10,8 | 8,9 
4 Nz | 1870 | 11914 | 3260 | 1295 | 1673 
5 N_ | 1288 | 8411 | 2350 | 948 | 1256 
6 k= N,/N_ 1,45+0,05 | 1,424+0,02 | 1,3940,03 1,37+0,06 | 1,33+0,05 


Note. The boldface numbers indicate the rows of counters in the apparatus. The horizontal 


bars signify absorbers placed over the counters. The first column gives the number of the line 
in the table. 
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or graphite was used. In order to pass through these 
absorbers, the protons must possess minimum mo- 
menta of 8.3, 10.8 and 8.5 x 108 ev/c, respectively. 
Hence the protons having smaller momenta before 
their entrance into the absorber must disappear from 
the spectrum. As for the protons with larger momenta, 
nuclear interactions in the upper filters must lead to 
a significant weakening in their intensity. Hence if 
the entire positive excess is composed of protons, 
then one would expect it to decrease strongly in 
experiments 3, 4 and 5. 

For an inspection of the results of the experiments, 
let us turn to Table 2, which gives the scheme of 
the experiments and its number (lines | and 2), the 
minimum momentum of a proton passing through the 
upper filter (line 3), the number of positively and 
negatively charged particles in the complete spec- 
trum which pass through the apparatus without multi- 
plication (lines 4 and 5), and the magnitude of the 
positive excess (line 6). 

Consideration of the data of Table 2 allows us to 
make the following conclusions: 

1. The positive excess has much greater value in 
the spectrum of the filtered rays (& = 1.45 + 0.05). 

2. As the layer of material above the apparatus is 
the magnitude of the absorption of the positive 
component decreases correspondingly from the value 
k = 1.42 + 0.02, when there is no material above the 
apparatus, to a minimum value 1.33 + 0.05, when a 
40 cm layer of graphite is placed over the apparatus. 

The results obtained serve as an argument to show 
that the observed positive excess cannot be ex- 
plained by protons alone, and that the positive ex- 
cess occurs also inthe meson part of the spectrum. 
The measurement of the spectrum of the hard compo- 
nent has allowed the separation of the mesonic and 
protonic parts of the positive excess. 


3. SPECTRUM OF THE HARD COMPONENT 


In the measurement of the spectrum of the hard 
component, measures were taken, as carefully as 
possible, to get rid of electrons. The arrangement of 
the absorbers in this experiment is shown in Fig. 4. 
The hard component consists of particles which 
have passed without multiplaction (recorded by rows 


of counters 3 and 4) through absorbers A, B, C, and 
D, the total thickness of which is equivalent to 8.6 
cm of lead. The number of electrons among such 
particles must be very small: the probability of 
cascade multiplication is near unity, but the elec- 
trons which have not undergone multiplication will 
be absorbed in the layers A, B, C and D and will 
not enter into the hard component. The measured 
spectrum of the hard component is shown in Table 1 
and Fig. 4. A comparison of this spectrum with the 
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spectrum of the unfiltered radiation (Fig. 2) shows 
that the electron component, the principal part of 
which belongs to the momentum region below (3—4) 
(3-4) x 108 ev/c, is actually missing from it. 


Intensity 


10 


20 
Momentum in 10° ev/e 
FIG. 4. Spectra of the hard component. 
I-total radiation, II—positively charged 
particles, III—negatively charged parti- 
cles. A= 1.5 cm Pb, B =5.1 cm Pb, 
C=4cmC, D=4 cm G. 


Considering the spectrum from the point of view of 
the presence of protons, it should be kept in mind 
that protons whose path lenghts are less than 8.6 cm 
of lead, (i.e., protons with momenta less than 7.7 x 
10%ev/c) are absent from it. In connection with this, 
it is of interest to consider the positive excess for 
this spectrum, and to compare it with the positive 
excess for the spectrum of the unfiltered radiation. 
The positive excess in the spectrum of the hard 
component is shown in Fig. 3 (curve B). A compari- 
son of curves A and B showsclearly that a signifi- 
cant part of the positive excess in the spectrum of 
the unfiltered radiation in the momentum region 
(2.4—7.7) x 108 ev/c is connected with protons. 
Since protons in the momentum interval (2.4 x 10° 
ev/c are not present in the spectrum of the hard 
component (R > 8.6 cm Pb), then the positive excess 
in this momentum interval is composed only of 
mesons. The magnitude of the purely mesonic part 
of the positive excess can be determined. 1105 
positively charged particles and 883 negatively 
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charged particles were counted in the interval (2.4— 
7.7 x 10° ev /c. This corresponds to a positive ex- 


= 1105/883 = 1.25 + 0.06. 


cess ka, 
4. INTENSITY OF THE PROTON COMPONENT 


A knowledge of the positive excess inherent in 
the meson part of the spectrum allows one to make a 


rather accurate estimate of the intensity of the proton 


component. For this purpose one must take as a 
measure of the number of protons the difference 
between the first and second spectra, the ordinates 
of which are increased by the magnitude of the pos- 
itive excess at any given point of the spectrum 
where the meson spectrum is present. In order to 
make such an estimate it is necessary to know the 
magnitude of k,. The average value of k,, in the 
momentum eal (2.4—7.7) x 108 ev/c was deter- 
mined above to be equal to 1.25 + 0.06. Although 
the dependence of &, on the momentum is unknown, 
the value obtained and the totality of the known 
experimental results on the positive excess in the 
meson component indicate that for the momentum 
interval in question the magnitude of k,, changes 
very little, being within the limits 1.2 fo 1.3 and 
close to 1.25. We shall determine the number of 
protons in the spectrum of the unfiltered radiation, 
starting from this magnitude of the mesonic positive 
excess. We will concern ourselves with protons the 
momentum of which is greater than 3.4 x 10° ev/e, 
that is, protons which are deviated less than 5 cm 
in the magnetic field. The number of such protons 
is given by the formula 


NaN kN, 


i 


where the summation is taken over all deviations 
less than 5 cm (Table 1). Values of N , calculated 
for ky, assumed equal to 1.00, 1.25 and 1.30, 
respectively, are given below in percent of the 
total intensity registered by the apparatus. 


p Pp 
4,00 29-44 
1,25 14-1 
1,30 41-41 


We see that the intensity of the proton component 
lies within the limits of 11-14% of the total inten- 
sity. In order to obtain the intensity of the protons 
in the hard component it is necessary to increase 
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these numbers by 18%. Thus the proton intensity 
lies within the limits of 13-17% of the intensity of 
the hard component. This result is very close to 
that obtained in Ref. 1-4. 


CONC LUSIONS 


1. From the form of the spectra of the unfiltered 
radiation, it follows that, besides the electron and 
meson components, a notable amount of proton 
component is also present at an altitude of 3250 m. 
The existence of an intense proton component 
manifests itself in the measured spectra first of all 
in the fact that the positive excess for the total 
radiation is equal to 1.50 + 0.02, while at sea level, 
where the intensity of the proton component if less 
by an order of magnitude, the positive excess lies 
within the limits 1.2—1.3. 

2. In the region of momenta greater than 8 x 108 
ev/c, where the main portion of the particles 
counted by the apparatus are located, the positive 
excess changes very little with momentum, and its 
magnitude is close to 1.5. The positive excess is 
close to unity in the region of small momenta in the 
spectrum of the unfiltered rays. This is explained by 
the fact that the overwhelming majority of particles 
in this region of the spectrum are electrons and 
positrons. 

3. In the pntermed iate region of momenta, from 
2 to 8 x 108 ev/c, the positive excess increases 
rapidly, reaching a maximum of about 2 atk ~~ 5 x 
10° ev/c, and then decreases to 1.5. The large 
value of the positive excess in this region is ex- 
plained by the presence of a significant number of 
protons. 

4. The influence of the protons on the magnitude 
of the positive excess is clearly manifested in the 
spectrum of the hard component from which all 
protons with momenta (2.4—7.7) x 10° ev/c have 
been removed. Thus it has been possible to deter- 
mine the purely mesonic positive excess in this 
region of the spectrum. It turns out to be equal to 
1225.10.06; 

5. Knowing the positive excess of the meson 
component, we may estimate the number of protons 
in the momentum interval (3.4—25) x 108 ev/e, 
which we are investigating. It lies within the limits 
of 13-17% of the total intensity of the hard compo- 
nent. 

The author wishes to convey his gratitude to 
M. I. Daion and V. M. Kharitonov for their assistance 
in a considerable part of the measurements and to 
A. I. Alikhanian for a discussion of the results. 
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Energy and Angular Distribution of Neutrons 
Emitted in the Be? (d, n) B!° Reaction 


A. I. SHPETNYI 
Physical-Technical Institute, Academy of Sciences, Ukrainian SSR 
(Submitted to JETP editor July 9, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 423-431 (March, 1957) 


The energy spectra and angular distributions of neutrons from the Be? (d,n) B 10 -eaction 
have been investigated at deuteron energies of 0.5, 0.8, 1.0, 1.2, 1.4 and 1.6 Mev. The 


excitation curve for this reaction indicates a resonance at 1 Mev in the compound nucleus, 


ey 5 si ® ; F . ‘ , : 
B~~. The angular distribution corresponding to an excited state in B a with excitation 


energy E, = 3.62 Mev points to the existence of a stripping mechanism. The angular dis- 


tributions of reactions involving the formation of compound nuclei are appreciably dis- 


torted on passage through a resonance. 


1. INTRODUCTION 


$ hae experimental study of spectra and of angular 
distributions of neutrons emitted when light 
nuclei are bombarded by charged particles, for 
instance by deuterons, yields useful information on 
the excited states of the residual nucleus and on the 
mechanism of the nuclear transmutation. In this 
work*, the reaction Be? (d, n) B+° was investigated. 
Lately a number of authors~? have published results 
on the investigation of this reaction for deuteron 
energies less than 1 Mev. Five energetic neutron 
groups were observed. The angular distributions 
indicate a stripping mechanism only for the fourth 
excited state of B?°, for the other states a sub- 
stantial contribution from the formation of the com- 
pound nucleus is presented. 

This work is believed to be more detailed inves- 
tigation of the energy spectra and the angular dis- 
tributions of the neutrons from the reaction Be” 

(d, n) B}° as a function of the incident deuterons 
in the range of 9.5 to 1.6 Mev. 


*This work was carried out in 1950-1952 


2. EXPERIMENTAL SET-UP. 


A beam of fast deuterons, obtained from the tube 
of an electrostatic generator, hit a thin metallic 
beryllium foil after magnetic analysis. The energy of 
the incident deuterons had values of 0.5, 0.8, 1.0, 
1.2, 1.4 and 1.6 Mev. The voltage of the electrosta- 
tic generator was determined with the help of a gen- 
erating voltmeter, calibrated with the reaction 
F+? (p ay)O*©, The voltage stabilization was 
carried out with the help of a corona triode for which 
the signal was the beam passing through the mag- 
netic analyzer. 

The focussed deuteron beam falling on the target 
had a diameter of about 5 mm. The neutrons from the 
reaction were detected by means of proton recoil 
tracks in photoemulsions. The surface of the photo- 
emulsions was placed parallel to the direction of 
the incoming neutrons coming out of the target. 
The NIKFI photographic plates with 200 » thick 
emulsions were placed at various angles to the 
direction of the incident deuteron beam in a ring- 
like hermetically closable duraluminum chamber 
(Fig. 1). The inside diameter of the chamber 
was 140 mn, the outside diameter was 170 mm. The 
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FIG. 1. Experimental Set-Up. 


chamber was fastened at the end of the pipe through 
which the deuteron beam was brought, in such a way 
that the beryllium target was at the center of the 
chamber. The thickness of the chamber (wall) was 
4mm which excluded the possibility of charged 
particles reaching the photoplates. 

The photoplates had dimensions of 20 x 30 mm. 
At each angle, two plates were placed with the 
emulsions one on top of the other and separated by 
a 0.1 mm aluminum foil (this was done in case one of 
the plates was spoiled during development and use). 
It was checked that the average number of proton 
recoil tracks was the same on both plates. The dis- 
tance beteeen the forward edge of the plate and 
the center of the target was 70 mm for all angles: 

The current of the incident beam was measured 
with a current integrator consisting of a Faraday 
cup and electronic equipment. The number of deu- 
terons falling on the target at each energy was 
1.1 x 10"? (that is, 26.3 x 10°  Q) which gave a 
sufficient number of proton recoil tracks in the 
photoemulsions. The target was prepared from pure 
beryllium (99.99% pure) by evaporation in vacuum 
and its deposition onto a platinum disk of 16 mm 
diameter and of 0.2 mm thickness. The target had a 
glossy metallic finish. The weight of the target was 
0.1 mg/cm” which corresponded to an energy loss 
for 1-Mev deuterons of approximately 30 kev. 

After exposure, all the photoplates are processed 
at the same time with an amidol developer. The 
simultaneous processing of all the plates assured 
obtaining the same shrinkage of the emulsion layer 
after drying. The dried photoplates were examined 
with a microscope. We used binocular microscopes 
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of the “Liuminan” and MBI-2 types, working with a 
magnification of 7 x 1.5 x 90. 

Only those proton recoil tracks were measured 
which were entirely within the emulsion and which 
made with the assumed direction of the neutrons 
(leaving the target under a given angle) a horizontal 
angle not larger than 5° to the right or to the left and 
also a dip angle in the emulsion not larger than 5°. 

Thirty three plates were examined by us. At 
each plate the same surface of 36 mm” was examined 
in 3000 fields of view. On the average 400 to 800 
proton recoil tracks were measured on each photo- 
plate. 


3. NEUTRON ENERGY SPECTRA 


The energy spectra are presented in Figs. 2 to 4. 
They show the number of tracks, counted at each 
angle and collected as a function of energy in 100- 
kev intervals (the spectra for deuteron energies of 
0.8, 1.2 and 1.4 Mev are not shown, since their 
appearance is similar to the spectra shown on Figs. 
2 to 4). The experimentally obtained number of 
neutrons was corrected for the neutron-proton scat- 
tering cross section according to the formula of 
Smorodinskii* to take into account neutron-proton 
scattering in the emulsion, and it was also corrected 
for the probability of the proton leaving the emulsion. 

Five groups of neutrons, corresponding to five 
states of the residua! nucleus B!°, are well resolved 
at all angles. The reaction energy Q, was calculated 
for each maximum on all plates. The average values 
of Q, are given below in the table for the determined 
values of the deuteron energies, Ej. The table also 
shows the corresponding values of the excitation 
energies F£. for five states of Bre 


The results of our measurements are in good 
agreement with the results published earlier!~°. 
The values of the errors shown for Q were deter- 
mined from the deviations at various angles and the 
uncertainly in the range-energy determination con- 
nected with the determination of the average values 
of Ey. For the determination of the neutron yields 
for each group and also of the total yield of neutrons 
in a given deuteron energy region, spectra were 
constructed for each bombarding energy in the 
center of mass system by summing the data ob- 
tained at all angles. These spectra are shown in 
Fig. 5 for energies of 0.5, 1.0 and 1.6 Mev (the data 
for 0.8, 1.2 and 1.4 Mev are not presented because 
they do not differ appreciably from those presented 
on Fig. 5). On the basis of these spectra, curves 
were plotted showing the yield for each of the five 
neutron groups (Fig. 6) and the total yield (Fig. 7). 
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FIG. 2. The neutron spectra from the reaction Be’ (d,n)B “at E4=95 Mev at various 


angles (in the laboratory system). 
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FIG. 3. The neutron spectra from the reaction Be” (d, n) Bio 


at E ;=1 Mev at various 
angles (in the laboratory system). 
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FIG. 4. The neutron spectra from the reaction Be? (d, n) Bat E =16 Mev at various 


angles (in the laboratory system). 
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FIG. 5. Neutron spectra from the Be? (d, n¥B?° reaction (in the 
center of mass system) summed over all angles: a—E 1 =0.5; 


b—E , =1.0, c—E ,=1.6 Mev. 
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F'lG. 6. Excitation curves for five neutron groups 
45 so 12 4 W E,,Me¥ from the Be? (d, n) B © reaction 
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E@ MeV Q | Ey 

ORS 4,33+0,04 0,00 
3,06-+0,04 0,77-40,06 
2,97+0,03 1,76--0,05 
2:13+0,03 | 2,20-0,05 
0/71 -£003 3,62-£0,05 

0,8 4,31+0,05 | 0,00 
3'54-.0,05 0777-+40,07 
2'554.0,04 1/76-0.07 
2,11-+0,04 2,20-+0,07 
0,69.0,04 | 3,62°50'07 

1,0 4,37-40,06 0,00 
3° 60-£0,06 0.77-+40,09 
2°61E.0,05 1,760.08 
2) 1740,05 2200/08 
0,754.0,05 | 3,62-0,08 
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Ep Me V Q | Be 

1,2 4,32+0,07 | 0,00 
3'550,06 | 0,77--0,09 
2,06+0,05 1,76-+-0,08 
274240,05 | 2'20-C0'08 
0,70-+-0,05 3, 620,08 

1,4 4 ,38-+-0 ,07 0,00 
3°61-0,07 | 0,77-40,10 
2\6250,06 | 1,764:0,09 
2,18+0,06 2,20+0,09 
0,760.06 | 3/62-F0,09 

ARG 4,33+0,09 0,00 
3,5640,08 | 0,77+0,12 
2.5740,07 1°760, 11 
2°13-0,06 | 2,20-40,10 
0,710 ,06 3,62+0,10 


As can be seen from the results which were 
obtained, a maximum is observed for a deuteron 
energy of 1 Mev, which indicates the presence of a 
resonance for the compound nucleus, B!?, at 1 Mev. 
Evidence on the presence of this resonance has 
been obtained in work published earlier®~° on 
y-ray yields. Comparison of the neutron yield curve, 
shown in Fig. 7, with the results obtained earlier ’~® 
does not appear to be possible, because it was not 
possible by our method to register neutrons of low 
energy (lower than 1 Mev). 


4. THE ANGULAR DISTRIBUTIONS OF THE NEUTRONS 


The angular distributions for five states of pre 
are shown on Fig. 8 (where for the first four states 
the angular distributions are not shown for the 1.2 
and 1.4-Mev energies because they are similar to 
the angular distribution at 1.6 Mev; for the same 
reasons, the angular distribution at the 0.5-Mev 
energy is not shown for the fifth state). 


It is seen from the curves that only the fourth ex- 
cited state with E =3.62 Mev is formed as the re- 
sult of a stripping mechanism. The angular distrib- 
utions of this group of neutrons have an appreciable 
maximum in the forward direction, for example at 
50°, which is characteristic for an angular distrib- 
ution in a stripping process. Comparison of these 
distributions with the Bhatia-Butler theory?’?° 
good agreement. Results of theoretical calculations 
carried out with the formula of Bhatia and a nuclear 
radius R =6.2x107!3cm, for an /=1 momentum, are 
shown on the diagrams as black dots. 

The shapes of the angular distributions of the 
other four groups of neutrons are characteristic of 


gives 


processes involving the formation of the compound 
nucleus, but indicate interference with the strip- 
ping mechanism (to the extent that both these 
mechanisms are coherent). Moreover the angular 
distributions for these four groups of neutrons in 
the energy region to 1 Mev coincides with the 
angular distributions in (previous) work!-, In 
passing through the maximum at about 1 Mev an 
appreciable deformation is observed in the angular 
distribution of these groups of neutrons, which is 
not detected for the group which is formed by the 
stripping mechanism. 


5. DISCUSSION OF THE RESULTS AND CONCLUSIONS 


The results of the investigation show convincingly 
the presence of the resonance for the compound 
nucleus B!? at an energy of 1 Mev. The angular 
distribution of the neutrons during passage through 
the resonance appreciably changes in the case of 
the formation of the compound nucleus. Such a 
change in the angular distribution is not observed 
in the case of a stripping mechanism. This can be 
seen in Fig. 8 and also in Fig. 9 were relative 
(with respect to the total neutron yield) yield curves 
are plotted for each group. As can be seen from the 
curves, the relative yield of neutrons from the fourth 
excited state of B'° smoothly increases with an in- 
crease in the deuteron energy. 


Comparison of the curves for the other groups 
shows that the lower the excitation energy of the 
residual nucleus, the stronger is the influence of 
the resonance on the angular distribution. Analysis 
of the angular distributions in terms of a formula 
of the type A + Bcos 0+C cos” @ shows that the 
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FIG. 8. Angular distributions of neutrons from the Bee (d,n)B re reaction (the angles are 
in the c. of m. system). For 1, 2, 3, 4 E,,=0; for 5, 6, 7, 8 E,=0.76 Mev; for 9, 10, 11, 12 
E,.=1.76 Mev; for 13, 14, 15, 16 E = 2.2 Mev; for 17, 18, 19, 20, 21 E =3.62 Mev; for 1,5, 9, 
13 E ,=0.5 Mev; for 2, 6, 10, 14, 17 E 1 =0.8 Mev; for 3, 7, 11, 15, 18 E,=1.0 Mev; for 19, 
By=1.2 Mev; for 20, E,= 1.4 Mev; for 4, 8, 12, 16, 21, Eq =1.6 Mev. 
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FIG. 9. Yield of individual neutron groups 
relative to the total yield (the total yield is 
taken to be unity). 


experimental curves of the angular distributions 
for the ground state of B!° and for the first excited 


state are in good agreement with such a distribution. 


This calculation is more difficult for the case of 
the second and third excited states because of the 
interference process between the formation of the 
compound nucleus and the stripping reaction. 

Spins and parities for this reaction are given in 
the review article 
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Neutron emission from an active deposit of radium emanation on pure heavy metals was 
investigated. It is shown that the observed neutron activity is related to disintegration of 
the RaC" isotope. The neutrons are apparently emitted by excited RaD nuclei produced as 
a result of 6 disintegration of RaC". Control experiments have been carried out which 
permit one to estimate the contribution of other possible processes to the neutron radiation 


from the shortlived active radon deposit. 


OLLARD? and Copeland and Lind? have men- 

tioned the existence of a weak neutron back- 
ground for sources prepared from radium, radiotho- 
rium, or radon. This background has been attributed 
to the interaction of a radiation, emitted by radium, 
radiothorium, or by their disintegration products, 
with the backing material or to the interaction of a 
radiation with the medium surrounding the source. 
Recently?’* it has been shown that the neutron ra- 
diation is mainly connected with the disintegration 
of the RaC" isotope. It was shown that it is ener- 
getically possible for neutrons to be emitted by ex- 
cited RaD nuclei produced as a result of the B dis- 


sponding life time has been observed. 


1. EXPERIMENTAL METHOD 
a) Neutron Measurements 


This paper is devoted to an investigation of the 
neutron emission of preparations of RaC", where one 
has about 3 neutrons per 1 millicurie/sec of radon, 
and also, to controlled measurements which permit 
an estimate of the possible contribution of the other 
processes to the neutron emission from the short- 
lived radium deposit. 

A large volume ionization chamber, filled with 
boron trifluoride (Fig. la), and a set of proportional 
counters (Fig. 1 b) were used to measure the number 


integration of RaC“. Neutron activity with a corre- 


FIG. 1. Experimental arrangement for measuring neutron activity. I— lead to the linear 
amplifier, II— lead to the high voltage source; 1— ionization chamber, 2—screen, 3— paraf- 
fin block, 4—lead filter, 5—trap, 6—chamber with source, 7—neutron counter, 8— ampoule 
with source. 


of neutrons emitted by the sources under study. The When the proportional counters were used for 
chamber and source were placed in a large, carefully measurements, the sources had a y activity of 1 mil- 
screened paraffin block; the y activity of the sources licurie or less and were situated at the center of a 
amounted to as much as 400 millicuries. To reduce the group of six counters. The diameter of the counter 

y background a lead disk 80 mm thick was placed body was 30 mm, the diameter of the central filament 
between the chamber and the source. During maximum was 56 p, and the length of the operational volume 
source activity the chamber did not register counts — was 250 mm. The counters were operated at a voltage 
from fluctuations in the y background. of 1800 v with a gas amplification of about 50; under 
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these conditions, the y ray pulses were not re- 
gistered. The y activity was measured by means of 
comparison with a 29.3 millicurie radium standard. 

The neutrons were measured by comparison with 
(Ra- a-Be) neutron standards with activities from 
0.5 to 1.5 millicuries (of radium). In the described 
apparatus the probability of neutrons being registered 
by the detector depends on their energy and the 
alignment of the detector and source in the paraffin 
block. The group of counters used had a stable in- 
trinsic background of about three counts per minute 
and permitted the detection of radiation from constant 
sources emitting 2-3 neutrons per second. 

Since the probabilities of registering neutrons of 
different energies emitted by the source and the 
standard are unknown, the obtained values of specific 
activity contain a systematic error, which could not 
be determined because of the low activity of the 
sources. With comparative measurements on sources 
of the same type, under standard conditions, this 
error is eliminated. Non-calculable errors enter in 
the comparison of data obtained under different geo- 
metric conditions or for sources with different 
neutron energies. For this reason, only the statist- 
ical errors of measurement will be shown henceforth. 


Fig. 2 
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b) Preparation of the Radioactive Sources 


The neutron emission of ampoules containing radon 
and the neutron activity of a short-lived deposit of 
radium or of preparations of RaC enriched with the 
RaC" isotope have been measured. In the first case 
the radon was inserted into lead ampoules with 
pressed tubes of various metals. In some cases the 
ampoules used had nickel seals, which made it pos- 
sible to inject or withdraw the radon under pressure 
(Fig. 2). 

The radon, which came in glass ampoules, was 
distilled into a system for further purification, and 
then was frozen with liquid air so that it could be 
inserted into a lead ampoule which had been 
evacuated and outgassed. The short-lived deposit 
was obtained by using an electric field to activate 
the foil of the investigated metal in a radon at- 
mosphere. The foil, activated on one side, was 
placed near the center of the cylindrical vacuum 
chamber, whose walls were covered with the same 
foil material (Fig. 3). Measurements of the neutron 
activity of the short-lived deposit usually took 1.5- 
2 hours. 

The RaC" preparations were obtained by collecting 
recoil ions. The active deposit, precipitated onto 
nickel disks, was allowed to age for about 30 
minutes so that the RaA isotope, which emits a 
(Ty ~ 3 min), would have essentially disappeared. 
After this time the deposit would contain mainly the 
isotopes RaB, RaC, RaC' and RaC". 

Removable nickel plates 0.1 mm thick were placed 
opposite the disks. A positive voltage was applied 
to the disk with a field gradient as high as 6—7 
kv/cm; this served to extract primarily the RaC" 
ions produced by the « disintegration of RaC and in 
addition ions of the long-lived Ral) isotope (Ty = 
22 yrs.) produced in the « disintegration of RaC' 
(see Fig. 4). Besides these ions, RaC recoil ions 
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FIG. 2, Lead ampoule for measuring the neutron activity of radon sources. 1—nickel, 


2—insert, Pt foil 


FIG. 3. Chamber for measuring the neutron activity of preparations of Ra(B +C +C’‘) in 
helium under pressure. 1 — outer facing, Pt, 2—specimen 
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FIG. 4. Radioactive decay scheme for radon 
disintegration 


produced in the f disintegration of RaB also strike 
the plate. However, the probability of the emission 
of ionized RaC recoil atoms from the surface of the 
source is comparatively small, because the recoil 
energy in a B disintegration is on the order of three 
times less than in an @ disintegration, in spite of the 
fact that the number of RaB disintegrations exceeds 
that of RaC o disintegrations by more than three 
times. The activity of a RaC" preparation increases 
with larger extracting fields, but at the same time a 
noticeable quantity of RaC (up to 0.5 millicuries) is 
collected on the plates. 

Each nickel plate was activated for 4.5 minutes, 
after which its neutron activity was measured. 
During these measurements the next plate was 
activated, and so on. 

During the measurements of neutron emission the 
plates were enclosed in nickel envelopes and placed 
in a small glass vessel which was pumped out to a 
pressure of 107! mm of mercury in order to prevent 
any (a, n) reaction by RaC’ « particles with the 
nitrogen and oxygen of the air. 


2. DETERMINATION OF THE NEUTRON 
EMITTING ISOTOPE 


In order to identify the isotope connected with the 
observed neutron emission, it was expedient to mea- 
sure the neutron emission of the separate isotopes 
produced during radon disintegration. Sorting these 
by chemical methods requires considerable time 
(which lessens the activity of the preparations) and 
may lead to the appearance of contaminations by 
light elements, 7. e., an extraneous neutron back- 
ground. 

The change in neutron emission as a function of 
time was investigated with radon inserted in a clean 
ampoule and with it pumped out of the ampoule. A 
comparison of the computed curves for the time 
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dependence of the concentration of different isotopes 
with the experimental data (Fig. 5) shows that the 
observed effect is due to RaC or to the short-lived 
products of its disintegration, RaC' and RaC”. The 
divergence in the computed and experimental data 
for the neutron activity and « emission at the times 
when radon was inserted and pumped out is ex- 
plained by the fact that an active radon deposit is 
partially carried off. 
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FIG. 5. Dependence of neutron and y activity of radon 
on time. t=0—clean ampoule filled with radon; t=180 min. 
—radon pumped out. o—Rn in glass tap (for y rays). o— 
purified Rn in a Pt ampoule (for neutrons); solid curve as 

computed for RaC. 


Neutron emission from an active radon deposit may 
be connected with the following processes: 1) an 
(a, n) reaction due to RaC’ « particles; 2) a (a, n) 
reaction due to a rays emitted after the 6 transitions 
in RaC”; 3) spontaneous fission of the nuclei of one 
of the isotopes RaC, RaC', and RaC", or Ral); 4) 
neutron emission by excited Ral) nuclei formed during 
the B disintegration of the RaC" (“delayed neu- 
trons”). 

Control experiments, described in Sec. 3, showed 
that the first three processes cannot cause the major 
portion of the neutrons observed in the experiment. 
Thefore, there was good reason to measure the neu- 
tron activity of an isolated RaC" preparation. When 
“delayed” neutrons are emitted, the activity should 
decrease with the half-life period of the f activity 
of the initial nucleus (the RaC" isotope), i. e., 1.33 
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FIG. 6. Time dependence 
of the neutron actibity of pre- 
parations enriched with RaC” 
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It was possible to perform a series of measure- 
ments on 6 to 10 samples enriched with RaC" before 
the activity of the deposit had decreased to 50—30% 
of the initial activity. Figure 6 shows the data for 
one of the series of measurements. It should be re- 
marked that after the first minute the measured sig- 
nal exceeded the intrinsic background of the ap- 
paratus by less than 4 times. Therefore, the obtained 
date were summarized for all the samples, were pro- 
cessed for the series as a whole, and the results 
were plotted on a semi-logarithmic scale. The half 
life was determined by the method of least squares. 
The experimental errors were calculated with al- 
lowance for the background of the apparatus ac- 
cording to the formula proposed by Peierls’. 

The table below brings together the neutron ac- 
tivity data for measurements on 13 series of RaC" 
preparations. Column 5 shows the coefficient of the 
enrichment of the preparations with the RaC" isotope 
in comparison with its equilibrium content in the 
active radon deposit. The quantity of RaC" was 
determined from its neutron activity. In this con- 
nection it was assumed that the RaC" contained in 
1 millicurie of radon would emit © 3 neutrons per 
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second and that the efficiency of the detector in 
these measurements (whose geometric conditions 
varied from the standard) would not differ from the 
usual efficiency. The activity of the RaC was 
determined from its y emission after disintegration 
of the RaC”. The sixth column shows the “isolation 
coefficient” —the ratio of the average RaC" activity 
in the samples to its activity in the original active 
deposit. The isolation coefficient, as well as the 
enrichment coefficient, was determined to within a 
certain systematic error due to inaccuracy in measur- 
ing the number of neutrons emitted by the prep- 
arations. From the tabular data it is apparent that, 
within the limits of the (statistical) measurement 
errors, the average weighted value for the half life 
of neutron activity coincides with the half life of 
RaC” £6 activity. This coincidence confirms the as- 
sumption that the observed neutron activity is con- 
nected with the disintegration of the RaC". 

In order to eliminate the possibility of instru- 
mental effects, control experiments were carried out. 

a) The sign of the electric field that extracted the 
ions was altered in such a way that negatively 
charged particles were collected on the nickel 


Neutron Activity of preparations enriched with RaC” 


Ratio of | Number of Half-Life RaC” Isolation Avg. 
Seriee Signalto | Samples in min. | Enrichment | Coefficient | Activity 
Newnes po ker ad in T) Coefficient in of Rac 
uring Series x of % in 
First Samples Samples in 
Minute Ec Millicuries 
j { 8 1,4+0,7 100 10 0,1 
5 0,6 6 0541/9 50 5 0,5 
3 0/8 10 11179 50 8 011 
4 0:6 12 See ihe 150 5 0/03 
5 073 5 2G 8 100 2 ie 
6 115 3 0,85 40.4 a 3 - 
7 I 7 107 678 of 5 E 
8 1 2 74/4 a 7 a 
9 0,5 4 0,7+0,6 100 3 0,03 
10 2 4 1,6+0,6 1000 3 0,003 
rr 4 7 1°6£0,4 100 15 0/01 
12 3 4 1,15 £0.45 ze 15 we 
13 1 | 6 1,45:-+0,95 300 15 0,01 
Weighted average 1,50-+0, 25 


plates. This done, the neutron activity of the plates 
fell below the sensitivity range of the apparatus. 

b) To check the operation of the detecting system 
a series of measurements were made using the 
activity of the (Po-a-Be) source, which emitted ~ 
10 neutrons per second. These measurements were 
made under exactly the same conditions as prevailed 


when the RaC" preparations were measured. The 
magnitude of the measured activity of this source did 
not depend on time. 

The data given above and the control experiments 
show that neutrons are emitted when RaC”" disinte- 
grates. 
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3. CONTROL STUDIES 


To clarify the role of other possible processes in 
the observed neutron activity a series of control ex- 
periments were conducted. 

a) The possibility of fission by excited nuclei in 
the Rn deposit. An evaluation of the life time forthe 
fission process, according to available empirical 
formulas and curves, indicates that this is hardly 
probable (the half-life periods are more than 1024 
years). Nevertheless, the ionization chamber was 
used to carry out an experimental check* into the 
possibility of nuclear fission in the active deposit. 

It was shown that the contribution of the fission 
process amounts to no more than 1% of the observed 
neutron activity, assuming that in the disintegration 
no more than three neutrons were released. 

b) The (y, n) reaction. The probability of this re- 
action for deuterium in paraffin may be estimated on 
the basis of the known energies of y rays from RaC 
and RaC"; it amounts to © 2.5 10°? neutrons per 1 
millicurie/sec. This estimate was checked experi- 
mentally. Around the radon source there was placed 
an additional lead absorber, which reduced the 
number of RaC and RaC" y rays by 75%. Neutron 
activity decreased by 1.0%; with a statistical ac- 
curacy of 4.6% in the measurements. Obviously, y 
radiation in this case could cause no more than 8% 
of the total neutron activity. 
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In order to provide a more exact determination of 
the role of y radiation, experiments were conducted 
with a preparation enriched with RaC". Measure- 
ments were made alternately under ordinary circum- 
stances and with the source surrounded by a layer of 
heavy water 2 mm thick. In this case the amount of 
deuterium that could participate in the reaction, in 
comparison with that contained in the paraffin, was 
increased by more than 100 times. The observed neu- 
tron activity approximately doubled, with an experi- 
mental error of + 30%. From this it follows that no 
more than 1—1.5% of the neutrons emitted by the 
RaC” preparation were due to the (y, n) reaction. 

c) An (a, n) reaction due to RaC' « particle. An 
estimate of the probability of « particles penetration 
through the Coulomb barrier shows that for metals 
with Z >72 (Ta, Pt, Pb), which are ordinarily used 
for preparing sources, the neutron yield must be less 
than 10°? per 1 millicurie/sec. The actual neutron 
yield may increase over that calculated on account 
of the presence of light impurities, but their content 
would have to be considerable—greater than the 
total amount of impurities in the pure platinum used 
for preparing the sources. 

The content of impurities in the platinum which- 
would be necessary to explain the observed neutron 
yield on the basis of an (a, n) reaction is char- 
acterized by the following data: 


Impurity Li Be B © | N I Na Mg Al Gi Fe 
ee 0.1 ald santa 22 O05) Oui oo.5) osselle oral eaes 
% (by weight) 


It should be remarked that filling the ampoules with 
spectrally pure porous platinum did not change the 
magnitude of the neutron yield. Nickel was also 
used in the preparation of the sources; the («, n) 
reaction is energetically impossible for most of the 
isotopes of nickel. The neutron yield in this case 


Backing material 


should not exceed 0.1—0.2 neutrons per 1 milli- 
curie/sec. However, the averaged yield values for 
the most thoroughly investigated elements (Ni, Ta, 
Pt) do not differ, within a range of statistical error 
from 5 to 15%, which is apparent from the following 
table: 


Ta Ni 


Number of neutrons 
(per 1 millicurie/sec) 


*Together with A. N. Baryshev. 
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The probability is small that the neutron yield for 
metals with such a great difference ia their atomic 
numbers (from 28 to 78) would be constant if this 
yield was basically determined by an (a, n) reaction 
in the basic isotopes or chemical impurities. Gas- 
eous helium was used for a more direct experimental 
check as to the role of the (a, n) reaction. About 
half of the a particles emitted by the source impinge 
on the metal backing bearing the sample, but the re- 
maining 50% of the a particles may be stopped, 
either totally or partially in helium (in which the 
(a, m) reaction is energetically impossible), so it is 
impossible for this portion of the a particles to give 
rise to neutrons in any material. The range of RaC’ 
a particles in helium is ~ 35 cm, and therefore the 
gas used was under a pressure of 6 atm. The air 
content of the helium did not exceed 0.01% by 
particle density, i. e., its partial pressure was less 
than 0.5 mm of mercury. The source was located in 
the central portion of a cylindrical chamber (Fig. 3) 
50 mm in diameter. Platinum was used as the 
material for the backing of the source and the outer 
facing of the chamber. The control experiments 
showed that at this pressure the emission of no more 
than 0.1 neutron per | millicurie/sec could be due to 
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to evaluate the probability of the (a, n) reaction, was 
the measurement of the neutron background of Th(B + 
C+C') sources on platinum. The disintegration pat- 
tern of ThB and its radioactive products eliminates 
the possibility of the formation of nuclei with suf- 
ficient excitation energy to emit neutrons. When 
ThC “) disintegrates, hardy rays with an energy of 2.62 
Mev are emitted, and these cause a(y, 7) reaction on the 
deuterium in paraffin. The energy of the basic group of 
ThC' « particles is ~ 8.8 Mev. If the neutron emis- 
sion from radon sources is due to the (a, n) reaction, 
then it should increase considerably in the change 
from RaC' to ThC’, because the cross section of the 
(a, n) reaction near the threshold grows exponential- 
ly with the energy of the a particles. Weasurements 
have shown that neutron radiation from a Th(B+C + 
C') source on platinum is equal to 0.3 +1.8, i. e., 
fewer than 2 neutrons per 1 millicurie, which is less 
than for Ra(B+C+C’). A background of this order 
might be expected on account of the (y, 2) reaction 
in paraffin. The small degree of accuracy in the 
measurements is explained by the low activity of the 
radiothorium preparation used in the control ex- 
periments. 

All of the described results show that neither the 


an (a, n) reaction in the residual nitrogen. The energy (a, n) reaction, (y, n) reaction nor nuclear fission in 


of the RaC' a particles falling on the outer facing 
was reduced by collisions in the helium to ~ 5.4 
Mev. The data displayed in Fig. 5 show that for a 
particles from Rn and RaA (E. +5.5 and 5 mev), the 
(a, n) reaction is practically absent. Thus neutron 
emission would have been reduced by about 2 times 
if it were due to the (a, n) reaction. 

In the experiment the neutron yield was 2.5 +0.4 
when the helium was absent, but when it was present, 
the yield was 2.7 +0.5 neutrons per 1 millicurie/sec 
instead of a yield of 1.4 +0.2 neutrons which might 
have been expected from an (a, n) reaction. Allowing 
for the experimental errors, one can consider that the 
contribution of the (a, 7) reaction must amount to 
less than 50% of the observed effect. The same 
results were obtained at lower helium pressures. 

The experiments with helium are conclusive in 
those cases where the reaction occurs either in the 
backing of the source or the facing of the chamber. 

If it occurred only on the surface of the source (in 
some impurity appearing during activization), the 
folding of the inner layer of the source upon itself 
would increase the neutron yield by about two times, 
since the layer can only be very thin, and the yield 
would show a linear increase with the width. In a 
test the activity of the sample did not vary within 
the limits of the statistical accuracy of measurement, 
+ 10%. 


Another control experiment, which made it possible 


the active deposit is the basic process responsible 
for neutron emission from radon sources. The pos- 
sible total contribution of these reactions to the 
total neutron emission is difficult to estimate quan- 
titatively because of the low absolute activity of the 
sources and the short life time of the active deposit. 


CONCLUSIONS 


The investigations carried out confirm the pre- 
dictions® that the basic process responsible for the 
neutron activity of a short-lived active radon deposit 
will be neutron emission by excited RaD nuclei pro- 
duced during the § disintegration of RaC”. It should 
be noted that this process is energetically possible. 
According to the data available on the thresholds of 
(d, p), (y, n), and (d, T) reactions, the binding energy 
of the neutron in RaD is 5.2 or 4.8 Mev®. The low 
value for the binding energy in Ral is explained by 
the fact that in RaD there are only 2 neutrons out- 
side the filled shell (7. e. Pb?°°). In the Pb?2°9 
nucleus one has an even smaller binding energy—3.9 
Mev. The total energy of the RaC” — RaD transition 
has not been directly measured because it has not 
been possible to isolate a sufficient quantity of this 
comparably short-lived isotope. The transition energy 
can be determined from the known data on the a dis- 
integration of RaC and RaC’ and the 6 disintegration 
of RaC by comparing the total energy of the con- 
version of RaC to Ral) over two branches of the 
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“radium fork” (see Fig. 4). Judging by the latest 
published decay scheme for RaC”, the total energy 
of the RaC“—Ral) transition is 5.4 Mev. It is 
obvious that the sum of the energy of the partial 8 
spectrum and the kinetic energy of a neutron is 0.2 
or 0.6 Mev, if the magnitude of the binding energy is 
respectively 5.2 or 4.8 Mev. 

According to our data, the probability of neutron 
emission due to the § disintegration of RaC" is © 
2x10°2%. A partial 8 spectrum is also predicted 
with an end-point energy of ~ 100 kev and a relative 
transition probability of 10°'— 102%. When the 
energy of the basic f transition is © 2 Mev, the ex- 
istence of this transition is possible. The neutron 
kinetic energy in this case should be no more than 
0.5 Mev. 

The authors are deeply grateful to the now de- 
ceased Academician P. I. Lukirskii for his fruitful 
discussion of this paper. We should also like to ex- 
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The differential elastic p—d scattering cross sections at angles of 40° to 150° and the 


differential quasi-elastic p—p scattering cross sections at angles of 50 to 90 


of the two 


nuclei were measured in the center of mass system by the ganged-telescope method. The 
experimental data point to the existence of a predominant interaction between the incident 
proton and the separate nucleons in the deuteron and also to the existence of collective 
interactions between the three nucleons. The energy dependence of the differential cross 
section of quasi-elastic p—n scattering into an angle of 90° in the c. m. s. of the two nu- 
cleons was also measured in the 460 to 660 Mev range. 


1 A study of the interaction of fast protons with 
*the simplest nucleus—the deuteron—leads to 
several conclusions concerning the elementary nu- 
cleon-nucleon interactions and concerning the char- 
acter of the motion of the nucleons in the deuteron, 
and also permits an approach to the study of the 
collective interaction of nucleons at high energies. 
This article describes the experimental results of 


*This work was reported at the All-Union Conference 
on the Physics of High Energy Particles, May 1956 and 
at the Geneva Conference in June, 1956. 


p—d elastic and of p—p and p—n quasi-elastic scat- 
tering of 65742 Mev protons by deuterons. The pro- 
ton beam was generated in the synchrocyclotron of 
the Institute for Nuclear Problems of the Academy 
of Sciences of the U.S.S.R. The method of ganged 
telescopes was used to separate the above proc- 
esses from the variety of meson-producing proton— 
deutron interactions. The twice-collimated proton 
beam from the accelerator passed through a monitor, 
before striking the target. An ionization chamber 
filled with helium was used as a monitor in the 
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present experiments. Aluminum cylindrical contain- 
ers filled with equal numbers of nuclei of heavy and 
ordinary water were used throughout as targets. The 
targets enveloped the beam and the errors caused 
by scattering in the side walls of the containers 
were thus eliminated. Two telescopes were used to 
detect the charged particles, each telescope con- 
sisting of three scintillation counters (photomulti- 
plier and toluene crystal). The dimensions of the 
toluene crystals were selected so that the system 
registered coincidence if a scattered proton passed 
throught the crystal which determined the solid an- 
gle. To decrease the background count the crystals 
of the photomultipliers were chosen to be only 3 to 
6 mm thick. The resolution time of the coincidence 
counts from the scintillation counters in the tel- 
escope was 4.x 10°° sec. The resolution time of the 
coincidence counts from the telescopes was 8 x 

10°8 sec. The number of accidental coincidences 
was measured by including a delay line of suitable 
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length in one of the coincidence channels and also 
by uncoupling the telescopes. The individual tel- 
escopes and the entire system had a counting 
plateau 200 to 300 V wide at a working voltage on 
the photomultipliers of 1500 V. 

2. The laws of conservation of momentum and 
energy make it possible to distinguish between the 
scattering processes of the two particles in accord- 
ance with the angle 6=0, +O, subtended by the two 
particles for given divergence angle 0, of one of the 
particles. To distinguish elastic and quasi-elastic 
scattering of protons by deuterons, the dependence 
of the coincidence counting rate N on the angle 
subtended by the telescopes was therefore studied 
for three values of angle @, of the fixed telescope 
relative to the direction of the proton beam. The 
three “divergence curves” obtained for the angles 
of the scattered protons in the laboratory coordinate 
system 0, =24, 36 and 41° are given in Figure 1 
(all three curves a, b, c are plotted in a single 


100 @ 


FIG. 1. Dependence of the coincidence count rate on the evergence of particles; 
O= 6+, curve a for eri b for 6 =36°, c for 6 = 24° in the laboratory system 


of coordinates. 


ELASTIC AND QUASI-ELASTIC SCATTERING 


scale). Each point on a divergence curve represents 
the difference between the counting rates obtained 
with D,O and H,O targets, after a correction for 
chance coincidence counts. The effect of the HO 
target, measured by the ganged telescopes, made it 
possible to determine, the contribution from proc- 
esses originating from the oxygen nuclei outside the 
narrow range of angles comprising the peak of elas- 
tic p—p scattering. It also made possible measure- 
ment of the peak of the elastic scattering of protons 
by protons under identical conditions. To evaluate 
the magnitude of the cross section, and to show the 
characteristic resolution of the apparatus, the peak 
of elastic p—p scattering is shown in Figure ] with 
the ordinate scale reduced by ten times. 

The comparatively small cross section of the 
studied processes and the differential character of 
the experiment resulted in large statistical errors in 


the determination of the divergence curves. However, 


the divergenge curves obtained for deuterium and 
their comparison with the peak p—p elastic scatter- 
ing permit the following conclusions: 

a) Each divergence curve has two maxima. The 
position of the smaller of these two maxima corre- 
sponds to a divergence angle for elastic proton-deu- 


teron scattering. The width of this maximum, as well 


as the equal width of the peak for elastic p—p scat- 
tering, is not connected with the properties of the 
nuclear interaction and characterizes the angular 
resolution of the apparatus. Thus the presence of a 
smaller maximum in the divergence curves points to 
the existence of elastic scattering of protons by 
deuterons in the range of angles studied. 

b) The existence and the position of the second 
maximum near the peak of the elastic proton-proton 
scattering allows this maximum to be considered as 


the result of quasi-elastic scattering of the bombard- 


ing proton by individual protons in the deuteron. 

c) The motion of protons in deuterons leads to a 
blurring of the maximum of the quasi-elastic scat- 
tering. The width and the shape itself of the maxi- 
mum can be calculated from one of the momentum 


distributions of the nucleons in the deuteron. Ryndin’ 


calculated the scattering of 460 Mev protons by deu- 


terons assuming Hulthen and Bethe-Peierls deuteron. 


wave functions. The shape of the maximum depends 
weakly on the energy of the bombarding nucleon at 
very high energies. Therefore the calcuations agree 
well with the available experimental data. 

d) The maximum of the quasi-elastic p—p scatter- 
ing is observed to be shifted relative to the peak of 
elastic p—p scattering. This shift is explained by 
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the effect of the binding of proton in deuteron. 

The “divergence curves” obtained in the present 
work do not differ significantly from those obtained 
previously for lower energies of bombarding pro- 
tons**4, and show the predominance of the interac- 
tion of the bombarding nucleon with one of the nu- 
cleons in deuteron. More detailed quantitative com- 
parisons of the parameters of the maximum of p—p 
quasi-elastic scattering with theory? do not allow, 
within the present experimental accuracy, to shed 
any light on the character of the wave function of 
the deuteron at small distances. 

3. Principal attention was paid in this work to the 
measurement of the differential elastic scattering 
cross section of protons by deuterons in the range 
of proton emission angles 40 to 150° in the center 
of mass system (c. m. s.) of the colliding particles. 
The elastic p—d scattering was separated by ganged 
telescopes set at the elastic-scattering divergence 
angles of the proton and deuteron. An additional 
selection of the elastic p—d scattering events and 
a decrease in the number of counts in the deuteron- 
counting telescope were accomplished by placing 
behind the telescope a deuteron-absorbing copper 
filter together with a scintillation counter set for 
anti-coincidence. Except for accidental coinci- 
dences, this system registered only elastic p—d 
scattering events. This was verified for each pro- 
ton scattering angle by uncoupling the telescopes. 
The number of accidental coincidences varied to- 
gether with the number of total counts, ranging from 
5 to 40% of the measured effect and reaching 40% in 
the measurement of the cross section of elastic 
scattering of protons by deuterons at angles > 90° 
in the laboratory system of coordinates. Therefore, 
as a control experiment filters absorbing protons of 
the corresponding energy were inserted in the path 
of protons scattered into these angles and caused 
complete cessation of the counting of the elastic 
p—d scattering events. The presence of elastic p—d 
scattering was thus verified over the entire range of 
emission angles of the scattered protons in which 
the present measurements were carried out. 

To obtain the absolute values of the differential 
cross sections of elastic p—d scattering in the range 
of angles 40 to 70° in the c. m. s., the counting 
rates at the peaks of elastic p—d and p—p scattering 
were measured under identical conditions and com- 
pared. The comparative character of the measure- 
ment allowed elimination of a series of errors con- 
nected with the absolute measurements. 

The values of the differential cross sections of 
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elastic scattering of 660 Mev protons by protons 
were reported previously°. The measured differen- 
tial cross sections for elastic p—d scattering are 
shown in Table I in units of 10°27 cm2/sterad for 10 
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values of the proton emergence angle ©* in the c. m. 
s. The last line of the table shows the standard 
statistical deviations. 


TABLE I. 
eee 
0* 40,5° 49° bg 5e | 67° 78,5° 9250" bth by | 426.5271 139,9° 150° 
| | | | eee 
dc os /dw | 0,124 | 0,067 | 0,035 | 0,030 | 0,033 | 0,014 | 0,000 | 0,034 95044 0,063 
+A 0,015 | 0,013 | 0,012 | 0,008 | 0,016 | 0,009 | 0,025 | 0,017, 0,016} 0,027 
: $ 


Wg” 


Wo’ 1a" #0" @ in lab. coord. system 


FIG. 2. Differential elastic p—d scattering cross section at various 
energies. A— 146, A— 240, [_ ]—340, @ — 460, © —660 Mev. 


Figure 2 compares the data obtained in the pres- 
ent work with the results of previous experi- 


ments??4,6-8 


on elastic p—d scattering at lower en- 
ergies of the bombarding protons. The abscissa 
gives the proton emission angle in the c.m.s. of the 
colliding particles while the ordinate gives, on a 
logarithmic scale, the differential cross section in 
units of 10°? cm?/sterad. The angular dependence 
of the differential elastic scattering cross section 
of 660 Mev protons by deuterons is given by an a- 
symmetrical curve with a minimum in the range of 
angles 100 to 110° in the c.m.s. The differential 
cross sections increase, starting with 110° in the 
c.m.s. of the colliding proton and deuteron. 

For all of the studied energies, a decrease in the 
differential cross section was observed with an in- 


crease in the emission angle of the scattered pro- 
tons. In the range of angles 6* <100° in the c.m.s. 
a decrease in the cross section of the elastic p—d 
scattering is observed with an increase in the energy 
of the bombarding proton. 

The concept of independent interaction between 
the bombarding proton and one of the nucleons in 
the deuteron makes it possible to correlate the pe- 
culiarities of the angular dependence of the differ- 
ential cross section in elastic p—d scattering with 
the change in the partial proton-nucleon scattering 
cross sections and with the decrease in the proba- 
bility of the deuteron remaining whole upon increase 
in the momentum transferred to the deuteron. This 
concept was the basis of the impulse approxima- 
tion for the theoretical analysis of the elastic scat- 
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tering of fast protons (energy > 100 Mev) by deu- 
terons®!°, Of course, the amplitudes of the proton 
interaction with the nucleons should agree with the 
experimental data on elastic p—p and p—n scattering. 
As a condition of applicability of the impulse ap- 
proximation, the wave length of the bombarding par- 
ticle must be small compared with the distance be- 
tween nucleons in the deuteron. A condition con- 
nected with this requirement is that the time of the 
interaction of the nucleons is comparable with the 
characteristic “inversion” time of the system. Both 
conditions are satisfied in the case of elastic scat- 
tering of protons by deuterons in the range of angles 
studied herein (<100° in the c.m.s.). Therefore, 
there is a qualitative and a definite quantitative 
agreement between the experimental data®*4*®"® and 
the theoretical calculations?’ 1°. By way of an ex- 
ample, Figure 2 shows such a comparison for the 
340 and 460 Mev bombarding protons. 

A comparison of the results of the present experi- 
ment was carried out by calculations quite analogous 
to those made by Golovin !° for 660 Mev protons. 


The differential elastic p—d scattering cross section 


do?“(G* ,)/de at an angle OX 


colliding proton and deuteron was found from the 


in the c.m.s. of the 


expression 
doP@ (8,4) 46 eee 
Fe = (A+ B)Ti+—4-CTL - 


Here A, B and C are functions that can be evaluated 
from the data on elastic scattering of protons and 
neutrons by protons: 
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T , is the same as the “sticking” factor evaluated by 
Chew® and depends on the momentum transferred to 
the deuteron and on the deuteron wave function. 

The scattering angle @*, of the protons in the 
p—d center of mass coordinate system is related to 
the scattering angles oe = O* of protons in the 
center of mass system of two nucleons by the ex- 


pression 
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The coefficient C and the corresponding second 
terms of Eq. (1), expressing the interference of the 
waves scattered by the proton and the neuteron in 
deuteron, was set equal to zero in the calculations. 
Discarding this terin is in agreement with the results 
of previous calculations®"!°, The calculated curve 
obtained in this manner describes well the angular 
dependence of the differential cross section of elas- 
tic p—d scattering at angles <100° in the c.m.s. It 
is evident from Figure 2 that the qualitative agree- 
ment is as good as could be expected with the cal- 
culation method employed. 

In agreement with the results analogous experi- 
ments, the deuteron wave function for lower proton 
energies is written in the form ¢,(r)=4(e °" —eF')/r, 
where 6=6a. This function (proposed by Hulthen) 
describes the deuteron better than the wave function 
e “"/r, The presence of protons scattered at angles 
60 to 100° in the c.m.s. already shows that at the 
moment of collision the nucleons in the deuteron 
are closely packed. This observation was previous- 
ly made by Bogachev and Vzorov®. However, partic- 
ular attention should be given to the group of pro- 
tons elastically scattered backward at angles 
>110° in the c.m.s. The forward scattered deu- 
terons assume thereby the greater part of the mo- 
mentum and acquire an energy 100 times greater than 
the binding energy of the nucleons in deuteron. Such 
transfer of momentum and energy (up to 560 Mev) 
can take place only at the instant when the neutron 
and proton are separated by a distance on the order 
of the wavelength of the bombarding nucleon. This 
circumstance may mean that scattering of protons by 
deuterons at large angles takes place through the 
interaction of the bombarding proton with both nu- 
cleons in the deuteron. 

A simultaneous interaction of three particles cen- 
tered in a region having linear dimensions on the 
order of the wave length of the bombarding particle 
or smaller makes the impulse approximation inap- 
plicable. At the present time there is no other theo- 
ry applicable to a calculation involving a strong in- 
teraction of three particles, and capable of deter- 
mining how much the non-additive terms due to the 
collective interaction of particles contribute to the 
scattering. 

The experiment shows that following features of 
three-nucleon interaction manifest themselves in 
elastic backward scattering of protons by deuterons: 
a) An increase in the differential elastic p—d scat- 
tering cross section is observed with an increase in 
the proton emission angle from 110 to 150° in the 
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c.m.s., i.e., with an increase in the momentum of 
the scattered deuteron; b) A relative increase in the 
magnitude of the cross section of elastic backward 
p—d scattering is observed with an increase in the 
incident proton energy from 100 to 660 Mev. 

A comparison of elastic p—d backward scattering 
with the know facts about the emission of “fast” 
(with energy exceeding the repulsion energy of a 
particle in the Coulomb field of the remaining nu- 
cleus) deuterons, o-particles, Li, Be etc. from nu- 
clei interacting with high-energy nucleons!}"}8 
shows a close relationship between these phenome- 
na. In particular, the emission of fast fragments 
from nuclei can be considered a result quasi-elastic 
interactions between the bombarding nucleon with a 
group of nucleons in the nucleus that are strongly 
bound at the time of the collision. The question 
concerning the mechanism of the collective interac- 
tion still remains open. True, a hypothesis has been 
advanced ‘4 concerning the presence of multiple 
forces, apparently connected with a simultaneous 
exchange of the nucleons with several mesons. If 
such forces do exist and are responsible for the 
large transfer of momentum to the forward deuteron 
emitted in elastic p—d scattering, then the radius of 
interaction of the multiple forces should be small 
compared with the radius of ordinary nuclear forces. 
The facts and comparisons given above are neces- 
sarily skethy and skimpy, and therefore it is neces- 
sary to emphasize the necessity of a more detailed 
experimental and theoretical study of this interest- 
ing phenomenon. 

4. A comparison of the yield of protons elastical- 
ly scattered by free protons and quasi-elastically 
scattered by protons bound in deuterons permits de- 
termination of the differential cross section of the 
latter process. The resultant date are given in Ta- 
ble II. The differential quasi-elastic p—p scattering 


TABLE II. 
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cross sections differs only slightly from the differ- 
ential cross section of elastic scattering of protons 
by free protons at the corresponding angles. This 
fact again gives evidence that for a given energy 
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p—d scattering results fundamentally in an interac- 
tion of the bombarding nucleon with individual nu- 
cleons in the target deuteron. More accurately, the 
differential cross section of elastic p—p scattering 
should be compared with the quantity 


dopp(®) /deo + dopa () / do, 


since the elastic scattering of protons by deuterons 
is a process competing with the quasi-elastic scat- 
tering of protons by nucleons. Figure 3 is a plot the 
quantity 


{depp (®) /do + dopa (®) /do} / dog} (®) / de 


as a function of the angles ® of the emission of pro- 
tons in the laboratory system of coordinates. Dis- 
regarding the large statistical errors, a systematic 
deviation of the curve from unity can be noticed with 
a decrease in the proton scattering angle. Analogous 
results were obtained in a study of scattering of deu- 
terons by 460 Mev protons*. These data are also 
shown in Figure 3. It is evident that the deviation 
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FIG. 3. Dependence of the quantity 
a : 
[do5, (®) / dw + do 54 (®)/de|/de el (®) / do 
on the scattering angle of proton in the lab. system of 
coordinates. @ — 660, A— 460 MeV 


should be attributed to the unaccounted competing 
process, namely non-coplanar scattering, in which 
all three nucleons assume large energies, again 
giving evidence of the presence of collective inter- 
action. 

5. The present experiments show that the differ- 
ential quasi-elastic and elastic p—p scattering 
cross section at an angle of 90° in the c.m.s. are 
approximately equal to each other. Therefore, it 
should be expected that the differential elastic and 
quasi-elastic p—n scattering cross sections at a 
90° angle would also be equal to each other. If 


this is so, measurement of the quasi-elastic p—n 
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scattering at 90° in the c. m. s. can yield some evi- 
dence on the differential elastic scattering cross 
section of protons by free neutrons at that angle, 

Great interest is centered about the comparison of 
the p—n scattering cross sections measured under 
the same conditions for different energies. The 
measurement of the quasi-elastic p—n scattering 
with a single telescope by counting the scattered 
protons is impossible for energies exceeding 600 
Mev because of the large contribution of processes 
connected with meson production. Therefore, meth- 
od of the ganged-telescope method was used to solve 
such a problem with one telescope employed as a 
highly effective neutron detector’4. The energy of 
the protons was reduced with a series of polyethyl- 
ene filters placed in the path of the proton beam. 
The beam intensity was maintained constant for all 
energies The cross sections measured at 460, 560, 
590, and 660 Mev were in the ratios of 1.2: 1.1: 
1.1: 1. The relative statistical measurement error 
was 15%. 

The data on the elastic n—p scattering cross sec- 
tions at 580 Mev!5, and also the corresponding data 
on elastic p—p scattering ’®, permit determination of 
the cross section connected with p—n interaction in 
states with isotopic spin 7=0. The data obtained 
are: 


FE (MeV) = 460 560 590 660 


or _o(90°) =0,8+0,6 0,8-+0,4 0,8+0,4 1,340,4 


6. The experimental results and their evaluation 
lead to the following conclusions: 

1. At 660 Mev, the most important process in pro- 
ton-deuteron collisions is the elementary nucleon- 
nucleon interaction between the bombarding proton 
and one of the nucleons in the deuteron. 

2. The observed elastic p—n scattering cross sec- 
tion at the proton-emission angles <110° in the 
center of mass system of the colliding particles 
agrees with the cross section calculated in the 
impulse approximation using the Hulthen deuteron 
wave function for the ground state of the deuteron. 

3. The differential p—n quasi-elastic scattering 
cross section at 90° in the c.m.s. decreases 
slightly with increasing energy. That part of the 
cross section due to interaction in the state 7 =0 
remains unchanged in the energy interval of 460 to 
660 Mev within the limits of experimental error. 

4, The elastic forward scattering of deuterons 
with energy up to 560 Mev can apparently be consid- 
ered as evidence that in some cases a proton-deu- 
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teron collision at energies of 660 Mev results in an 
interaction between all three nucleons. 

5. The presence of such collective interaction 
between nucleons agrees with many other experimen- 
tal data, but any detailed determination of the prop- 
erties of collective interaction necessitates new ex- 
perimental and theoretical investigations. 

The author takes this opportunity to express deep 
gratitude to Professor M. G. Meshcheriakov for his 
constant interest in this work and for discussion of 
the experimental results, and to A. S. Kuznetsov for 
his help in constructing and adjusting the apparatus. 
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Photographic plates were used to study the angular distribution of 360 +10 Mev 7* mes- 
ons elastically scattered by protons. The differential cross section derived from 218 scat- 
tering events has the form (1) for SP analysis and the form (2) for SPD analysis. The 
phase shifts which correspond to these distributions are (A) and (B). 


E XPERIMENTS involving a measurement of dif- 
ferential cross sections for the elastic scat- 
tering of m mesons by protons make it possible to 
determine which states take part in the scattering. 
It is also possible to calculate the phase shifts 
which correspond to those states. A phase analy- 
sis of the data for the scattering of 7*mesons was 
carried out recently for energies up to 310 Mev?»?. 

In the present work the angular distribution of 
™ *mesons with energies of 360 +10 Mev was meas- 
ured using photographic plates. The mesons were 
scattered by hydrogen nuclei contained in the pho- 
tographic emulsions. The experiments were carried 
out on the synchrocyclotron of the Joint Institute 
for Nuclear Research. 

Electron-sensitive photographic plates with emul- 
sions 400 u thick were exposed in a beam of n* 
mesons emerging from a magnetic meson spectrome- 
ter®. mesons were produced in a carbon target 5 
em thick by a beam of 657 Mev protons brought out 
from the synchrocyclotron chamber. Mesons emitted 
from the target at an angle of 8.5° were deflected 
by the magnetic field of the spectrometer after pre- 
liminary collimation. The narrow converging beam 
of measons then passed through a 4 meter collima- 
tor at whose exit the photographic plates were 
placed. A copper shield 3 cm thick was used to 
protect the plates from protons. The energy of the 
mesons passing through this filter was measured to 
be 360 +10 Mev. The intensity of the meson beam 
was about 4 mesons/cm2 sec. The search for events 
was carried out by examination of photographic 
plates in sections by using immersion lenses, with 
about half the area examined at a magnification 630 
times and the remainder at a magnification of 450 
times. A significant fraction of the area of photo- 
graphic plates was subjected to a careful second ex- 
amination by various observers. This second ex- 
amination disclosed a total of 8 previously-over- 
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looked scattering events, evidencing a very high 
degree of efficiency in the examination of photo- 
graphic plates. 

The criteria used in the identification of the 
elastic scattering events were the angular correlation 
between the scattered mesons and the proton recoil, 
and co-planarity. Those events in which the devia- 
tion from co-planarity and the calculated angular 
correlation exceeded ]° were discarded. 

A total of 218 scattering events were found in the 
angular interval of 10° to 170° in the center of 
mass coordinate system. The summation interval 
was 20°. A distribution of the number of scattering 
events with the angular intervals is given in the 
table. 


Correspond- 
Apes ing angular Number of Comers 
' Intervals intervals in AOS Pie 
in center of |the laborato- in given 
ese system, ry system of interval cm? /sterad 
inidegreesm \waigordinates 
140— 30 7— 21 | 42 1452--4,7 
30— 50 21— 36 64 9,2+1,2 
50— 70 36— 52 49 9,2+0,7 
70— 90 52— 70 24 2,2-40,0 
90—110 70— 89 10 0,9+0,3 
110—130 89—111 10 1,1+0,3 
130—150 111—138 13 1,9+0,5 
150170 | 138—166 6 | 1'640;6 
| Total | 218 | 


The angular distribution was normalized to sat- 
isfy the following equality 


do 
QQ) 


(9) AQ; = 


a 
~ 


\) 
2 
a 


The total cross section of the elastic scattering o, 
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was chosen to be equal to 43.4 x10°27 cm?2.. 
The experimental data is shown in Figure ]. Sub- 


100 120 140 160 160° 
avin Cc.m.S. 


FIG. ]. Differential cross section for elastic scatter- 
ing of mesons. Curves a and b are calculated from Eq. (1) 
and Eq. (2) respectively. 


DQ 20 40 60 8&0 


stitution of the experimental results into the series 
of Legendre polynomials 


= >) AnPn (cos 9), 
c= 


where A_ is computed from the equation 


Ana Dratr 


(9: ) Pn(cos;) Acos%i 


leads to the following expression for the differential 


cross section: 


do/dQ = [3,43P, + 4,63P; + 4,20P2 + 
+ 0,57P3— 0,81P,4]-10- 7" em?/ sterad 


By writing out his expression it is possible to ex- 
press the differential cross section in a power se- 
ries in cos%. This power series has the form: 


(1) 


+ (6,30 + 1,42) cos? 9]-10-2? cm2/sterad 


do/dQ =[(1,33 + 0,20) + (4,63 + 0,62) cos 9 
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if only the first three terms are retained, and 
do/dQ = [(1,02 + 0,16) + (3,78 +0,48) cos 9 
+ (9,35 + 1,31) cos? 9 + (1,42 --0,86) cos? 9 
— (3,56 + 1,64) cos 9]-10-27 cm2/sterad (2) 


if the terms up to n=4 are included (see Fig. 1). 

Owing to the low statistical accuracy of the ob- 
tained results it is difficult at first sight to find 
preference for one or the other expression for the 
differential cross section, even though it is evident 
from the figure that in the region of large angles 
curve b fits the experimental results better than 
curve a. 

Scattering of 77mesons by protons in S, P and D 
states with isotopic spin J =% is known to be char- 
acterized by five phase shifts o,, Chg 17 Oe as O54 
and 53 , corresponding to the states S, Py ; Ps, : 
Ds, < Ds, respectively. Ashkin and Vosko® have 
shown that the mathematical formulation of the pioe 
lem of finding four solutions for the phase of 777-p 
scattering by SP analysis. However, many physical 
considerations and the requirement of a continuous 
and smooth variation of the phase shifts with ener- 
gies make it possible to select a solution in which 

has a resonance character®, i. e., 
through 90°. Taking this circumstance into account 
we have sought in our phase analysis of the experi- 
mental data only that solution corresponding to a 
resonance character of the phase a 


passes 


33° 

The optimum phase shifts can be determined in a 
general case only with electronic computers or 
special mechanical phase analyzers. However, 
under many simplifying conditions the phase anal- 
ysis can be carried out in a sufficiently simple way. 
This happens for example, when a differential scat- 
tering cross section can be expressed in the form 


dz /dQ = a) + a, cos? + a, cos? >. 


If it is assumed that only the S and P states partic- 
ipate in the scattering, the phase shifts correspond- 
ing to these states can be determined in a given 
case graphically®. The phase shifts calculated 
graphically using Eq. 1 are: 


ogg == 146°: ESCO. 10) 


Or 
3, = — 14°; Ky 


Phase analysis which takes into account contribu- 


tions from S, P and D states (SPD analysis) was 


carried out with a mechanical phase analyzer’. 
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The following phase shifts were obtained 
(B) 


> Caper? Ce fo) 
Oeste Oe! Ont a ee 


Gey =e 143°; og, == — 0; oy = —— 14"; 


The differential cross sections calculated using 
the above set of phases are shown in Figure 2, 


ao Daa 2/sterad 


a2 


Ss 


4 20 YO 60 


100 100 140 160 160 
in Cc.m.s. 
FIG. 2. Differential cross section for elastic scatter- 
ing of mesons. Curves a and b are computed from phase 
sets B and C. 


curve a. From the quoted values of the phase shifts 
it is evident that the magnitudes of the phase « 

are practically equal both for SP and for SPD anal- 
yses. The dependence of this phase on the meson 
momentum 


(75/7 @) Cte ag, = 9,3(1 ty 2,15). 


as proposed by Chew and Low®, does not hold at 
meson energies of 360 Mev (7 is the momentum of 
the meson in the center of mass system in jc units; 
@ is the total energy in the center of mass system 
after subtracting the proton rest energy, in pc? 
units), A deviation from this dependence is already 
noticeable for meson energies above 240 Mev?; for 


360 Mev mesons this deviation is approximately 20°. 


The values of the phase OL, given above agree well 
with the expression 


4° ctg a3 = 4,3 + 0,6 4? — 0,8 vf, 
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proposed by Mukhin et al?. 

The magnitude of the phase a, depends strongly 
on whether the D state is taken into account in the 
phase analysis. SPD analysis yields almost half 
the value of |a | obtained by SP analysis. This ob- 
servation evidently holds for a broad range of ineson 
energies”. The quantity «,=—14° obtained in the 
analysis which included the D state agrees well 
on the meson mo- 


3 
mentum in the center of mass system: o = =O nllees 


with the linear dependence of o 


Mukhin et al? proposed the following dependence 
of the phases 6,., and Ove on the momentum: 


Bag ee — Say = 0,202 a 


Taking these expressions into consideration and as- 
suming that «, depends on the momentum linearly, 
%,=—6.3°7, it is possible to calculate the phase 
ae a, and a, from the condition that the total 
scattering cross section determined from the phase 


shifts must agree with the experimental value: 
Oy = 4nk* (sin? a, + sin? ag, 

+ 2 (sin? ays + sin? 5g5) + 3 sin? gg]. * 

The phase shifts calculated in this manner are: 
Og = 148°; ag, = — 4°; 


CF a aes KS B33 = —4;, = jaa 


(C) 


The differential scattering cross sections corre- 
sponding to this set of phases is shown in Figure 2 
(curve 6). It is evident from the figure that curve } 
fits the experimental data as well as curve a. It 
must be noted, taking into account the statistical ac- 
curacy of the results, that both sets of phases are 
almost identical. 

It is interesting to consider the results from the 
point in view of an application of the causality con- 
dition to the meson-nucleon scattering!®. The en- 
ergy dependence of the real part of the forward scat- 
tering amplitude was previously obtained !!> !2 from 
the data on the total meson-nucleon scattering cross 
section. It is possible to compare the magnitude of 
the real part of the forward scattering cross section 
obtained in this manner with the amplitude obtained 
by means of the above sets of phases (A, B, C). If 
we denote by D* the real part of the forward scat- 
tering amplitude in the laboratory system of coor- 
dinates and by X and x the meson wavelengths 
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in the laboratory and the center of mass systems re- 
spectively, the relationship between the real part of 
the forward scattering amplitude and its value in 
terms of the phase shifts assumes the form: 


Dike, Dy = Sin 2a5-1"Sin 2a) 
+ 2 (sin 2a3, + sin 24,,) + 3sin 26,, +... 


Substituting into this expression the magnitudes of 
the phase shifts from sets A, B, C, we obtain —3.20, 
—3.22, and — 2.96 for the right hand side and —3.16 
for the left hand side. This result points out the 
good agreement between the real part of the forward 
scattering amplitude calculated from the causality 
condition and the values calculated using phase 
shifts obtained from angular distribution. A similar 
deduction was made in a study of the scattering of 
mesons in a broad energy range up to 310 Mev. The 
results obtained in the present work give grounds 
for assuming that this deduction can be extended to 
meson energies up to 360 Mev. 


It is necessary to note in conclusion that the ex- 
perimental data presented still do not afford a suf- 
ficiently strong proof that it is necessary to include 
D states in a phase analysis of the results. It is 
even less possible to make any conclusions con- 
cerning the dependence of the phase shifts 5,4 and 
5.,- on the meson momentum. However, if it is as- 
sumed that the inclusion of the D states is justi- 
fied, it is possible to deduce conclusively from the 
results of the SPD analysis for 307 and 360 Mev 
mesons that the phase shifts for the Ds, and Dy 
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states are approximately equal, opposite in sign, 
and have a tendency to increase with the meson 
energy. 

The authors wish to express their gratitude to 
B.S. Neganov and V. P. Zrelov for assistance in 
the exposure of the plates, and also to L. I. Lapidus 
and N. P. Klepikov for discussion of the obtained 
results. 
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The effective cross sections for the loss of two electrons in single collisions between 
negative hydrogen ions and He, Ne, A, Kr and Xe atoms and H,, N,, and O, molecules were 
measured, The measurements were carried out in a mass spectrometer in the energy range 


from 5 to 40 kev. 


INTRODUCTION 


HE measurements of effective cross sections for 

the loss of several electrons (“stripping”) in 
single collisions between ions and gas molecules 
have beenmade recently in connection with the use of 
this phenomenon for the production of ions with mul- 
tiple charges. Some of the studies dealing with this 
phenomenon investigate the loss of electrons by sin- 
gly charged positive ions!>. There are several in- 
vestigations®°”!? devoted to the measurement of ef- 
fective cross sections for the loss of a single elec- 
tron in collisions of negative ions with gas molecu- 
les. There is only one paper’ which cites the data 
on the loss of two electrons by ions Cl’, Br_, I, 
Na~, Sb~, Bi-, Sb; , in collisions with He and A 
atoms and with H, and N, molecules. 

This paper deals with the measurement of effec- 
tive cross sections 9_,,* for the loss of two elec- 
trons by the negative hydrogen ions with energies 
of 5 to 40 kev in single collisions with He, Ne, A, 
Kr, Xe atoms and with H,, N,, and O, molecules. 
The measurement of this cross section for the nega- 
tive hydrogen ions is of considerable interest be- 
cause these cross sections can be compared with 
electron loss cross sections for other particles with 
the same electron shell structure (He, Li*). Further- 
more, the knowledge of the cross section o,,, en- 
ables one to compare it with the single electron loss 
cross section 0_,, as well as with the cross section 
7.1, for the double electron capture by a proton. 


DESCRIPTION OF THE EXPERIMENTAL 
SETUP AND THE MEASUREMENT METHODOLOGY 


To obtain negative hydrogen ions, we used a pre- 


*O:, is the effective cross section of the process in 


which a particle with a charge ie is converted into a 
particle with a charge ke, 


viously developed method?* for the transformation of 
positive hydrogen ions into negative ions by their 
passage through an ultrasonic stream of mercury 
vapor (“mercury vapor target”). 

The schematic diagram of the layout for the meas- 
urements described below is shown in Fig. 1. A de- 
tailed description of the apparatus for producing and 
shaping the beam of negative hydrogen atoms is giv- 
en in Ref. 14. 


By means of the magnetic analyzer J, the ion beam 
is separated from the protons and the neutral hydro- 
gen atoms and is directed into the collision chamber 
2. The beam enters the collision chamber through a 
diaphragm 4 mm in diameter attached to the wall of a 
duct with an inner diameter of 5 mm and a length of 
50 mm. The beam leaves the collision chamber 
through a duct having the same length and diameter 
as the inlet duct. The effective length of the colli- 
sion chamber is 10 cm. The currents of the beam 
which entered and left the collision chamber were 
measured by means of Faraday cylinders 4 and 5, 
magnetically controlled. The current of the Hy ion 
beam entering the collision chamber was in the 10° 
to5 x 10° A. range. The highest value of the cur- 
rent was obtained for the conversion H} > H7 with 
energies from 20 to 30 kev. To obtain Hj ions with 
energies of 5 kev, it was necessary to use the con- 
version HY + H7 , because the ion gun focused poor- 
ly the primary beam of positive ions for this energy. 
The Hf ion concentration was low in the primary 
beam of the high frequency ion source and, as a re- 
sult, the Hy ion current passing through the colli- 
sion chamber in this case did not exceed 107° A. 


The separation of the beam leaving the collision 
chamber into neutral, positive, and negative com- 
ponents was achieved by means of the electric field 
in the parallel plate condenser 6 having plates 80 
mm long at a distance of 28 mm from each other. 
The measurement of the currents of the positive and 
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To McLeod gauge 
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To M-200 pump 


To MM-40 pump 4 


To Knudsen gauge 
To MM-40 pump =@0) 3 


To ionization gauge 


Fic. 1. 


negative beam components was accomplished by 
means of two string electrometers connected to the 
Faraday cylinders 7 and 8. The fibers of both elec- 
trometers were projected on two screens located one 
above the other so that the measurement of the beam 
component currents could be made simultaneously. 
This method eliminated the error due to random in- 
tensity fluctuations of the primary H, ion beam. The 
pressure of the gas admitted into the collision cham- 
ber was measured with a Knudsen gauge, calibrated 
against a McLeod gauge. The calibration of the 
Knudsen gauge was made for all the gases in the 
investigation and was repeated several times during 
the measurements. 

The collision and analyzer chambers were evac- 
uated by separate MM-40 oil diffusion pumps. To 


freeze out the condensed vapors, liquid air traps 
were inserted into the collision chamber and into 
the space on either side of it. Besides, one more 
trap was located above the throat of the MM-40 pump 
which evacuated the collision chamber. The resid- 
ual gas pressure in the collision chamber was 10% 
mm Hg. 

The mass spectroscopic method fully described 
in Refs. 1, 15, 16 was applied to the determination 
of the effective cross sections 0_,,. 

From the solutions of the differential equations 
[see Eq. (3) in Ref. 16), determining the beam compo- 
sition produced as a result of the negative hydrogen 
ions passing through the gas in the collision chamber, 
(n = the number of gas atoms in ] cm’, L = effective 
length of the collision chamber), the formula is 


= 4 
font =9_ynl + iy [S_10 G91 + S11 (9_10 + 9_11 — S10 — 91-1)] (nL)”, (1) 


where /* and /~ — the currents of the protons and 
negative hydrogen ions in the beam emerging from 
the collision chamber. The dependence of /*//~ 


IT [17 = xp + Qp’, 


where 


on the gas pressure in the collision chamber can be 
written in the following form: 


(2) 


woh fAT, Q= > [419% + O11 (6-10 + 211 — 210 — 41-1)] (L/T)*. (3) 
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During the investigation of the relationship be- 
tween /'//” and pressure we observed two cases: 
in the first case the graph of the I*/I~ function is 
linear up to pressures on the order of 2+3x10% mm 
Hg. and it is only above these pressures that a 
marked deviation from linearity is observed; in the 
second case, beginning with pressures close to pg 
(pg — the residual gas pressure in the collision 
chamber) one observes a parabolic relationship be- 
tween /*//~ and p. Evidently, in the first case with 
pressures p 10™* mm Hg the assumption (Q/x)p << 1 
is satisfied and formula (2) can be written in the 
form: 


1 aks) 


(4) 


0 10 2 dw 40 500 mm Hg 


FIG. 2. 


In the case where a linear portion was observed 
in the 1*/17 graph, the cross section 0_,, was de- 
termined from this linear portion by the method of 
least squares. It is to be noted that if one deter 
mines 0_,, from all the points of the i f(p) 
curve which fit a parabola, then the calculated 
value of o_,, does not differ significantly from the 
value calculated from the linear part of the graph. 

If the linear portion was not present in the graph 
It/I7~ = f(p) over the range of measured pressures, 
then the cross section o_,, was determined by the 
method of least squares according to formula (2). 
For the rapid selection of points satisfying this 
formula it is expedient to represent it in the form 


(/P\/p=x+Q p. (5) 
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In the second case even with the smallest pres- 
sures of the admitted gas the above condition is 
not satisfied. 

As an illustration, Fig. 2 shows the graph of 
1*/17 as a function of pressure for H, ions with 
30 kev energy passing through hydrogen; fig. 3— 
the corresponding graph for H; ions with 20.6 kev 
energy passing through argon. In plotting these 
graphs the loss of two electrons by H, ions during 
collisions with the residual gas molecules in the 
collision chamber was taken into account. This 
was accomplished by plotting the values of p — pg 
and (I*/I7) — (ey, abscissas and ordinates 
respectively, where GIS, -is the value of the 
(1*/17) ratio at the residual gas pressure. 


2 Ly 
0 OS 10 {5 £010% mm Hg 


FIG. 3. 


As can be seen from formula (5), the value 
(/ layin is a linear function, of p in the range of 
pressures for which formula (2) holds. The cross 
section 0_,, is determined from formula (5) by the 
method of least squares. 

The method used by us for the measurement of 
cross sections 0_,, has inherent systematic errors 
associated with the effect of pressure and compo- 
sition of the residual gas in the apparatus on the 
value of the measured cross section,* with the un- 
equal scattering of negative hydrogen ions and 
protons in the collision chamber, and with the un- 
equal weakening of the negative hydrogen ion and 
proton beams during their passage from the colli- 
sion chamber to the Faraday cylinders of the ana- 
lyzer. As for the error associated with the presence 


*This error was detected and discussed by us in Ref, 17. 
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of residual gas in the path of the beam, we were 
able to show by investigating dependence of the 
measured value of o_,, on the value of (/*//7) 

that for our conditions this error was small and was 
within the limits of random experimental errors. To 
clarify the effect of unequal scattering of ions and 
protons in a hydrogen-filled collision chamber, 
cross sections 0_,, were measured with a diaphragm 
2 mm in diameter attached to the end of the exit 
duct, and without the diaphragm. The diaphragm 
decreased considerably the solid angle for the par- 
ticles leaving the collision chamber. It turned out 
that the cross section values o_,, measured with 
and without a diaphragm in the exit duct were the 
same within the limits of experimental errors. Thus, 
the effect under consideration, for the case inves- 
tigated by us, can not materially alter the measure- 
ment results. The correction for the unequal weak- 
ening of the negative and positive beams in the 
analyzer chamber for the cases when it can be 
calculated* does not exceed several tenths of a 
percent and is consequently unimportant. The ran- 
dom error of the individual cross section o_,, meas- 
urement was +15%. To ascertain the most probable 
error, some of the cross sections were measured 
5-7 times; this error was +7%. 


The energy of the negative hydrogen ions was de- 
termined by the summation of the potential differen- 
tial differences in the ion source and the accelera- 
tor tube. These potential differences were measured 
with electrostatic voltmeters, calibrated with a re- 
sistance voltmeter which was used in Refs. 15, 16. 
Such a method for determining the H; ion energies 
could lead to an error if the protons lost an appre- 
ciable part of their energy in the mercury vapor 
stream while passing through it. Using the magnetic 
analyzer of our setup, we determined the proton 
energy loss during the passage through a beam of 
mercury vapor 2-3 x 10** atoms/cm?’ thick, giving 
the optimum conversion Ht + H,. It turned out that 
this energy loss was quite small and, as a conse- 
quence, the energy determination of the negative 
hydrogen ions by the above mentioned method is 
completely justified. The error associated with the 
measurement of the negative hydrogen ion energy 
was on the order of +3%. 

During the course of the present investigation, we 
obtained some information about the reliability of 


*To calculate this correction, it is necessary to know 
the cross section 0,, and 0_,, for the gas admitted to the 
collision chamber. 
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the steam-jet target. The steam-jet target worked 
more than 700 hours and during that time the boiler 
had to be taken apart only once in order to replace 
the nickel-constantan thermocouple, in which the 
constantan wire was corroded by the mercury vapor. 


DATA AND DISCUSSION 


The effective cross sections were measured for 
the loss of two electrons in collisions of Hy ions 
with energies of 5 to 40 kev with He, Ne, A, Kr, and 
Xe atoms, and with H,, N, and O, molecules. The 
collision chamber was filled with palladium-filtered 
hydrogen, spectroscopically pure helium, neon, 
krypton, and xenon, oxygen with 0.9% impurities, 
argon with 0.3% impurities, and nitrogen with 0.3% 
impurities. 

There are shown in Figs. 4 and 5 the curves of 
the relationship between the effective cross section 
o_,, and the energy of the H; ions for atomic and 
molecular gases. The value of o_,, for each energy 
was obtained by averaging two measurements. As 
can be seen from Figs. 4 and 5, the effective cross 
section o_,, for H, ions in the investigated energy 
range grows with energy in neon, argon, xenon, nitro- 
gen, and oxygen; in krypton the increase in @_,, 
takes place up to an energy of 20.6 kev and there- 
after remains constant to the end of the interval; 
in hydrogen, the cross section 0_,, remains con- 
stant over the entire interval; in helium, a maximum 
is indicated in the neighborhood of 10 kev, after 
which the cross section decreases monotonically 
with energy. The cross section o_,, value varies 
from 3.3 x 107*” cm? (in Kr, energy of 5.1 kev) to 
1.8 x 10°** cm? (in Xe, energy of 39.7 kev). One 
observes the dependence of the cross section 0_,, 
on the gas particle on colliding with which the H, 
ion loses two electrons. In the case of molecular 
gases, the cross section o_,, in oxygen and nitro- 
gen is considerably greater than in hydrogen over 
the entire range of explored energies. In atomic 
gases, the cross section o_,, is approximately the 
same at the beginning of the interval for all gases, 
but at the end of the interval the value is con- 
siderably greater for the heavy gases A, Kr, and 
Xe than for the light gases He and Ne. 

As mentioned in the Introduction, there were no 
data in the literature on cross sections o_,, for Hy 
ions. A comparison is only possible for the cross 
section data o_,, of a number of heavy ions ob- 
tained by Dukel’skii and Fedorenko.!3 It is most 
expedient to compare the cross sections for the 
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same ion velocities. Unfortunately, the data of 
Ref. 13 and ours differ widely with respect to the 
velocity intervals. The data on the cross sections 
o.,, for Na ions came closest to the interval of 
velocities investigated by us. The comparison of 
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The curves of the relationship o.,, = f(v) for 
H™ and Na_ ions are shown in Fig. 6. By extra- 
polating the graph o_,, = f(v) for the H, ion into 
the region of velocities where the corresponding 
curve of the Na_ ion is located, the cross section 
of the process Hy, > H} should decrease. It follows 
therefrom that in this region of velocities the cross 
section of the process Na > Na* should be larger 
than the cross section of the H, > Hy process. It 
was established in Ref. 17 that the capture cross 
section of two electrons by a positive ion increases 
with a decrease in the binding energy of the elec- 
trons in the particle losing them. One can assume 
that the same relationship holds for the stripping 
of two electrons in collision of negative ions with 
gas molecules. The fact that the cross section 0_,, 
is larger for the process Na + Na’ than for the 
process H, » H; confirms the stated assumption, 
since the binding energy of the stripped electrons 
in the Na ion is equal to the sum of the electron 
affinity and the first ionization energies of the Na 
atom, and is smaller than the corresponding quantity 
for the H, ion. However, it is necessary to note that 
the paper gives data which contradict the assertion 
that the cross section o_,, increases with a decrease 
in the binding energy of the stripped electrons. Evi- 
dently, an important role is played by the actual 
electron shell structure of the negative ion which 
is losing two electrons. 


An opportunity presents itself to compare the 
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cross sections o_,, for H, and Na _ ions is inter- 
esting also because, according to the most recent 
data!®, the electron affinity of for the sodium atom 
is equal to 0.84 ev, which is very close to that for 
hydrogen atoms (0.75 ev). 
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cross sections for the loss of two electrons by Hi 
ions with the cross section o_,, for the loss of a 
single electron by the same ions. The cross sections 
o_,, for Hy ions in He, Ne, A, Kr, and Xe gases were 
measured by Stedeford and Hasted’°. The correspond- 
ing measurements in hydrogen were made by 
Whittier’?. The curves showing the relationship 
between cross sections g_,, (solid curves) and o_,, 
(dotted curves) and Hy ion energies are compared in 
Fig. 7. As can be seen from this figure, the effective 
cross section for the loss of two electrons in the 
investigated energy range is considerably smaller 
than the effective cross section for the loss of a 
single electron. The ratio o_,,/o,. for H,, A, Kr, and 
Xe decreases with a decrease in energy, remains 
approximately constant over the entire energy range 
for Ne, and goes through a minimum for He at 15 kev. 
From this data given below, one can see the limits 
within which the ratio 0.1/0.0 changes for various 
gases in passing from higher to lower energies of HT 
ions. 

The values cited in the Table show that in evalua- 
ting the intensity reduction of the Hy ion beam, it is 
sufficient (because of inelastic collisions with gas 
molecules) to account for the loss of a single elec- 
tron only. Using these data, one can evaluate the 
errors which arise as a result of not taking into ac- 
count the process of double electron loss by nega- 
tive ions during the measurement of the effective 
cross section of a single electron loss by the method 
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FIG. 6. Solid lines—H, ions; dotted—Na_ ions. 


of collecting slow ions and electrons produced inthe different in approximately the same energy range. 


gas by the passage through it of a beam of fast 
particles.* 


Gas F_41/049 

H, 0.12-0.06 
He 0.07-0.09 
Ne 0.08 

A 0.07-0.03 
Kr 0.04-0.016 
Xe 0.04-.02 


By the method of collecting slow particles, one 
actually measures the cross section 0 = 0_,, + 20,41, 
from which the true cross section of a single elec- 
tron loss o_,,=ol 1-2o_,,/o_,,)]. The ratio o_,,/o-1o 
was given above. As can be seen from the given 
data, the systematic error in Ref. 10 associated with 
the presence of the double electron loss is not large 
and in the worst case (He) does not exceed 20%. 
However, one must keep in mind that with the in- 
crease in ionic energies, because of the increase in 
the ratio o_,,/o_,, with energy, this error may become 
quite considerable, and the use of the method of col- 
lecting slow particles for measuring cross sections 
o_,o becomes inadmissible. 

In spite of the large differences in the cross- 
section values of o_,, and 0,9, the nature of their 
dependence on the H; ion energies is the same in 
the interval under study. This is particularly notice- 
able for the curves o = f(e) in He and Ne. It is inter- 
esting to note that for single and double electron 
capture cross sections in hydrogen and helium (see 


Figs. 3 and 4in Ref. 16),the curves o = f(e) are 


*It was by this very method that Stedeford and Hasted*° 
measured the cross section @_,, in inert gases. 
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The experncutal data for single 7,10 and double 


17 capture cross sections are in definite 


electron 
Ue 


agreement with the adiabatic hypothesis of Massey 
The sequence of maxima on the graphs of cross sec- 
tions versus ion energy follows from the well-known 
Massey condition [see Eq. (8) in Ref. 16] with the 
assumption that the collision parameter differs little 
for different ion-molecule pairs, but that its value 
for a single electron exchange is considerably larger 
than for a double electron exchange. Assuming also 
that for double electron loss processes the collision 
parameter is approximately the same for different 
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pairs, and having in mind that the resonance defect 
(the sum of the ionization potential and electron af- 
finity of the hydrogen atom) is the same for all col- 
lision processes between Hy ions and atoms of inert 
gases, it is to be expected that the cross section 
maximum on the energy relationship graphs should 
be observed for all these processes at the same 
energy. As can be seen in Fig. 4, the cross section 
o_,, maximum for helium is at an energy of about 10 
kev, whereas for the other inert gases it is at an 
energy greater than 40 kev. In some contradiction 
with the adiabatic hypothesis is also the fact that 
the cross section o_,, is quite 


for small chorgic® 
»9 also points out the discrepancy be- 


large. Hasted 
tween his data on the single electron loss cross 
sections and the adiabatic hypothesis. The paper by 
Bates and Massey 20 gives some reasons for the in- 
applicability of the adiabatic hypothesis to the pro- 
cesses for the single electron loss. A sounder judg- 
ment as to the existence of an adiabatic region in 
two electron loss processes will be possible after 
the cross section g_,, measurements have been made 
with smaller energies than those in the present in- 
vestigation. 

It is possible to compare the electron loss cross 
sections for helium and other “helium-like” particles 
(H~ and Li*). As has been already mentioned, such 
a comparision is interesting because of the simi- 
larity in the electronic shell structure of these parti- 
cles. 
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Krasner “~ measured the sums of effective cross 
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sections 0), + Oo, for the loss of one and two elec- 
trons by atoms of helium with energies from 100 to 
450 kev in collisions with helium atoms and mole- 
cules of hydrogen and air. Using the data of our work 
and those of Refs. 10, 12, the sum o_,, + o_,, of ef- 
fective cross sections for the loss of one and two 
electrons in hydrogen and helium can be calculated 
for negative hydrogen ions. For Lit the sum of cross 
sections in air can be calculated from the data of 
Ref. 2. 

In Fig. 8 are shown the curves of the relationship 
between the og, + 0,,cross sections and velocities 
for helium atoms and the corresponding graphs of the 
cross section sums o_,, + 0_,, for negative hydrogen 
ions and 0,, + 0,, for Lit ions. As is seen from the 
drawing, for the same velocities, the electron loss 
cross sections by particles of the isoelectronic se- 
quence Hr, Ile, Lit increase with a decrease in the 
binding energy of the lost electrons. A fact that calls 
attention to itself is that electron loss cross sec- 
tions by these particles in the same velocity interval 
have a different dependence on velocity namely, the 
electron loss cross sections by H7] ions decrease; 
for helium atoms these cross sections increase 
slowly, and for Lit ions-increase rapidly with an in- 
crease of the particle velocities. One might suppose 
that the comparison of the electron loss cross sec- 
tions by different particles would be accomplished 
most expediently for the same values of the parameter 
y; = v,/v, where v, — the orbital velocity of the 
stripped electron in the moving particle, calculated 
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1 
from the formula (v, = 2V,/m)? (V, — binding energy atom of helium has two Js electrons. The points of 


of the electron in the particle), and v —particle ve- _ the function >, = f(y) thus obtained for hydrogen and 
locity. a helium atoms moving in air and hydrogen fell on two 
Krasner “* attempted to pe peoccn. his results as smooth curves, from which Krasner drew the con- 
well as those of Montague “ and Kanner 2° as a func- clusion that the effective electron loss cross section, 
tion of the parametery,. For the case of a moving calculated for the equivalent removable electron, is 


helium atom the value of y,tefers to either of the two a function of the parameter y, only. However, this 

ls electrons. For this case, as can be shown easily, conclusion has no general significance because, for 
the electron binding energy is equal to the half-sum other particles having only 1s electrons, the effective 
of the first and second ionization potentials of heli- electrons loss cross section values do not lie on the 
um. In constructing the graph of the effective electron curves plotted by Krasner; this is illustrated in Fig.9 


loss cross sections for helium and hydrogen as a where, alongside the curves for the effective electron 
function of the parameter y,, Krasner decreased the _ loss cross sections for hydrogen and helium atoms Tos 
effective electron loss cross sections for helium and 4 0y,, the curves for 4% o_,, and 4 o,, are shown, 


atoms by a factor of two, because of the fact that an corresponding to the cross sections from Refs. 2, 12 
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in H,; 4—%oo,H in air; 5—%o,,He in H,; 6—%o,,Lit 


in air. 
for Hy and Lit ions. In an article which appeared re- The dependence of the ratio o,_,/o_,, on the param- 
cently”4 it is stated that the data on the cross sec- eter y for Ne and H, is shown in Fig. 10 (the binding 
tions o,, for He* ions do not fit the Krasner curve. _ energy of either of the two electrons in the negative 


Thus, it is impossible as yet to display a universal hydrogen ion was set equal to half the sum of the 
parameter which would determine the electron loss 
cross sections even for particles with the same elec- 
tronic shell structure. 430 
It is of some interest to compare the cross sections 
for the loss of two electrons by Hy ions measured in 
this investigation and the cross sections for the cap- 
ture of two electrons by protons measured in Ref. 16. 
This comparison shows that the cross section o,_, is 
smaller than the cross section o_,, for the entire in- 
vestigated range of energies and for all investigated 
gases. For the gases He, Ne, A, N, and O, the ratio | 
0,_,/0_,, does not exceed 7% and changes little with “in we wo Oe Oe 
the energy of ions; for hydrogen the maximum value of Fic. 10. 


this ratio is 30%. 
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ionization potential and electron affinity of the hydro- 
gen atom). The experiniental data for the single elec- 


tron exchange processes show (see Ref. 25) that the 
ratio g,,/0o, for hydrogen particles and the ratio 

0,,/0;, for helium particles is equal to one for y ~ 1, 
i.e., the cross sections for the capture and loss of a 


single electron are equal for a particle velocity equal 


to the orbital velocity of the electron. As is seen 
from Fig. 10, a similar situation does not take place 
for two-electron exchange processes. 
D. V. Pilipenko participated in the investigation. 
In conclusion the authors consider it a pleasant 
duty to express their thanks to prof. A. K. Val’ter 
for his constant interest in the investigation. 
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Energy Spectrum of u-Mesons in Extensive 
Atmospheric Cosmic Ray Showers 


O. I. DOVZHENKO, B. A. NELE PO, AND S. I. NIKOL’SKII 
P. N. Lebedev Physical Institute, Academy of Sciences, USSR 
(Submitted to JETP editor November 3, 1956) 

J. Exptl. Theoret. Physics (U.S.S.R.) 32, 463-466 (March, 1956) 


The energy spectrum of p-mesons in extensive atmospheric showers of varying primary ener- 
gy was studied in the energy range from 0.3 to 3.5 Bev. The measurements were carried out at 
mountain altitudes. It was found that in the aforementioned energy range the energy spectrum 
of p-mesons is independent of the energy of the primary particle which initiated the shower. 
The mean prmeson energy decreases with the distance from the shower axis. 


OCTOBER, 1957 


REVIOUS experiments 1,2 on the absorption of 

the penetrating component of extensive atmos- 
pheric showers in a dense substance indicated that 
the energy spectrum of penetrating particles in ex- 
tensive atmospheric showers near sea level can be 
represented by a law with an exponent © 0.6. This 
result was obtained by averaging the data over a 
wide interval of distances from the shower axis and 
over different energies of the primary particle. 
Nuclear passive (y- mesons) as well as nuclear 
active particles of the penetrating component were 
recorded. 

During the summer and fall of 1954, we carried 
out at Pamir (3,860 m above sea level) experiments 
to determine the nature of the energy spectrum of 
t-mesons at three distances from the axis of an ex- 
tensive atmospheric shower and made a comparison 
of p-mesons spectra in showers of different primary 
energies. The energy of p-mesons was determined 
from their absorption in lead and ground. The gener- 
al experimental layout and the depth cross.section of 


the pit are shown in Fig. 1. The control system (CS) 
consisted of three arrays of Geiger-Miller counters 
located above detectors of penetrating particles A, 

B and C, and also at 100 and 300 meters from them 
(Fig. 1). Above the detectors of penetrating particles 
there were placed a large number of hodoscopic 
counters for investigating the electron-photon com- 
ponent of the shower. ® 

The detector of penetrating particles A recorded 
U-mesons with an energy >185 Mev, detector B—p- 
mesons with energy >1.7 BeV, and detector C —p- 
mesons with energy >3.5 Bev. The area of the 
counters in detectors A, B, and C was 0.38, 2.4 and 
2.4 m”, respectively. 

The use of detector counters connected to the 
hodoscopic arrangement permitted us to distinguish 
the passage of nuclear passive particles (u-mesons) 
from the passage of nuclear active particles accord- 
ing to their shower producing ability. During the sta- 
tistical treatment of the experimental data, we paid 
attention only to the cases of the recorded single 
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penetrating particles not accompained by a shower 
under the dense absorber. The number of p-mesons 
thus recorded is lowered, since p-mesons initiating 
a O-shower are excluded from the analysis. As shown 
by measurements, the number of such mesons con- 
stitutes 10 +2%. The variation in this number with 
an increase in the thickness of the absorber above 
the setup does not exceed the experimental error. 
The high resolution of the apparatus used practically 
excluded random coincidence discharges in the coun- 
ters. 

The flux density of u-mesons was determined from 
the formula 


N,No 


= —l 
a 7a Oo e N,Nz2 —— N35 : 


Here o=counter area of one hodoscopic group; N4= 
the number of recorded single p-mesons; V,=the 
number of recorded extensive atmospheric showers; 
N,=the number of hodoscopic arrays of counters used 
during measurements. 
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The large system of hodoscopic counters located 
above the detectors of penetrating particles enabled 
us to determine the core location and the total num- 
ber of charged particles in each recorded extensive 
atmospheric shower. The simultaneous determination 
of the core position, the total number of particles 
and the p-mesons flux at various depth enabled us to 
determine the p-meson energy spectrum for showers 
of varying energy. In all the cases investigated by 
us, the p-meson energy spectrum can be represented 
by the law ae where £’ ,—the energy of p-mesons. 


The value of the exponent n for showers with axes 
passing no farther than 8 m from detectors of pene- 
trating particles are shown in Table 1. The energy 
of the shower-causing primary particle was assumed 
to be proportional to the total number of particles \V 
in the shower (E=2.5x 10° N ev)°. In the same 
table are shown the absolute values of the #-meson 
flux density with the energy higher than that as- 
signed to showers of a different primary energy. 

As is seen from Table 1, the energy spectrum of 
u-mesons in the interval 0.44—3.5 Bev near the core 


Oy 

cette the be Spectrum 

particle in a i rot exponen 

ae E,, > 0,185 Bev E,, > 1,7 Bev Ey, >3,5 Bev os : 
A 25 0,23 + 0,07 0,15 + 0,03 0,16+0,02 0,14+0,17 
iL fh) 0,27 +0,08 0,17+ 0,03 0,16 + 0,03 O27 2 00 
2,6 0,38 + 0,07 0,26 +.0,03 0,48 + 0,02 0,38 + 0,07 
He) 0,36 + 0,07 0,31 +0,03 0,25 +0,03 0,20 + 0,05 
GOr2 0,50 + 0,10 0,36 + 0,05 0,31 +0,05 0,23 + 0,07 
10,0 0,65 + 0,13 0,38 +-0,05 0,36 + 0,05 0,27+0,12 
15/0 0755 £0.16 0.61 0,08 0/42 £0107 0:19 4.0.25 
20,0 1,00 + 0,28 0,77+0,11 0,62 +0,10 0,24 + 0,02 
BOG, 1,21 + 0,42 0,95 + 0,18 0,76 +0,14 0,24 + 0,02 


*The value of the energy spectrum exponent was determined by the method of least 


squares, 


of extensive atmospheric shower does not depend on 
the energy of the primary particle. An analogous re- 
sult is observed during the investigation of the pe- 
riphery of an extensive atmospheric shower. In Table 


a 


2 are shown the values of the exponent n for ex- 
tensive atmospheric showers with different primary 
energies, the axes of which are at a distance of 200- 
350 m from the detectors of penetrating particles. 


i 


Energy of the Pu 
primary 
Brian ae E,, > 0,32 Bev E, >1,7 Bev E, > 3,5 Bev i 
ev 
2 0,034+0,01 0,010 +0,003 0,0044-+40 0015 0,86+0,18 
20 0,0370,01 0,0084+£0,0026 | 0,0056-L0'0018 0.8 F012 
40 0,07 0/026 0,015 +0,006 0,014 0,005 0, 8sc502 


ENERGY SPECTRUM OF pu-MESONS 


The comparison of the y-meson energy spectrum at 


different distances from the axis of an extensive at- 
mospheric shower gives: 


Mean distance from 
the axis of a wide at- 4 
mospheric shower, m 


100 300 


Mean value of the 
energy spectrum ex- 
ponent, n 


0,25+0,02 0,32-+0,03 0,82-0,11 


The cited data show that the f-meson energy spec- 


trum become softer with an increase in the distance 
from the axis of an extensive shower. Since a large 
part of t-mesons in wide atmospheric showers is 


found at the shower periphery, then the energy spec- 


trum of all u-mesons in an extensive atmospheric 
shower at the observation level must be evidently 


still softer than the meson energy spectrum at a dis- 


tance of 300 m from the shower axis. Actually, if 
one extrapolates to large distances, the observed 


250 500 


750 Ko 
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change in the exponent of the energy spectrum with 
distance from the axis of an extensive atmospheric 
shower (see Fig. 2), and uses the experimentally ob- 
tained spatial distribution function for p-mesons up 
to 1000 m in the form p“~R-?, then the value of the 
--meson energy spectrum exponent in an extensive 
atmospheric shower at the observation level is 1 + 
0.2 in the p-meson energy range of 0.3—3.5 Bev. 

In conclusion the authors wish to express their 
thanks to Professors N. A. Dobrotin and G. T. 
Zatsepin for their interest in the investigation. 

Note added during proof-reading: After the paper 
has been submitted to the editor, we obtained sup- 
plementary data showing that in the energy interval 
0.185—0.3 Bev the u-meson energy spectrum cannot 
be represented in the form Ei where n— constant 
value for a given primary energy and given distance 
from the shower axis. This result is explained by 


the finite lifetime of t-mesons. 
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The heat capacity of three anhydrous cadmium salts — Cdl, CdBr,, and CdCl, — which are 
classical laminar crystals has been measured in the temperature interval from 1.6 to 100° K. 
Possible thermal effects of sorption were excluded by carrying out the measurements on 
pressed preparations without heat exchanging gas. At helium temperatures, the heat capaci- 
ties of all three salts obey a cubic law. In the 4-10° K range, the exponent in this relation- 
ship exceeded three for all three salts, Above 10° K, the exponent starts to decrease con- 
tinuously and in a certain region the relation becomes quadratic; the region in which this 
relation holds decreases from the iodide to the chloride, Still higher, the relation is linear, 
the region of which increases from the iodide to the chloride. Attempts are made to compare 


the experimental results with theory. 


HE study of the heat capacity of anisotropic 
crystals, in particular, laminar crystals, is 

of great value in the development of our represen- 
tations of solid bodies. During the last ten years, a 
large quantity of theoretical work has been pub- 
lished on this question!*’. The conclusions arrived 
at by the various authors do not coincide. Very few 
experimental investigations of the heat capacity of 
laminar lattices below 50° K have been made; they 
have been carried out only up to hydrogen tempera- 
tures, and on a limited group of substances®’ ” 
Quite recently, three articles appeared on the heat 
capacity of graphite in which measurements were 


10-12) and a com- 


also made at helium temperatures 
munication appeared concerning measurements of the 
heat capacity of MoS, and BN at 5° K and higher’3. 

Ye have studied the temperature dependence of 
the heat capacity of anhydrous iodide, bromide, and 
chloride of cadmium over the temperature range from 
1.6 to 100° K. Measurements were also made above 
100° K, but they cannot be used in the present ar- 
ticle since we are interested in C,, which practi- 
cally coincides with C_ at low temperatures, but 
begins to differ strongly above 100° K. 

A short report concerning our results at tempera- 
tures above 11°K has been published?*. CdCl,, 
CdBr,, and Cdl, represent classical laminar crys- 
tals. Their layers are formed of two networks of 
closely packed halide atoms, and a network of cad- 
mium atoms located in the octohedral vacancies 
between them. These triple layers are bound by 
Van der Waal forces, the bond in the layers is 
basically ionic. CdCl,, CdBr,, and Cdl, form a 
series with regular varying properties, in particular, 
the binding forces between layers increases as we 


go from the iodide to the chloride’ ie 


The absence of free electrons allows us to attrib- 
ute the entire measured heat capacity to the lattice 
(in distinction from graphite). 


1. METHOD OF MEASUREMENT 


We used preparations obtained from IONKH, Acad- 
emy of Sciences, U.S.S.R.* The CdCl, and Cdl, were 
marked “ChDA.” According to analysis, the total 
impurity content was 0.18% for Cdl,, and 0.12% for 
CdCl,. The CdBr, was marked “Ch” and contained 
0.47% impurities. This preparation was purified by 
three recrystallizations in an aqueous solution.** 

Measurements above 11° K and in the helium 
region were made on identical samples. The prepara- 
tions were dehydrated and were guarded against 
moisture during the filling of the calorimeters. For 
measurements in the region above 11° K, we used 
0.287 moles of Cdl,, 0.887 moles of CdCl,, and 
0.696 moles of CdBr,. In the region of helium tem- 
peratures, we used 0.517, 0.830, and 0.843 moles, 


respectively. 


To prevent possible sorption of heat-exchanging 
helium by the preparation during measurements at 
hydrogen temperatures, we selected large particles 
of the substance with linear dimensions of the order 
of 1 mm, comprising about 90% by weight. Further- 
more, helium is adsorbed weakly at these tempera- 
tures. Deterioration of heat exchange in the 


*The authors are grateful to E. I. Banashek and V. A. 
Sokolov for kindly giving them preparations. 

**The authors thank T. N. Rezukhin (Professor of 
Physical Chemistry, Moscow State University) for his 
help in the purification of the CdBr,. 
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caliometer, which would lead us to think of sorption, 


was not noted over the entire range of measurements. 


The effects of sorption at helium temperatures were 
avoided by the use of special measures, described 
below. 

Part of the preparation was in the form of a pow- 
der, and it was necessary to consider its possible 
influence. However, from the work of Dugdale, Mor 
rison, and Patterson!”+!8, it appears that the pres- 
ence in the calorimeter of ~ 10% of crystals with 
mean dimensions of the order of 100y will not alter 
the results. 

For experiments above 11°K, we used an adia- 
batic vacuum calorimeter described in Refs. 19 and 


fi 


ems 
ie 


Ne 
N SE) Esa 


FIG. 1. Calorimeter for helium temperatures. 1—car- 
bon pump valve; 2—activated carbon; 3—body of the 
calorimeter vacuum jacket; 4—sealing ring; 5—copper- 
glass unions for leads; 6— vacuum jacket cover; 7- 
pressed preparation; 8—glass calorimeter; 9—ther- 
mometer; 10—calorimeter holder; 11—capillary for 
evacuating the calorimeter; 12 —tube with disc for the 
thermometer; 13—calorimeter cover; 14—heater; 15— 
support ring for the jacket; 16—sealing screws. 
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20. The platinum resistance thermometer used in the 
measurements was calibrated at 10.7, 14.0, 20.4, 
and 90.19°K by direct comparison with a secondary 
reference thermometer made of the same kind of 
platinum. The temperature dependence of the latter 
was found by comparison with a gas thermometer?) 

At 1.6°K and above, we used a vacuum system of 
the type accepted here, with a carbon pump” and a 
removable seal !® (Fig. 1). 

To avoid the effects of sorption, having in mind 
that the selected crystals of Cdl,, CdBr,, and CdCl, 
have sufficiently developed surfaces, heat-exchang- 
ing gas was not introduced, and the preparation was 
located in a high vacuum. In order to provide proper 
thermal contact between the sample and the walls 
of the calorimeter, the heater, and the thermometer, 
without heat-exchanging gas, we used a modified 
type of calorimeter (Fig. 1). The salt being studied 
was pressed into the glass container 8, which is 60 
mm high, 30 mm in diameter, has a wall thickness of 
0.2 mm, and in which a tube /2 is set for the ther- 
mometer. In order not to disturb the tube during 
pressing, a centering disc was soldered to it, re- 
straining it at the bottom of the calorimeter, after 
which the tube was filled with Wood’s metal. The 
pressed salt was in good thermal contact with the 
wall, the bottom, and the tube, and the particles of 
the salt were in good thermal contact with one 
another. 

A special die and plunger were made for pressing 
the salt in the thin walled glass vessel. The press- 
ing pressure was 300-400 kg/cm’. Cover 13 with 
capillary JJ was put on the glass vessel with the 
salt pressed in it and the tube, and the place where 
they joined was soldered. All parts of the calorim- 
eter were made of pure copper. Identical calorim- 
eters were used for CdCl,, CdBr,, and Cdl,. The 
calorimeters were pumped out through the capil- 
laries for about 10 hours at 120° C. Then the capil- 
laries were pinched under vacuum and unsoldered. 

The heater 14 was made of enameled constantan 
wire, 0.1 mm diameter, wound on the surface of the 
glass vessel which was first covered with polymer 
ized adhesive BF. To ensure good thermal contact, 
the constantan windings were again covered with 
BF. To ensure good thermal contact, the constantan 
windings were again covered with BF and polymer- 
ized. The heater resistance was ~ 150 at liquid 
helium temperatures. 

The calorimeters were suspended by nylon threads 
from girder 10, soldered to the removable cover of 
the jacket 6, which simplified the assembly. The 


leads to the heater and to the thermometer were 
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made of tinned constantan. The wires entered the 
vacuum system through platinum lead-ins, fused 
into the glass of copperglass unions 5. The carbon 
pump was located in the upper part of the jacket 
and was controlled from the cover of the Dewar. 

Two thermometers were used. For the range from 
1.6-4.2° K, a bronze resistance thermometer was 
used, calibrated by the vapor pressure of liquid 
helium using a specially built condensation ther- 
mometer. The calibration was based on the 1948 
scale. However, the final results were recalculated 
on the basis of the 1955 scale?*. The thermometer 
was a copper tube with a bifilar-wound two-section 
wire of phosphor bronze with diameters of 40 and 
70p. 

The carbon thermometer, made of a radio resist- 
ance from the firm of Allen Bradley, was mounted in 
a copper case, filled with heat exchanging helium 
and sealed. The electrical leads to the sensitive 
element of the thermometer were led in with the aid 
of a well sealing layer of polymerized BF 74. 

The thermometers, lubrigated with a thin layer of 
Ramsay coating, were inserted tightly into tube 12, 
The carbon thermometer served mainly for measure- 
ments in the intermediate temperature range (4.2- 
11° K); therefore it was calibrated at one tempera- 
ture in liquid helium, and at the temperatures of 
normal boiling and the triple point of hydrogen. For 
these temperatures, the coefficients in the formula 
lgR+k/lgR =A+B/T proposed by Clement and 
Quinnell?> were calculated. 


2. MEASUREMENTS 


The sequence of measurements in the range from 
11° K and above was similar to that described in 
previous works!*, The heat capacity of the empty 
calorimeter was determined over the temperature 
range from 10.67 to 302.92°K. The values were 
smoothed graphically. Individual experimental 
points deviated from the smoothed curve by no more 
than 1%. The magnitude of the heat capacity of the 
empty calorimeter compared with the measured value 
for Cdl, went from ~ 20% at 10.7°K to 60% at 100° 
K, and for CdBr, and CdCl, went from ~ 15% at 
10.9° K to ~ 37% at 83° K. 

The measurements in the range 1.6-4.2°K were 
carried out in a bath of liquid helium boiling under 
reduced pressure. The calorimeter was cooled to the 
temperature of the bath by means of heat-exchanging 
helium let into the jacket by a special measuring 
valve. This gas was then pumped off by the carbon 
pump, providing a high vacuum. Opening the carbon 
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pump was always accompanied by some pulsations 
which warmed the calorimeter. To cool the calorim- 
eter to the bath temperature with an open pump, a 
portion of heat-exchanging helium was let into the 
jacket. Since the heat capacity of the calorimeter 
is very small (2-3 x 10° cal/deg), it is possible to 
cool it during the time the heat-exchanging helium 
is being absorbed by the carbon. We started the 
measurements at 1.48° K. 

Measurements in the range 4.2-16° K were carried 
out in a bath of liquid helium boiling at normal pres- 
sure. Before the start of each experiment, the resist- 
ance of the carbon thermometer was determined. 
This was done by letting heat-exchanging gas into 
the jacket, and measuring the vapor pressure over 
the helium in the Dewar precisely. To compare data 
obtained with the bronze and with the carbon ther- 
mometers, we started some series of measurements 
with the carbon thermometer (at least one for each 
salt) at temperatures ~ 3° K, so that the intervals 
of measurements with the different thermometers 
overlapped. 

At the conclusion of the measurements of heat 
capacity in the helium bath, the remaining helium 
evaporated. Liquid hydrogen was quickly poured 
into the cold apparatus and the resistance of the 
carbon thermometer was determined at the point of 
normal boiling and at the triple point. This was 
done in each experiment because the carbon ther- 
mometers showed inadequate reproducibility from 
test to test. 


Near 6° K, the tinned constantan leads to the 
heater lost their super-conductivity and began to 
dissipate energy. However, because of the cold-ilow 
from the liquid helium bath, the portion of the wire 
adjacent to the bath remained superconducting. To 
measure the resistance of the nonsuperconducting 
part, an auxiliary potentiometer arrangement was 
used. The data were corrected for the power dissi- 
pated in these parts. 

Equilibrium was established quickly in the 
pressed sample. We noticed no difference in the 
variation of calorimeter temperature with time be- 
tween the pressed sample and the sample with 
heat-exchanging gas. 

Since we measured the sum of the heat capacities 
of the preparation and the calorimetric vessel, it 
was necessary to know the heat capacity of the 
empty calorimeter, all parts of which were made of 
pure copper. The heat capacity of the calorimeter 
was calculated. The weight of copper in the calo- 
rimeter was 63.97 g for Cdl, 36.66 g for CdCl,, and 
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| Heat capacity in % of the measured value 

TH for the copper overall for the empty calorimeter 

Cdl, CdBr, CdCl, Cdl, CdBr CdCl, 
1,6 Lovet 9.8 fond 16.5 Ari EEA 
2.0 11.7 (met 11.8 12.8 9.3 14.6 
2.0 9.2 5.0 8.6 10.3 6.8 AM.) 
4,0 Dee 3.0 5.0 6.2 4,7 (eS 
7,0 229 ill 3.0 4.2 Oat FO 
10.0 279 1.6 2.4 4,4 4.0 6.2 
14.0 — 1.6 — -- 4.4 — 
16.0 od —- Dell 5.2 — 6.2 


36.63 g for CdBr, (the copper in the latter two calo- 
rimeters weighed less because thinner parts were 
used). The contribution of the copper?® to the cal- 
culated heat capacity is given in the table for each 
calorimeter. We feel that the error involved in this 
determination of the heat capacity of the copper 
parts is hardly greater than 1/10 of the tabulated 
values. Corrections for the heat capacity of the 
solder used were introduced by calculations based 
on published data. We also introduced a correction 
for the polymerized BF .* In the region of helium 
temperatures, these corrections were considerably 
smaller than the corrections for the heat capacity 
of the copper. The total contribution of the heat 
capacity of the empty calorimeter is also given in 
the table. 

We estimate the possible error associated with 
this method of determination of the heat capacity of 
the empty calorimeter to be approximately 1% above 
3° K and up to 2% below 3°K. 

The satisfactory agreement between our hydrogen 
and helium data in the region where they join be- 
tween 1] and 17°K confirms the reliability of the 
method used. The high vacuum maintained by the 
carbon pump allowed us to raise the temperature 
of the calorimeter up to 17° K at a bath temperature 
of 4.2° K with a small change of temperature paths. 


3. RESULTS OF THE MEASUREMENTS 


The measured heat capacities of Cdl,, CdBr,, and 
CdCl, from 1.6 to 30° K are shown on a logarithmic 
scale in Fig. 2. It is clear that the results obtained 
in the helium region conform with the results ob- 


*The authors take this opportunity to thank I. N. Ka- 
_ linkin for making available to them his measurements of 
the heat capacity of polymerized coatings of BF at 
helium temperatures. 


tained in the hydrogen region. Except for the article 
by Dworkin et al?? concerning measurements of 
Cdl, above 16° K, already considered in Ref. 14, 

no published data exist concerning the heat capaci- 
ties of Cdl,, CdBr,, and CdCl, in the low tempera- 
ture region. 

The results are presented in Fig. 2 in the form of 
points (1 cal = 4.185 abs. joules). The authors plan 
to publish the numerical data separately. The inter- 
vals from 1.6 to 100° K for Cdl, from 1.6 to 60° K 
for CdBr,, and from 1.6 to 80° K for CdCl, were 
covered by the measurements without gaps; phase 
transitions were not observed. 

The heat capacities of all three salts exhibit a 
cubic temperature dependence at helium tempera- 
tures. The straight lines in Fig. 2, corresponding to 
the points in the helium region, show this cubic 
relation. Fig. 3 also confirms this. 

The cubic dependence is maintained up to 4.0° K 
for Cdl, and CdBr,, and up to ~ 5.0° K for CdCl,, and 
is described by the following formulas: 
for Gales c = 0.76 T® mcal/deg mole, for CdBr,, 

Cs = 0.470 T? mcal/deg mole, and for CdCl,, 
C_ = 0.275 T® mcal/deg mole. 

At higher temperatures the dependence bécomes 
stronger and the exponent increases. CdCl, deviates 
from the cubic dependence somewhat more than the 
other salts. The maximum deviation of the CdCl, 
curve (Fig. 2) corresponds to a temperature expo- 
nent equal to 3.4. The deviation from cubic depend- 
ence is outside the limits of experimental error, and 
amounts to more than 20% for Cdl, and CdBr,, and 
more than 30% for CdCl,. 

Around 10° K the temperature exponent begins to 
decrease, and in the region of hydrogen tempera- 
tures the relation becomes quadratic over a certain 
interval. The region of “quadraticity”, as was noted 
in Ref. 14, decreases as we go from Cdl, to CdCl,. 
At higher temperatures there is a region of linear de- 
pendence (Fig. 4), which broadens strongly as we go 
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FIG, 2. Heat capacity of halide salts of cadmium from 1.6 to 30° 


K (@ refers to the helium 


bath, O refers to the hydrogen bath"), 
in the region 1.6-10° K correspond to a 


1—CdCl,, 2—CdBr,, 3—Cdl,. 
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FIG. 3. The relation C,/T = f(T?) for halide salts of cadmium at helium temperatures. 


1—CdlI,, 2—CdBr,, 3—CdCl,. 


from the iodide to the chloride!*. 

We estimate the mean experimental error to be 
generally 1% in the hydrogen region and 3% in the 
helium region. In the region 3.5-4.5° K, the error in- 
creases somewhat (up to 5%) due to the rough cali- 
bration of the carbon thermometer at one helium 
point between 3 and 4.2° K. However, this does not 
affect the conclusions, especially since the curve 
is rectified by the measurements with the bronze 
thermometer. 


4. DISCUSSION OF THE RESULTS 


During 1945-1950, Tarasov, in a series of arti- 
cles, pointed out for the first time that the heat ca- 
pacity of laminar lattices must have specific singu- 
larities, and cannot be described by the interpo- 
lated Debye formula. Using a method similar to that 
of Debye, he proposed interpolation formulas de- 
scribing the heat capacity of laminar crystals at low 
temperatures. According to Tarasov, the heat capac- 
ity of a laminar crystal obeys a cubic law at very 
low temperatures, and at higher temperatures where 
the interaction energy between layers is less than 
kT, it becomes quadratic. Later Krumhansl and 
Brooks*, Rosenstock®, and others obtained rela- 
tions similar to those of Tarasov based on models. 

In 1952, Stepanov® criticized the basic assump- 
tions used by Tarasov to obtain his formulas. At 
the same time, I. M. Lifshitz” examined the ques- 
tion again in detail, and constructed a completely 
phenomenological theory of the heat capacity of 


laminar crystals. He pointed out the specific con- 
tribution to the heat capacity of laminar structure 
of waves similar to bending waves in layers. He ob- 
tained a dispersion law (relation between the fre- 
quency and the wave vector) pertaining to laminar 
crystals with axial symmetry with respect to the 
elastic properties, in particular hexagonal properties 
for long waves, yielding a major contribution to the 
heat capacity at low temperatures. Lifshitz showed 
that in the temperature region in which the energy of 
interaction between layers may be neglected, the 
heat capacity depends linearly on temperature, which 
is determined by the bending waves. This differs 
significantly from the trend of Tarasov’s ideas. 
Lifshitz obtained an analytic expression for the 
heat capacity in the temperature region in which the 
interaction is significant. This expression was inte- 
erated which made it possible to tabulate heat ca- 
pacity as a function of temperature”®. It appeared 
possible to compare the heat capacity according to 
Lifshitz with experimental data without appealing to 
the unknown values of the elastic constants of a 
laminar lattice in this temperature region, because 
the elastic constants enter the formulas only in the 
form of determined combinations. The numerical val- 
ues of these combinations may be determined if the 
heat capacity is known in the regions of pure cubic 
law, and pure quadratic law, and the expected values 
of the heat capacity may be calculated in the inter- 
mediate region between the cubic and the quadratic 
regions. We attempted to carry out such a comparison 
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between theory and experiment for Cdl,, CdBr,, and 
CdCl,, whose heat capacities were measured in the 
regions of cubic, quadratic, and intermediate tem- 
perature dependence. However, the theoretically cal- 
culated values did not agree with the experimental 
values. This may be explained by the fact that the 
theoretical values were calculated on the assumption 
of a very large difference between the magnitudes of 
the elastic moduli in a layer and between layers’, 
which apparently does not hold for Cdl,, CdBr,, and 
CdCl,. The anisotropy required “is such that the nu- 
merical values of the temperatures at which the pure- 
ly cubic law and purely quadratic law hold, must dif- 
fer by more than an order of magnitude. Judging from 
the published data, this relation is satisfied to a 
large extent by graphite; a comparison was carried 
out in Ref. 28. 

It would be extremely laborious to obtain an ex- 
pression for the heat capacity of a crystal using the 
complete dispersion law’. A possible way out of the 
situation was discussed in Ref. 28. 

A quantitative comparison between theory and ex- 
periment is not possible in the region of linear tem- 
perature dependence. In addition to the fact that the 
Lifshitz theory deals with anisotropies which are not 
possessed by the real crystals investigated by us, a 
comparison would require further knowledge of the 
magnitude of the transverse rigidity of the layer. 


‘Ss cal 
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Qualitatively, however, the lengthing of the linear 
part of the curve as we go from the iodide to the 
chloride is contained in Lifshitz’s theory’, taking in- 
to account Ref. 15, from which it follows that the 
bond between the layers increases from the iodide to 
the chloride. 

Newell’ made an attempt to consider the question 
of the heat capacity of laminar lattices, based on 
models. Using the concept of two types of vibration 
in a laminar crystal, he obtained results agreeing 
qualitatively with Ref. 2. Newell shows that valence 
forces having a specific dispersion law (similar to 
the dispersion law for bending waves in Ref. 2) are 
responsible for the linear behavior of heat capacity. 
Nevertheless, Newell’s conclusions remain qualita- 
tive. We agree with Newell that for almost isotropic 
substances, it is not possible, within the limits of 
existing theories, to obtain satisfactory information 
concerning molecular forces from heat capacity data, 
because almost all the data may be described by a 
Debye curve with one parameter 9p . But data on the 
heat capacity of strongly anisotropic substances in 
the low temperature region may give some useful in- 
formation concerning the forces of interaction in 
crystals—information which would be difficult to 
obtain directly. : 

The works of Lifshitz, Newell, and others show 
that to determine the vibratory spectrum of the lat- 
tice of a laminar crystal, at least four parameters 
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FIG. 4, Heat capacity of Cdl, CdBr,, and CdCl, in the region 11-100° 
the experimental results. The solid lines represent the value of heat cap 
ing to Tarasov: 1—Cdl, with @, = 163° K, @; = 32.6° K; 3—CdBr, with @, 
with @, = 223° K; 5—CdCl, with @, = 240° K; 6—CdCl, with ®, = 320° 
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K. The dashed line 2 rep- 


resents the heat capacity of Cdl, , calculated according to Debye (@p mS Stas), 
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must be known. Therefore it is doubtful a priori that 
Tarasov’s functions with two parameters can be uni- 
versal for the description of the heat capacity of 


laminar crystals. However, there are indications in 
the literature that the formulas proposed by Tarasov 
give a good representation of the temperature depen- 
dence of the heat capacities of a series of laminar 
crystals’:9»?. In view of this, we tried to use Tara- 
sov’s formulas with two parameters! to describe our 
data on Cdl,, CdBr,, and CdCl,. 

In Fig. 4, the experimental results in the region 
11-100° K are shown by points, and the solid lines 
show the values calculated according to Tarasov’s 
formulas over the same interval. One-parameter 
curves are shown for CdBr, and CdCl, because the 
introduction of a second parameter does not change 
the calculated results above 16° K. We see that the 
experimental points for Cdl, from 11 to 100°K are 
described well by the curve, with only a certain sys- 
tematic deviation in the region 30-60° K (up to 4%). 
The deviation is stronger for CdBr, and is very 
sharply evident for CdCl,. Their heat capacities are 
not at all well described by Tarasov’s formulas in 
this temperature interval. 

If the heat capacity curve calculated for Cdl, ac- 
cording to Tarasov (Fig. 4) is extrapolated to lower 
temperatures, it diverges sharply from the experimen- 
tal data. In the helium region it differs by a factor of 
two. If, in reverse, we determine the parameters in 
the Tarasov functions using experimental data in the 
helium region and in the neighborhood of 20°K, then 
there is a systematic divergence ~ 20% in the region 
6-20° K. It should be noted that above 40° K, the 
heat capacity of Cdl, is also satisfactorily described 
by the Debye function. 

A comparison of the experimental data for CdCl, 
and CdBr, with Tarasov’s curves below 11° K would 
have no meaning since the divergencies are already 
large in the hydrogen region. Thus, the Tarasov 
formula is not universal. 

The experiment shows that for all three salts there 
is an interval in which the dependence of the heat 
capacity on temperature is greater than the third de- 
gree. It is possible that this is a consequence of the 
contribution of optical branches to the heat capacity. 
Optical branches corresponding to interlayer inter- 
actions may be sufficiently soft. The existence of 
such branches may be due to the fact that in our lat- 
tices the layers are not monatomic, and the surfaces 
of each layer, facing neighboring layers, are differ- 
ent’. In Cdl, the iodide ions on one side of the layer 
are turned through an angle of 60° about the axis 
passing through the cadmium ions, with respect to 
the iodide ions on the other side of the layer. In 
CdCl, the picture is even more complicated: the tri- 
ple layers of which it is formed repeat their configu- 


ration after two layers. 


CONCLUSIONS 


1. The heat capacities of anhydrous cadmium chlo- 
ride, cadmium bromide, and cadmium iodide were 
measured over the range 1.6-100° K. 

2. The heat capacity of all three salts obeys a cu- 
bic law in the interval 1.6-4° K. 

3. The temperature exponent in the relation be- 
tween heat capacity and temperature became greater 
than three between 4 and 10°K for all three salts. 
This is assumed to be due to the influence of the 
soft optical branches of interlayer interaction. 

4. In the region of hydrogen temperatures a quad- 
ratic dependence occurs over an interval which de- 
creases as we go from the iodide to the chloride. 

5. At still higher temperatures a linear dependence 
occurs over an interval which increases as we go 
from the iodide to the chloride. 

6. Our results do not qualitatively contradict the 
Lifshitz theory. A quantitative comparison was not 
possible because the particular case considered 
theoretically which led to tabulated results refers to 
lattices with sharply differing elastic constants in 
the layer and between layers, in any case, with far 
greater differences than occur in Cdl,, CdBr,, and 
Cd@l,. 

7. The two-parameter Tarasov functions cannot 
describe the experimental data referring to all three 
salts. 

In conclusion, the authors consider it their pleas- 
ant duty to express their genuine gratitude to Aca- 
demician P. L. Kapitza for making it possible for 
them to carry out measurements at helium tempera- 
tures at the Institute for Physical Problems, Acad- 
emy of Sciences, U.S.S.R., and to Prof. I. M. Lif- 
shitz for numerous and fruitful discussions on the 
questions considered in this article. 
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It is showy that there exists a relation between the cross sections of the reactions He? 
(pp) He®, He? (nn) He, He (np) T; T (pn) He®; T (pp) T; T(pp) T. This relation is based on 
the hypothesis of charge invariance of nuclear forces; because of it we can reduce the num- 
ber of independent parameters (phases) necessary for a complete description of these reac- 
tions. The cross sections of these reactions are all expressed by the same parameters 6(T) 
and €(T) [the phases and mixture parameters in a state with isotopic spin 7] and thus it is 
possible to carry out a phase analysis of all these reactions simultaneously. The method we 
have applied is a general one and is applicable, with only slight changes, to all reactions 


involving light nuclei. 


1. INTRODUCTION 


IX the present work we have investigated the rela- 
tion between the cross sections of certain nuclear 
reactions that follows from the assumption of charge 
invariance of nuclear reactions. We apply our con- 
siderations to reactions that are possible for a sys- 
tem of four nucleons [2 protons and 2 neutrons (2p, 
2n); 3 protons and 1 neutron (3p, n); 1 proton and 3 
neutrons (p, 3n)] at small energies: 


T (pp) T; He? (pp) He®; T (nn) T; 
He (ng) He®; T.(pn) He®; He® (2p)T. 


It will be evident from what follows, however, that 
our method is a general one and is applicable for re- 
actions involving any type of light nuclei. 

We divide the space in the center-of-mass system 


of the colliding particles into two parts: the internal, 
which is bounded by some radius r,, and the external, 


which fills all the remaining space. The radius ry is 


so chosen that at distances r> r there is no nuclear 


interaction between the colliding and outgoing par- 
ticles. We know the exact wave functions of the par- 
ticles in the external region for such a choice of rp. 
In the case of uncharged particles, these are the 
ordinary wave functions of free motion, and in the 
case of charged particles, they are Coulomb func- 
tions. 

In reactions involving light nuclei, the wave func- 
tion in the internal region ought to satisfy the re- 
quirements of charge invariance. In order to under- 
stand {6 what they reduce, let us consider as a con- 

. 3 3 
crete case the reactions T(pp) T; T(pn) He”; He 
(pp) He® for small energies, when other conceivable 
reactions, such as T (pd) d, are not possible. In a 
collision of a proton with a nucleus of tritium in the 
internal region (r<rq), there is formed some sort of 
state of the system consisting of two protons and 
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two neutrons (2p, 2n). This state decays either to 
T +p or to He? +n, because the others are not pos- 
sible for small energies. 

For r=ro, the wave function in a state with iso- 
topic spin T is a combination of two terms ¢'!/T) 


and go? YT): 


og (T) = bro,¥™ (T) = (T + p) ¥ (7), 
9 (T) = dues FO (7) = 0 (He? + n) ¥ (7), 
(jt) 


where VW, Vp, ¥y.3 and VY, are the wave functions 
of the internal state T, p, He® and n, while wp) 
and wr) are functions of the relative motion of 
the systems T +p and He+n, respectively. It fol- 
lows from charge invariance that go) (T) and 

gh?) (T) ought to change into one another for an ex- 
change in the places of the neutron and the proton; 
consequently, 


APO ee eT ee eT), 


The total wave function for r<r) is a superposi- 
tion of states with isotopic spin7’=0 and 1: Prog 
and ¢p_ ,- The wave function Pra 1 ought to be 
symmetric for the substitution V2? 3, a Y 
and therefore, 


974 2) (1) + g) (1). 


The function pr_, ought to change sign in such an 
exchange, i. e., 


Prag = PY (0) — o® (0). 


(1.2) 


(1.3) 


For the scattering He® (pp) He? [the system (3p, n)], 
only the state with T=1 is possible, and for r=ro, 
the wave function has the form 


Dr. = » (He? + p) ¥ (1), (1.4) 
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where, as a consequence of charge invariance, pis) 
(1)=¥ (1)=¥O (1) =¥ (1), 

It remains for us to determine the concrete form of 
the relative motion ¥ (T) for r=r,. First, let us con- 
sider the state with total momentum J and parity P = 
(~)’ (=orbital momentum). Since each particle in 
the system (T +p) and (He* +n) has spin '%, for any / 
(except /=0), there exist two states with given J =/ 
and P= (a) states with total spin s=0 and s=1. If 
we denote the angular part of the wave function for 


given J, 1, s by ye ,> and the radial part by Ry ; 


then the total pretiog WY (T) in the states J, P Pee 
the form 
W(T)=Ra(T)Yn+ R(T) Vin. (1.5) 


The angular parts are easily constructed with the 
help of the usual rules of momentum addition, while 


the radial functions for rae. have the form 


Ris (T) = ais(T) Rav (r) — bis (T) R&P (r)- (2.6) 
Here al , (1) and De (T) are certain constants for 
each a : s and 7’, while Re. (r) are radial functions 
of the free motion 

Se Plans 
1) =i edi (br) 


RP ( (1.7) 


oiler) 


7 iN isa, (Ar) i 


Here J; +, and NT are Bessel functions of the first 
and Seed tia : re signs (+) referring to outgoing 
and ingoing waves, respectively, while k is the wave 


br > ro) = 9 (T+ p) IC Bi (r 

+ (Cip2 Br t42 (1) — Dips BiPise (r)] 
I(r) — 
Biv Rey gia 


+ » (He? + n) {Ar RO 
se [Arts Ree (r) i, 


Here, as before, ¥(T +p) and ¥(He? +n) denote the 
internal wave functions of the pairs T'+p and He? + 
n, while the expressions in the curly brackets are 
functions of the relative motion of T and p, and 

He? +n, respectively. Hee (r) and Ri oO are the 
Coulomb and ordinary feos solutions; we Bb, C, D are 
constants, about which we shall speak laters and k 
and & are the wave vectors of the relative motion of 
the systems T+ p and He? +n, respectively, and dif- 
fer from each other only by the mass differences of 
T +p and He? +n. The function (2.1) is divided in 


the usual way into two parts 
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vector, in magnitude equal to the wave vector of the 
relative motion in the system He® +n, which is 
produced after the decay of the “intermediate” 
system. 

Similarly, in states with total momentum J and P = 
(~)' +1 (J=J +1), the function W (T) has the form 


apelin) Sei Uy ie eo (ye ae 


(1.8) 
where the jie (T) are defined by Eq. (1.6). 


We can now write down the boundary values of the 
for wave function for r=r, as 
Y (fo) = (Pra + Prso)rre (1.9) 
where the ,, are determined from Kgqs. (1.1)-(1.6). 
All further calculations are similar, both those for 
the case J =l, P =(5)% and those for the case J = 
eu Pate) 


first of these. 


Therefore, we need carry out only the 


2. BOUNDARY CONDITIONS 


In this Section, we establish the form of the wave 
function of a system of two neutrons and two protons 
(2p, 2n) for such energies for which, as r+, only 
those states corresponding to the pairs (IT +p) and 
(He? +n) are energetically allowed. The same gen- 
ral wave function of the system for r>r, has the form 
(we are at present interested only in a state with to- 
tal angular momentum 7 and /=/J +1): 


10% SBN: (r) ieee en 
Vite, 1} + 
B, Rene aia? vo ale 


(Ss (2.1) 


y (ris ro) = ray ata LY Bont 


which at r=r. transform into the wave function bp 

and 6,,_ 4, respectively. The functions atl 
ee oF ities from each other by the different values of 
the constants A, B, C, and D, which we shall dis- 
tinguish by the arguments 1 and 0: A=A(1)+A(0); 
B=B(1)+B(0), etc. 

At r=r,, the wave function (2.1) ought to join to- 
gether with the internal wave function (1.9), We shall 
fist concern ourselves with states with isotopic spin 
f=], and shall connect the function op , with the 


al 
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function 6 e which is defined by the values of the 
constants A(1), B(1), C(1), C(1). The boundary condi- 


tions are written in the following fashion: 


Yr (fo) = Prai (To), Yrea (ro) = r= (ro). (2.2) 


Now, substituting the functions from (1.2, (1.6), (1.7), 
and equating terms with corresponding 1, we get 


[+1 


6° (I= Ar ()), asi (1) = Ai+s(1); 
Peel) = By (1), br () = Biag (1); 
Ai (1) Ria’ (ro) — Bi(1) Rit? (ro) 
= C; (1) Bir (ro.) — Di (1) AP (ro); 
A, (1) Rut” (ro) — Br (1) Rr? (70) 
= C1 (1) Bil (ro) — Di (1) Burt (ro), 
Atte (1) Ra it2 (To) — Bie (1) Riflie(ro) — (2.2") 
= Crys (1) Baa t42 (ro) — Die (1) Bin ite (ro), 


Arto!) Re (fo) — Bi4e (1) Rit se(ro) 
= Ons (0) Ai 3 (re) Drs (1) eee (0) 


(2.27) 


(the primes denote differentiation with respect to r). 


We get directly from (2,2): 


Ci (1) = hv Ar (1) + tie Br ( 


L); 
Mesa 
Di(1)= yy A 1(1) + Y22 By (1 ee 


) 


and corresponding equations for /+2, Here, 


= 5 (Rie ee ay — Rig (fo) Ba. 1 (Co) 
Be Cy iicae aoa Eta 
a 2 ee (To) Ry (To)], 


Ra a) urs Gall, 


cays. 
Wis as 


fe Ripe) et (fo) 
re a i) 
(2.4) 


The R‘*) were determined earlier by (1.7), while the 
i are functions of the motion in the Coulomb 


field 


AE) (rn) = — (Gr (Ayr) IF 1 (An), 


where F 


, and G, are the regular and nonregular Cou- 
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lomb functions.* Carrying out the calculations for 
states with 7'=0, we get 


CO Sai ee a O)s. 


255 
D;(0) = A; (0) + 7B; (0)) Be 


and corresponding equations for /+ 2. 

We now consider the boundary conditions at infin- 
ity. Let the case of interest to us be the reactions 
T(pn) He?and T(pp) T. In both these processes, the 
ingoing waves of the nuclei He® and n ought to be 
absent. Therefore, the condition below ought to be 
satisfied [see Eq. (2.1)]: 


A, = A,(1) + A, (0) ==) 


(2.6) 
== Aj.(1) fe Atte (0) = (). 


Alte 


The second pair of boundary conditions is connected 
with normalization of the ingoing waves of T and p. 
Actually, in the general problem, when we consider 
collisions of protons with the nucleus T, the ampli- 
tude of the ingoing (T +p)-wave is found by a simple 
expansion of plane waves (with consideration of the 
spins of the particles) in a series in the functions 
yw 
ety 


has the form: 


The corresponding formulas are ordered repeat- 
and the second pair of boundary conditions 


C1== Ci (1) + Cr (0) = Vi (Ar (1) — Az (0) 


+ 732 (Bi (1) — Bi (0)) = C?” 


Che = Cite (1) + Ci42 (0) = ae (Arye (1) 
— Ars (0)) + tia’ (Bis (1) — Bre (0)) = CW. 


(27) 


Here we have made use of Eq. (2.3), while the quan- 
tities on the right-hand side, Gio and eee are the 
amplitudes (unknown from the statement of the prob- 
lem) of the outgoing waves of T'+p. The boundary 
conditions for the reactions He® (np) T and He? (nn) 
He® are formulated in a similar way. In these cases, 
the ingoing waves of T+ p are absent. 


*The coefficients ys?) depend on the energy and on rp. 
The value of r, is hounded above and below. Below, it is 
bounded by the condition that for r >rj, nuclear interaction 
between the colliding and outgoing particles is absent. At 
the same time, r, cannot be too large, since the Coulomb 
interaction can be neglected only in the zone of action of 
the nuclear forces. 
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3. MATRIX OF THE REACTION FOR 
STATES WITH GIVEN T 
In this Section, we shall study in detail the phys- 
ical meaning and the structure of the amplitudes 


A, (T), B, Ch) C, (T) and D, (T). It is evident from 


Sit 
Sh, 11 


Mit 
Bis a = Sith, n 


aE was Mit 


Mi+21, Nh 

I+1 

ae mitt 
l 

+ Onn 


ry 
Diyz(T) = V zl Mita, n 


B; es (T) A 


(T) Ar 


se Onepre (E).Cr iden reel 


The matrix of the coefficients S, M, ‘M,Q is known 
as the reaction matrix. The element with indices 
6 I's! , (T) describes the transition between the 
ara (Jl‘s'T) and the state (J/sT). The indices for 
the other elements can be interpreted similarly. 
Since we assume the validity of the hypothesis of 
charge invariance, there are no transitions between 
states with different isotopic spins 7 and the ampli- 
tudes of the outgoing waves with given 7 are ex- 
pressed in terms of the amplitudes of the ingoing 
waves with the same 7. Inasmuch as the nuclear in- 
teraction depends on the isotopic spin, the reaction 
matrices for 7 =] and JT =0 will be different. 

The matrix elements Se , (T) connect the am- 
pees of the incident aa Mente: waves of 
He? +n. Therefore, this part of the matrix describes 
the elastic process of scattering He® (nn) He®. The 
elements M(T) describe the reaction T (pn) He?, the 
elements ‘M(T), the reaction He® (np) T, and the 
elements Q (7), the elastic scattering T (pp) T (all 
these refer to states with given 7). 

It is not difficult to see that the matrix elements 
M(T) and 'M(T) are identically equal to zero. We 
now show that this is a consequence of the assumed 
hypothesis of charge invariance. Actually, absorp- 
tion of particles ought not to take place in the reac- 
tion process; therefore, the total particle flux inci- 
dent on the sphere r=r, ought to be equal to the flux 
of outgoing particles on the sphere r=r,. But the 
9 can be computed by 
using the wave functions (1.2) or (1.3), in which we 


current through the sphere r 


must substitute the values for ¥) and W‘2) from Eq. 


1(T) + Sit igen 
(T) Ci (T) + Mitts 
(T) + Sits, 1421 
(T) Ci (T) + Midian, 421 
(7) Ai(T) 
(T) Ci (T) + Qi t4e(T) Cr42 (7), 
(T) Ar (T) + Mita, 


BAZ’ 


Eq. (2.1) that A, (T) and C, (7) are the amplitudes of 
the ingoing ae: of (Ile? re n), respectively, while 
B, (T) and D, (T) are the amplitudes of the outgoing 
ay The Bnnlttes B and D are expressed by the 
amplitudes of the ingoing waves A and C: 


(1) Arai Se 
(T) Ci42(T)]) 

(T) Atte (T) + 
(T) Ci42(T)I, 


Cl) Are) er 


(3.1) 


141 
+ Mit ie 


(T) Atte (T)] + 
(T) Cite (T). 


(1.8). In this case, use is made of the fact that the 

total number of particles (He? +7), as also the total 

number of particles (T + p) found in states with 

J =1 +1 and entering the sphere, is proportional to 
ait’ (T)P + | arfa,1(T)”, 


while the number of particles leaving the sphere is 
proportional to 


bit (T) [+ | Otten (7)? 
From the flux equality, it follows that 


| bi (T)P + | bit (7)? (3.2) 


= lait? (7) P+ arti (7) P. 
Making use of the conditions (2.2’), we rewrite 
(3.2') in the form 
(3.3) 
| Ar (7)? + | Arye (T) |* = [Bi (7) + | Bras (T) |. 


Substituting BT) and Bee (T) from (3.1) in (3.3), 
we get: 
|Ai(T) PP +| Me (T) |? 
=| Ar(T) PL| Sita (T) P+ 
- | Atte (T) iF [| Sti, 1+21 ( 


| SESE, nu (T) |?] 
(T) |? + | Sittaes (T) [I 
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+ [Ai (T) Atse (7) (Sita (7) Sia (7) 
+ Sith, n (T) Sita, itei(T))+ C.C.] 
+[terms containing C;(T) and C;4.(T)]. (3.4) 


All the terms on the right-hand side of (3.4), ex- 
cept the first three, depend on the elements of M. 
Equation (3.4) ought to be satisfied for all values of 
A , (T), Apeoht). C, (T) and Cy ao(7). This is possi- 
ble only if the hans M is equal to zero, while the 
matrix 


g—|Sita(T) Sti, a (7) | 
Sitae(T) Sta, 41 (T) 


ST 


the Oe (T) have the simple meaning of the scatter- 
ing phases in states J, /, s, T, while the parameter 
e+(T} pet roines the amount of transitions /@(/ +2). 
Bee sce iy: € Aeae is known as the mixing parameter. 
We shall ue show that the matrices S(7) and Q 
(T) are expressible in terms of each other. For this 
purpose, we make use of the connection between C 
and D and A and B, which is given by the boundary 
conditions (2.3). Since ‘M=0, the latter two of Eqs. 


(3.1) connected the amplitudes C and D. Substituting 


in the right and left sides of these equations for C 
and D their values from (2.3), and expressing B in 
terms of A and S!, (T) by means of the first two 


isietesn 


of Eqs. (3.1), we get (upon equating terms with equal 


powers of A) four equations which connect S(7’) and 


Q(T). Solving them for Q, we find: 


Oy (T) = (GY) + 1) So(T)) OG” 
+ (it) S(T)) — yiSt) 1 92 (T)}, 


Ay TE 
0, (7) = 2A qn gd — 19 WO}, 


Q,(T) = 4 (ee in iss S2(T)) (2 
= ney Soil ))— ae yor Si Cane 
N = (60 + 1) So(T)) (4 
+ (E42) S(T) — 1) ht 82 (T), 


(3.7) 
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is unitary, i. e., if S*=S7), Similarly, it can be 
shown that the matrix ‘Mis equal to zero. This also 
follows from the fact that, thanks to the invariance 
of the Hamiltonian relative to a time inversion, the 
total matrix of the reaction ought to be symmetric 
relative to the main diagonal? 


(3.5) 


where ~ denotes the transposed matrix. It is not dif- 
ficult to show that the most general form of the ma- 
trix S which satisfies all the above conditions is 


cosel+1(T) exp {i8!+1(T)}; isin ef (T) exp {54 (T) + 8143(T))} 
isinel1(T) exp {5 (+1 (T) +8 


+2 


{t1(T))|; coseft(T) exp (i312 7)} 


(3.6) 
where we have introduced the notation 
So(T) = Sit'u(T); S(T) 
= Sab i421 (T) °s Sian al (T), 
S, (T) = Stan, re21 (7), Q(T) = Qin (7), 


Owl) =e ee 


I+ 
= OF ier.) 


Making use of Eqs. (3.7) and (7.1, it is not difficult 
to prove that the matrix () (T) is unitary and sym- 
metric, i. e., that it satisfies all those conditions 
which ought to be laid down for the scattering matrix. 
Thus the total scattering matrix of the system (2p, 
2n) which satisfies states with given J, T and P, is 
expressed by only three real parameters, for which 
we can choose, for example, Se ci): he (T) and 

> +l (T). We note here that we here that we could, 
with the same success, have expressed them all not 
sh 6 and € but by three other parameters a, *t ()5 
is (T) and xe (T) which would be related to the 
matrix Q(7) in the same way as the first group were 
related with the matrix S(7). 

All the derivations of this Section apply with equal 
force to states with J =1 and with T =0. Since we deal 
experimentally with states which are superpositions 
of states with equal 7, the total matrix of the reaction 
in states with momentum J are some combination of 


OQ, (T) = 


Q, (T) 
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the scattering matrices which correspond to 7'=] and 
T =0, and will therefore be determined by the same 
six real parameters. In the general case, where the 
hypothesis of charge invariance is invalid, the num- 
ber of parameters in the reaction matrix is equal to 


107. 


4. THE REACTIONS 
T (pp) T, T (pn) He®, He? (nn) He? AND He? (np) T 


We begin by investigating the case of the collision 
of a proton with a tritium nucleus. The boundary con- 
ditions at infinity reduce in this case to the absence 
of ingoing waves of He? +n, i. e., the conditions re- 
duce to the four equations (2.6) and (2.7). Substitut- 
ae in Eq. (2.7) the expressions for C, (7) and 
(T) [(2.3) and (2.5)], expressing ae B, (T) and 
ell) therein in terms of A, (T) and Laer, and 
ae Eq. (2.6) into ae we get the following 


(1): 


vita 


equations for A) (1) and Aes 


Ai (1) [249 + YDS] + Arse (1) 1QSH = CO, 
At (1) Ae Sit) + Als (1) Page 
+ e'S3] = Cre, 


S57 (1) SHO) CSSOP LZ): 


(4.1) 


Solving (4.1) for the various A, we get: 


A, (1) =— A; (0) = a (C22) 


+ ee rT OS 


— CP ay 


Atte (1) = = Arse (0) =< {—CP tS 


way 6,0) 


Ce 2i en So as 


NA ay 


yo. aie (4.2) 


+ atesthy — foyietnsie 

We can now compute the matrix elements of the total 
reaction matrix, which corresponds to the reactions 
T (pp) T and T (pn) He?. The amplitude of the out- 
going (T+ p) waves is equal to: in a state with or- 
bital momentum J; D,=D, aK (0); in states with 
orbital momentum / +2: D,,,=D ee (1) + Ds, 2 (0). 
To begin with, we consider the first sum. 


[.eDAZe 


1 (Bea) 


DAL) va Oe 


D, = 7) (Ar (1) — 
SAR sees. S 


one -+- 


The first equation was written on the basis of Eqs. 
(2.3) and (2.5), and the second on the basis of Eq. 
(3.1). Replacing A, (T) and Le iis (T) by their values 
in (4.2), we get an expression of the following form 


for D;: 


Dp= On nCy + On iaCi (4.3) 
oS 1 
Onn = Fy (Ar + 12s?) Cn 
+ Se r)) — 7 1a eS ee (4.4) 
Oita = 7 SH2 OY = 1). 


According to the same interpretation of Eq. (4.3), 
which expresses the amplitude of the outgoing wave 
by the amuiitudes of ingoing waves, the coefficients 
Van and OF 1 +91 are the elements of the scattering 
matrix of the reaction T (pp) T. 


D 


Continuing similar calculations for er 


we get 


Diy, = aaa Oper ro ae Ors ORO (4.5) 


where 
1 1+1 
Oot = Quy ter 
L+1 4 
Ory et+e = Ny, {(2y{i 12) ae aca) Ge?) (27(? 


* (OgCr)) _ io (Dsi2}, (4.6) 


The matrix elements 0 completely describe the scat- 
tering T (pp) T in states with given J and P. 


We now proceed to the reaction T (pn) He®. In 
order to find the elements of the reaction matrix 
which describes this process, we proceed exactly as 
in the previous case, i. e., we compute the ampli- 
tudes of the outgoing waves 
Bi = Bi (1) 4+ B:(0);  Brre = Bre (1) + Br4s (0). 
For brevity, we do not repeat the derivation, but 
merely write down the result: 


CHARGE INVARIANCE IN 


By, = Vay/k (Mahch + Mitt 1421 Cy (4.7) 
Biss = V ki/R{Miza nc” + MIT nC Ms}, 


where the elements of the reaction matrix describing 
the process T (pn) He® are 


I-41 5 a | (Pia — 
Min = hy Ny fo AS ) 
(l+2 = = 
+ ia [S355 — SSS}, 
141 ee 
Miy,1+21 a git OveRRS) 


+ tis [SoM ST? — SSS}P}y, 


Mita i ear SN (4.8) 


Oe dS boise lt 


Mith,, Ito = yo ara Ss 


+ vip eee ee Seely 


Sh? SSH SS 0) W012). 
We can analyze the reactions He? (nn) He? and He, 
(np) T with the help of exactly the same consider- 
ations. In this case, only the waves of He*® +n with 
amplitudes AiO) and Ane 
T+p with amplitudes 


=Vak (CMA? + Mi ia Atta} 
pa V e/ki Mit wAl 4 Miva. 101 AS? a} 


appear, while the waves of 


(4.9) 


and the waves of He? +n with amplitudes 


l 
By = SinAy tz SE ee 
(4.10) 


(0 141 0 
Bi42 = = Sith, nA} = ST eae 


both diverge. 
The corresponding elements of the reaction matrix 


are: 


'Mith, = Mitta; (4.11) 
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l+i es) 4 (1 
Sia = So Poy teyis is St Sy Se ) 


(1) o(—)2 [+ l 
STS a ye 
erie (—)2 1) L) o(+ 
Sj (274 + 7i7Sp aie 
l 4 
seu ee: Sy 


Sit [+21 (4.12) 


ay, PIGS (SSP + 8%) 
a tie Se SS One ai mje 7) Sasa) 


Se Sn oe NOR eels 
ay 


Ste 


(t) SDS aS a 


So Pe Nar ‘ig Tig 


“ {27 
= Se FO aS) 
bare 
—ieSt” (Qyut® + ht? SL yy. 
We have thus computed the total reaction matrix of 


the Stee (2p, 2n) in states with s=] and J =/+1, 
Ps(E)*, 


Ingoing particles 


He? +1 T+p 

l ey l {+2 
n 
a 1 Sitl sit Mi+1 Mitt 
Onan 1,04 N,l+21 1,01 11,1+2 
ae 
5 0 [+1 i+ +1 1+1 
sf mi+2 Sit 1 oT a [+21 Mi+21,0 Mito, t-ten 
tcl) 
i=} 
= 1+ I+1 +1 
eae l Mit ih Moe l Onn re 
3 [+1 141 Teal 
OF 1+2 11,1+21 Mirae Qite Qrterr+e, 


(4.13) 


where matrix elements are given by Eqs. (4.12), (4.8), 
(4.6) and (4.4). Direct verification shows that this 
matrix is unitary and symmetric, as was assumed for 
the reaction matrix. All its elements are expressed 
by D5 (7), S 12); S, (7), i. e., by the six real para- 
meters 5! (N), i) +1 (7), 

The Be eon matrix for te states with./J =l is 
found by precisely the same method. Here two val- 
ues of total spin are possible, s= 0 and s=1. In this 
case the following four states are possible initially 


and finally: 
eeeapes 30, aS eae He? ---n.: $= Os ale 


We omit the details and write down the result im- 
mediately. The complete reaction matrix has the form: 
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Ingoing particles 
He? + n T+) 
Ls=1 L.s=0 s=1 Ls=0 
o 8 
Te 1 1 l 1 
gtls= 1) Sion Sin, t0 Miu = Mn,10 
a. e 1 1 l 
a0 eased Sie al Sio,10 Mio, t1 Mipo,t0 
e l 1 Q! Q! 
sj ist Ls=1 Myn Mion au 11,10 
oO + 
wl 1 l 1 
we l,s=0 Mio Miot0 Qin = Qio, 0 
(4.14) 


All the elements of this matrix are easily obtained 
from the corresponding (i .e., located in the same 
box) elements of the matrix (4.13) with the help of 
the substitution 


ite) at). (4.15) 
By S, (7) we now mean 
So(P) = Shin (1); (4.16) 
S)(T) = Sito (T) (= Slats (T)); S(T) = Sho,t0 (T). 


The matrix elements Si: (T) are eriieeed in 
terms of the eereccondine al parameters 5! (T) 
and e7(T) with the help of formulas similar to (3.6). 
At present we are interested only in the wave func- 
tions of the system in states with given total mo- 
mentum. The total scattering amplitude ought to be 
obtained by a summation over the various / and J. 
The corresponding formulas have already been 
derived!, 


5. THE REACTIONS He? (pp) He® AND T (nn) T 


In the foregoing Section, we investigated all re- 
actions which are possible for the system of two pro- 
tons and two neutrons at low energy. In this case, 
the system can be found both in states with T=1 and 
in states with 7’=0. In the present Section, we con- 
sider reactions in systems (3p, n) and (3n, p), where 
only states with 7 =] are possible. States with iso- 
topic spin 7’ =2 will again not be taken into consider- 
ation, since they cannot be formed in reactions 
were there are (in the initial and final states) only 
particles with isotopic spin \. 

Let us look at the system (3p, n). For low ener- 
gies, such a system ought to have the form He? +n at 
infinity and, consequently, only elastic scattering 
He? (pp) He? is possible. In as much as only one val- 
ue of T is possible (7 =1), the scattering matrix He? 
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(pp) He® should coincide with the matrix 0(7') com- 
puted in Sec. 3 for J =1 [Eqs. (3,7)]. ONS we 
must take it into account that the charge of He? i 
twice that of T. This leads to a change of the fess 
tion ie , (t) which describes the relative motion of 
He? and p for fag in comparison with the case T +p. 
The quantities xf ) are changed correspondingly. 
Equations (3.7) are introduced for the case J=l+1. 
The expressions for the scattering matrix in states 
with J =i are obtained from (3.7) with the help of the 
substitution of (4.15) and (4. 16) [here the element 
Oe ie) corresponds to on yi), the element Q 
oe al, to a element on 19) = oe 1) and 
the element oe oo p+ai(l) to the Sea o 16 (1)]. 
Similarly, in the scattering case T (nn) T [the system 
(3n, p)], where there is no Coulomb interaction be- 
tween the colliding particles, the elements of the 
scattering matrix coincide with the matrices Seren T) 
for T =] [the form of this matrix for J =/+] was 

given above in Eq. (3.6). The total scattering am- 
plitudes for the reactions He® (pp) He? and T (nn) T, 
which were obtained by summing over all J, can be 
obtained by using the equations of Ref. 1. 

Thus, we could express the elements of the matri- 
ces of all the reactions which are possible for the 
systems (2p, 2n), (3p, n) and (p, 3n) for small ener- 
gies, by the parameters 5) (7) and e1(L): This great- 
ly simplifies the problem of the experimental deter- 
mination of the parameters 6 and €, since we can use 
(in finding them) the experimental data on all six re- 
actions written down in the introduction, and not just 
any one, as usually was the case. It should be re- 
membered that the parameters 6 and € depend on the 
form of the wave function inside the sphere r<r,. 

For each of the systems (2p, 2n), (3p, n) and (3n, p), 
the form of the wave function for r=r, is determined 
by that part of the energy of the system which is con- 
nected to the charge invariant nuclear interaction. 
Therefore, in the common analysis, we must select 
such energies for the incident particles in the sys- 
tems (2p, 2n), (3p, n) and (3n, p), that the energy of 
the nuclear interaction in all these systems were 
equal, and therefore the wave functions for r<r 
likewise. This can be done approximately in the fol- 
lowing way. The total energy of the system (2p, 2n) 
is composed of the mass of the two neutrons and two 
protons c?(2m_+2m ), the Coulomb interaction of the 
two protons £, and the energy of nuclear interaction 


nr: 


E (2p, 2n) = E,+ Ex +2 (tn2+m,) Cc’. 
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Similarly, the total energy of the system (3p, n) is 
equal to 


E (3p, n) = En + 3Ex + (3p + Mn) C2. (5h) 


In the system (3n, p), there is no Coulonb interac- 
tion, and 


E (3n, p) = Ex + (3m, + my) C2. (5c) 
In order to carry out the common analysis, we must 
so choose the total energy of all systems that E_ will 


be the same in each. This is satisfied approximately 


if 


E (2n, 2p) — 
E @a, 2p) 


E (3p, n) = 0, 
— E(3n, p) = —0,4 MeV. 


(5 d) 


We recall that here it is not a question of the total 
energy in the center-of-mass system. 


6. BEHAVIOR OF THE ELEMENTS OF THE 
REACTION MATRIX AT 
THRESHOLD ENERGIES 


In order to conclude the general investigation of 
the reaction matrix, it remains for us to study the be- 
havior of the matrix elements for small energies of 
the incident particles and those generated during the 
reaction. 

Let us consider the collision of T with p. At low 
energies, only elastic collisions are possible: T (pp) 
T. Beginning with the proton energy 1.019 Mev, (in 
the laboratory system), the reaction T (pp) He? be- 
comes possible. Let us investigate the behavior of 
the elements of the reaction matrix in the neighbor- 
hood of 1.019 Mev. For this, we note that the bound- 
ary value of the radial wave function for r=r, [ Eqs. 
(1.5) and (1.7)], must remain finite for all energies of 
the system; however, the functions entering into (1.5) 
and (1.7) of the free motion i +) (r) tend to infinity 
for k— 0, i. e., for energies ae approach the thres- 
hold of He*+n. In order that the wave function re- 
main finite as k—- 0, the following rules for approach 
to zero of the phases (as kr, 0) are necessary: 


ei (T) > const (&r)"**. 


(6.1) 


8/,(T) > const (kro) "7; 


These laws are easily obtained by use of the ex- 


pansion of Beate) in a power series in kr 9s and Eqs. 


(1.6) 
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With the help of the limiting law (6.1), we can eas- 
ily determine the behavior of the elements of the re- 
action matrix (4.13) and (4.14) as k> 0: 


(Sis,vs* — 1) > const (Ar,)*?*}, 


Sia — const erate: (6.2) 


J fate eed 
Mis,ts¢ >a (kro) “3 Min,1421—> const (Rr)’*"4, 


uf 7 
Mi+21,1 > const (Aro)'*"?, 


The constant coefficient di, entering into the formula 
for Mi s.ls' 1S needed by us below. The elements 
Ue rs remain finite for k— 0, even though they have 
a Brea at k=0. We first consider the case /=0, i. e., 
the element Qs, os * it is evident from (4.4) and (4. 6) 
that M7 depends only on yD and See With the 
help of Eq. (3.7), we can express Sh ee whicle for 
k— 0, ought to remain constant, since they are de- 
fined in the form of a wave function for r<rs and this 
function has no singularities for k=0. We can expand 


(0) 


the coefficients Vik in power series in k. Substitut- 


ing these expansions in the formula for 0° bee 
get, after lengthy but simple calculations, for the 


case (kr) 0, 


hte (1 — bro F|Mol*)- (6.3) 


— (D5 0s, os)h=0 


For energies lower than the threshold, only elastic 
scattering T (pp) T is possible; the modulus of 0°. 
in this region must therefore be unity and, conse- 

|=1 (this is also obtained upon 


70S 


quently, (5, Rey ee 
direct computation). "The wave vector & is positive 
above the threshold and becomes a pure imaginary 
be low the threshold. It therefore follows from (6.3) 
that, in the neighborhood of the threshold (from be- 
low), O° 06 
early in | phase (with changein | %|), while in the 
neighborhood of the threshold from above, on the 
other hand, the phase is constant but the modulus 
varies linearly. Thus, for /=0, a break occurs in 
both the modulus and the phase of O°, os? Conse- 
quently, we also have a break in the cross section 
of T (pp) T, since the component | Oe —1|? en 
ters into the cross section. The cross section on 
both sides of &=0 must change linearly, while a 
break must be observed at £=0. 

The elements OF reas with / + 0 must behave in 
precisely the same way as {)° in the neighbor- 
hood of the threshold. The only difference lies in the 


has a constant modulus and varies lin- 
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fact the modulus and the phase will not depend li- more suitable to work with the parameters w(') and 
nearly on kr,, but on a much bigher power of Ar,. x(T) which have the same connections with the ma- 
trix Q as 8(T) and €(T) have with the matrix S(T). 
A corresponding calculation of all the formulas of 
the present work is easily carried out with the help 
of Eq. (3.7), which must be solved for Se (PY); S(T) 
and S(T). The calculations here are trivial and we 
shall not carry them out. We must only consider that, 


The break vanishes only when Ui, =(0, and this, as 
is evident from (4.8), takes place only when S, Li 
=S,(T =0) i. e., when the dependence of the reaction 
matrix on the isotopic spin vanishes, and when the 
cross section of the reaction He*(np) T is equal to 


zero. 
as follows from (2.4), 
7. CONCLUDING REMARKS (1) — +(l)*- Ny ae ; 
Ui veal ga Ve 1 (7.1) 
The results of the present research can be sum- | (1) 12 (1) 12 k 
y : y eh ees =a Reis for k <0, 
marized as follows. We have succeeded in represent- Ry 


ing the elements of the reaction matrix (which cor- 
respond to possible reactions in the system of four and 
nucleons) at low energies, 
ano) tral (onpiier a0 (un) 1; He® (pp) de®, 1? = — ie i? i ieee for imaginary k. 
Ele (770) lae*) Tie (ap) 1; 
In conclusion | should like to thank Ia. A. 
by the same parameters (2, (7) and ce (T). The Smorodinskii for his constant interest in the work. 
latter have the simple physical meaning of the scat- ———— 


tering phases in a state with isotopic spin 7’. Thus, 1} Me Blatvand. eC. Biedeubam iheweten 
.M. 5X Gle » Rev. Mod. ys. 


24, 258 (1052) 
27, Biatt and V. Weiskopf, Theoretical Nuclear 
Physics. 


a common analysis of all six reactions is possible 
and this simplifies the problem of the experimental 
determination of the phases 6 and €e. 

Up to the present, we have expressed all the ele- 
ments of the reaction matrix in terms of the phases _ Translated by R. T. Beyer 
6 and €. This is not always useful. Sometimes it is 115 
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Recursion formulas have been obtained for the nth moment of the distribution function of 
a shower containing particles with energies above a prescribed value. The first two moments 
of the electron distribution function in lead have been calculated. The moment method has 
been applied to compute the energy spectrum of cascade electrons in lead. 


HE method of moments!~’ has been applied to 
obtain a series of important characteristics of 

electron-photon cascade showers in heavy elements. 
This method is based on the computation of the 
distribution function N(E,, 0, t) at a depth ¢ for 
the total number of particles in a shower initiated 
by a primary particle of energy E,, by means of re- 
cursion formulas” for the moments f (E,, 0). The 
moments are defined by the expression 


#*(E,, 0) = |v (Eo, 0, t) tndt [{ves 0, t) dt. 


0 0 


In Ref. 3 we suggested a method for computing 
cascade curves, including the energy dependence 
of the total absorption coefficient of photons, o(£), 
and the Rutherford scattering of charged particles, 
by means of a set of polynomials that are orthog- 
onal in the interval (0, ~). It was shown in Ref. 3 
that the use of the first two moments £ and ? allows 
one to compute cascade curves N(E,, 0, ¢) for 
heavy and light elements differing by less than 5 
to 10% from the exact curves over a primary energy 
range of 0.18 to ~ 10008. This method is easily 
generalized to allow computation of the energy 
spectrum of cascade particles in heavy elements. 
Carrying out a computation similar to that of Belen 
kii and Maksimov,* one obtains recursion formulas 
for the moments of the distribution in depth for par- 
ticles of energy greater than E°, in showers initi- 
ated by primary particles of energy Eo: 


ae E, Es 
Pil ee Lite (EE ENP 
Fe Ee 


SC(E,, E)GE-P so AtEo E) 


OCTOBER, 1957 
Ee EB, 
+itp (E, EN" | Pr go(En, BVdETy 5 
ee 5 
x(Eo, E')) dé’ \ Po.0,0(Bo, 2) AB, 
Be 
ee £4 EE 
(ip (Eo EN" =n) [AES BN") Pp. 
Jan EY 
(Ep, E) dE-Py,o,n(Eo; BY) 
Et 
+ {tp (BBY | Pr o,o(Eo, EVAE () 
Ee 
Eo 
x Tren (Eo E’)| aE" \ Pr.o.0(Eo, E)AE. 
E* 


The upper indices p and I" denote showers initi- 
ated respectively by primary electrons and photons 


of energy Eq, P, 9, o(E gE) = RAC E, 0) deodt, 
0 \e 


and I, 9,o(EpE) = Ff 1p(t£, 6dodt are the 


“equilibrium” spectra for electrons and photons in 
showers caused by primary electrons; Es (ty 16,70) 
and e (t,E, 0) are the distribution functions for 
elecrors and photons at a depth t, energy E, and 
angle @ in showers due to primary electrons. Anal- 
ogous recursion formulas are easily obtained for 
the moments of the photon distribution function. 
We list in Table I the moments ¢ and @ computed 
from Eq. (1) for various values of E, and E® in- 
cluding the energy dependence of the total absorp- 
tion coefficient of photons o(E) (the dependence of 
o(E) upon E was taken from Ref. 8, and the Ruther- 


ford scattering of charged particles. In carrying out 
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TABLE I. 
S100 Ee, = 90 €, = 118,1 
| 
be bs be ios ae ee 
2 e é e* oy é e* & e 
x ae % ae ae = 
ess —— = Bee ~~ oe, 
0 6,30 58,5 0 7,08 LORS 0 7,43 74,6 
0,183 6,12 04,9 0,183 6,89 66,6 0,183 (G20 70,9 
0,738 0,09 45,4 0,932 6,22 53,6 0,838 6,97 99,9 
4) 292, 5,18 40,2 1,680 5,74 45 ,4 1,493 6,12 50,8 
2,402 4,66 31,8 2,428 5,40 38 ,9 2,476 5,67 43,9 
3,011 4,30 26,7 4,674 4,79 31,6 4,114 5,19 36,3 
9,475 3,90 22,0 6,919 4,33 27,9 6,734 4,04 29,1 
6,839 3,61 18,6 
the numerical computations, we have used the ex- yield the coefficients 
pression for the “equilibrium” spectrum including 
scattering, P ; nen: E),..., derived in Ref. 4. be x ; 
In that Poference, the expressions for the “equi- A, = - ie ; \ N(E,, Es t) En (yt) dt. (3) 
librium” spectrum were obtained from an approxi- t) 


mate solution, integrated over depth, of the basic 
equations of cascade theory including scattering. 
This approximation was shown in Ref. 5 to be 
within 6% of the exact value. Note that the expres- 
sion for the “equilibrium” spectrum appears as the 
zero moment in the recursion formulas (1). An error 
in the zero moment will give rise to a growing error 
in higher moments, so that in adopting the moment 
method, it is important to have an accurate expres- 
sion for the “equilibrium” spectrum. 


Ye have used the values obtained for the moments 
{¢, (Eo, E°)}© and {3 (Eo, E°)}" to calculate the 
distribution function for the number of electrons of 
energy greater than E£°, at a given depth ¢, in show- 
ers initiated by photons of energy Eo. We have ap- 
proximated the function { N (Eo, E®, t)}? by a sum 
of Laguerre polynomials L} (x):* 


K 
{Np (Eo, E°, t)}¥" = (7t)e S\ An Li (it), 


n=9 


L(x) =1;  Li(x) =2—+; (9) 


EO =2— 3x eho 


The orthogonality conditions on the polynomials 


* Approximation (2) is obtained by generalizing the 
approximation obtained in Ref, 3 for the function 


N (Eo, 0, t). 


These are simply related to the moments: 


A= 1Kr gs Ay= Kr pt —1 bp (Eo EN 


As = 3 Kr 8 — 31 (i (En EY 
+ {8 (Eo, EN}... 


The coefficient y is set equal to the minimum value 
of the total absorption coefficient of the most pene- 
trating part of the radiation — the photons. 

KS (Eo, E°) is defined by the expression 


2? 


Kp (Ee E°) easy led = Pde: of ] ae eee (Ei (a e°) 
0 


0 o 
= EA -seo) rice easeniy 


0 


q = 2,29, 


where £ is the critical energy for a yiven substance. 
The distribution function {N_ Eo, t, E°)}? com- 

puted according to Eq. (2), is shown plotted in 

Fig. 1 to 3. The areas under the curve equal 


Ey 


\ Pr (Eos E)dE = © Ky, 
Ee B 


THE ENERGY SPECTRUM OF 


Ghia a ee. B. 90) 2. 14. 16... 18>. 20% 


FIG. 1. Electron distribution functions in lead. The 
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WW (6, 46" 


SEeey of et schon peer is €) = 118.1. The values te ae eee Wee, Bie Sane Pe 
of €9 are indicated on the curves. The values of €o for FIG. 2. Electron distributi i i 
7 : ut funct c 
the second and the third curves from the bottom are re- energy of the primary photon setts oon oe 


spectively €) = 4.11, and e° = 2.48. 


e©° are indicated on the curves. 


TABLE Il. 
& = 0 e, = 90 &, = 11851 

e® Kyp(&», ©°) ri Kyp(éo, €°) e° Ky-(e,;, €°) 

0 1 0 1 0 1 
0,023 0,924 0,023 0,924 0,023 0,924 
0,072 0,836 0,072 0,836 0,072 0,836 
0,107 0,790 0,107 0,790 0,107 0,790 
0,183 0,715 0,183 0,715 0,183 0,715 
0,738 0,413 0,932 0,417 0,838 0,438 
1,292 0,304 1,680 0,307 1,493 0,329 
2,402 0,246 2,428 0,245 2,476 0,242 
4,511 0,190 4,674 0,155 4;114 0,174 
DAO 0,142 6,919 0,114 6,734 OAT 
6,839 0,113 


say er we el ee 


FIG. 3. Electron distribution functions in lead. The 
energy of the primary photon is € = 50. The values of 
e©° are indicated on the curves. 


The values of Ky. (Eo, E°) are listed in Table II for 
various values of E, and E°. Note that for E,) > B, 
the function Kr (Eo, E°) shows only slight depend- 
ence on Eo, and changes considerably as £° varies 
near zero. Fig. 4 shows the “equilibrium” spectrum 
obtained by Tamm and Belen‘kii®; this figure also 
shows the energy spectra in the region of cascade 
maximum** constructed from the curves of Fig. 1 to 
3. It may be seen in Fig. 4 that the energy spectra 
in the region of cascade maximum for é) = 118.1, 90, 
50 agree with each other to within 2%, and agree 
within 10% with the “equilibrium” spectrum of 
Tamm and Belen’kii whose accuracy has been es- 
timated several times. !° 


** As shown in cascade theory (see Ref. 13) the 
“equilibrium” energy spectrum resembles the spectrum 
found in the region of maximum spread of the cascade. 
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TABLE II. 
1 ae 
t | 1 20 4 | 6 8 10 
S84 (ates, etd 1,00 | 1,08 | 4,42 | 1,06 
p) S60 1.1 |4,00-.\—1,01 1) 0,08 | 4,081 a1 522 
5,50 | 0.87 | 0,94 | 0,96 | 4,4 1°20 


TABLE IV. 
ABE eye ee SS ed ee 
| t | 6 | & | 10 | 12 
ey = 118,14 Spy i 4,1 1,2 1,3 
Siight 1 D=1dch) 4yde 1251 1 ao LOA | wnt eO 
sec=00 Spy { 1,1 1,2 13 
Sight (3204 | 1 5ete tate. eer 


Table III shows the value of the ratio of the aver- 
age energies, a= eee Lge Peo computed in these 
two ways; they agree within 20% for all values of 
the depth ¢;. Obviously, damping is considerably 
faster in a light than in a heavy material at the cas- 
cade maximum. Therefore, at a given depth ¢,, the 
energy spectrum of cascade particies will be softer 
in a light than in a heavy material at the cascade 
maximum. In order to verify whether this rule is ful- 


FIG. 4. Curve 1: “equilibrium” energy spectrum; filled by the approximate curve 2, we have evalu- 
curve 2: spectrum for maximum cascades initiated by ated the energy spectra for cascade particles ac- 
primary photons of energy €o = 118.1; the triangles give — cording to Eq. (15.10) of Ref. 11 for various values 
the spectrum for maximum cascades due to primary f th d * Wek h d 
photons of energy €o = 90, the squares, for maximum or the cascade parameter. e have then use 
cascades due to primary photons of energy €o = 50. these to determine the cascade parameter for the 


approximate curves 2, Fig. 1 to 3, at a depth 

t, = 6,8, 10, 12 radiation units. We have also evalu- 
ated the cascade parameter s for a light material at 

6 ye Seow 2) A the same depths t., by means of Eq. (15.15) of 

i. plied ee phere: Mis) Luna Sa se Ref. 11. che fee af these Sess are pre- 
sented in Table IV, from which it may be seen that 
for all depths, the cascade parameter s is larger in 
a light than in heavy material at the same depth. 
Therefore, in curves 2 the energy spectrum for cas- 
cade particles is softer in a light than in a heavy 


Let us assume that there are V(Ep, 0, t.) particles 
at a depth ¢,; these particles have energy E = 


i) 
determined by integrating {NV (Eo, Or) > (Fig. 1, 
Pe 
2, 3). We can therefore determine the average energy, 


BA atl K(i)) E, / N( Eo 8,0), 


area 


of a particle at a depth ¢,. On the other hand, we 


o jit ; 
vcore the ace iN, (Eo, t, E°)}" of Fig. lto3 *In cascade theory the parameter s characterizes the 
to determine the energy spectra of the particles and “softness” of the energy spectrum of cascade particles: 
thus the average particle energy at a depth bi. the larger is s, the softer is the energy spectrum. 
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material. We conclude from this that the “equilib- 
rium” spectrum of Tamm and Belen’kii appears cor- 
rect. 

The “equilibrium” spectrum may be computed 
from the curves 2 appearing in Figs. 1 to 3, by 
integrating over the depth. It agrees to 1% with 
the expression obtained in Ref. 9, which permits 
us to judge the accuracy of the numerical compu- 
tations. Thus the cascade curves iN, et Foyt 
obtained from Eq. (2) for lead, are accurate to 5 to 
10%. We recall that the curves of Fig. 1 to 3 were 
obtained by including the energy dependence of the 
total absorption coefficient of photons and the 
Rutherford scattering of charged particles. The for- 
mula obtained by Fainberg® for the moments ¢(E,,0) 
for an arbitrary spectrum of primary particles ne- 
glecting scattering, is easily generalized to include 
Rutherford eine of charged particles for the 
moments t”(E,, E°). Carrying out the corresponding 
calculation for the case when the photon spectrum 
in the boundary layer of the material has the form 
IT(E,, 0, E, 6) = © (Eo, E) 514), where £, is the upper 
limit of the opecuun, we obtain the altdine for- 
mula: 

Ey 
| ®, (Eo, E) {15 (E, EY)" 


Fe 


{t® (Ey, E%)}?* = 
IS Ee 

y \ Pr, oo (E, E’) dE'dE | \ Po, (Ew E) dE: 
Ee 1) 

E) {th (E, E°)}" 


{t% (Eo, E%)}°% = \®, (Eo, 


qe ty 


cy 


E E, 
x \ Ties (Ey Ede’ te| \ PER BYU: 
Ee Ee 


(4) 


The quantities P,,(E,, E) and Tyo (E,, E) are deter- 


mined from the formulas 


-0 


E 
Po,o (Eos E) = \ ®, (Eo, E’) Pr, 0, 0(E’, E) aE’; 
1B 


Dy AG oes de) p= fo aE er 1B! ) iis 0, AEG Ears 


a 


The remaining quantities are computed from our 
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oS Gee ise moments { ty (line E°)\2y and 

it tp (Eos Ee )}® ‘Y were computed for lead in Ref. 7, 
including Rutherford scattering of charged particles 
and energy dependence of the total absorption co- 
efficient of photons, from a spectrum of primary 


photons, oe (E,,E), having the form: 


1/E for E < 330 Mev, 
®, (Ey, E) = | is a 


5 
0 for E > 330 Mev. 5) 


The results of these calculations were compared 
with the corresponding values computed from the 
experimental data of Blocker, Kenny and Panofsky,!? 
assuming E° = 0.5 Mev; the computed and experi- 
mental values of { ¢” boise Eo) Py agree to 4%. How- 
ever, the moments PE, E®) are very sensitive 
functions of E° in the neighborhood of zero. The 
correctness of the choice E° ~ 0.5 Mev may be veri- 
fied as follows: The authors of Ref. 12 have mea- 
sured the areas under the cascade curves for the 
photon spectrum (5) in various materials. They have 
obtained particularly accurate values for the cases 
of Cu and Pb as the cascade curves for these ele- 
ments were measured to a distance of 20 and 40 
“cascade” units respectively. According to the data 


Otulve tml. 


in Cu and 


|W (Eo, t, >) dt = 0,946 £9 

0 

| N (Evt.£%) dt = 0,846 £2 in Pb. 
t 

0 


Making use of our results listed in Table II, both of 
these values for the areas may be satisfied with 

i? = 0.2 Mev.**Note that the results which have 
been obtained, apply to experiments in which the 
measuring apparatus is surrounded by absorbers on 


13 thus excluding edge effects which we 


all sides, 
have neglected. 
The author wishes to express his gratitude to 


Professor S. Z. Belen’kii for valuable advice. 


*The formulas of Ref. 6 for the moments 
{0 (Eo, E)}°Y, (4, (Eo, EV} and { # (Bo, B°)} 
AS in error. 

** Note that the resulting spectra are somewhat un- 
certain in the region of such small energies; besides, 
thé experimental value of { 4” (Eo, Ee): pPy is 4% smaller 
than the theoretical value. Thus the actual value of E° 


lies between 0.2 and 0.5 Mev. 
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Characteristic Frequencies and Amplitudes 
of Free Normal Oscillations in KCI Crystals 


IL. KUCHER 
Zhitomir Pedagogical Institute 
(Submitted to JETP editor December 24, 1955) 
J. Exptl. Theoret. Phys, (U.S.S.R.) 32, 498-505 (March, 1957) 


Results are presented for a calculation of the characteristic frequencies and amplitudes 
of free normal oscillations of the ions of a KCl crystal. These calculations are carried out 
for values of the wave vector k which uniformly cover the cell of the reciprocal lattice by 
729 points, with account taken of polarization deformation of the electron shells of the ions. 
A comparison is made with the results obtained by other authors, ) 2 


K* OWLEDGE of the characteristic frequencies 
and amplitudes of the free normal oscillations 
of the ions of a crystal is necessary in the solution 
of a number of problems, for example, in the deter- 
mination of heat capacity, the interaction of a con- 
duction electron with the vibrations of the lattice, 
the energy of interaction of point charges placed in 
a crystal, computation of the energy levels of the 
local states of an corn or hole with small ra- 
dius of the state, ete.” 

The frequencies of for certain wave numbers k 
were found by Iona.’ The amplitudes were not of 
interest since he computed the heat capacity. In 
determining the frequencies, Iona considered a 
model of a point lattice with ions of equal mass. 
Tolpygo and Zaslavskaia* computed the frequen- 
cies and amplitudes of the normal vibrations of a 


KCl crystal for 8 values of the vector k which, 
in particular, were obtained in Ref. 1 by consider- 
ing the deformation of the electron shells of the 
ions, according to the method proposed earlier by 
Tolpygo. #° 

However, part of the exchange integral of the 
interaction of two (opposite) neighbors, which de- 
pends on the polarization, was thrown away in 
Ref. 2, without any justification. This can be 
avoided.® Moreover, knowledge of the frequencies 
for only 125 points of the reciprocal lattice is in- 
sufficient for the following quantitative analysis. 

Let us consider an ideal crystal of KCl. We de- 
note the dipole omo of the electron shell s, of 
the /th ion by Be , and the dipole moment, due to 
a are ut of this ion from its equilibrium position, 
by pe = eu! (e, = charge of the sth ion). For the 
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Characteristic frequencies and amplitudes of free normal oscillations of KCI crystals* 


x id z Q? 


= | | ee 


_ 
to 


0,0, 1% | 5,7641 
2, 9250 

2, 9250 

0,5292 

0,0772 

0,0772 

0, 0, 3/, | 4,0054 
2,9918 

2,9918 

41,7459 

0, 2424 

0, 2424 

14, 1, 1 | 2,8706 
0,3797 

0,3797 

2, 2084 

3,0574 

3,0574 

Ue70, 44 41,4696 
30840 

3 ,0840 

3, 28214 

0, 4296 

0, 4296 

Or tes-t)4 19,7036 
2, 9532 

25435 

0,7391 


3,7209 
2, 6506 
2,6506 
1,1274 
0,4305 
0,4305 
3,1016 
2,6807 
2,6807 
2,0478 
0, 7634 
0,7631 
26259 
0,9550 
0,9550 
2,3032 
2,7100 
2,7100 
1 ,8788 
2,7217 
2, 7217 
2,8077 
1,0158 
1,0158 
3,7013 
2,6633 
2,4717 
1,3324 


Piyl™y PizI™z | PoxiTox P2y!l™2y | PoziToz 


o 

for) 
_ 
oo 
© 


0 4741 0 0 5259 
0 4195 0 (6) 4039 
0 0 5240 0) 0 
0 0 5818 0 0 
4760 0 0 5240 0 
5378 0 0 5818 0 
0 —5008 0 0 4978 
0 —9)102 () 0 5063 
0 0 4998 0 
0 4791 0 0 
—4991 0 0 4998 0 
—4952 0 0 4791 0 
0 4632 0 0 5365 
0 4083 0 0 1419 
0 0 9233 0 0 
0 0 5885 0 0 
4767 0 0) 5233 0 
9431 0 0 9885 0 
0 —5109 0 0 4864 
0 —5450 0 0 5284 
0 0 5005 0 0 
0 0 4326 0 0 
—4984 0 0 9005 0 
—4860 0 0 4326 0 
0) 0 5672 0) 0 
0 0 5872 0 0 
0 4980 0 0 5009 
0 4782 0 0 3890 
4980 0 0 5009 0 
4782, 0 0 3890 0 
0 0 4502 0 0 
0 0) 0785 0 0 
0 —4770 0 0 5230 
0 —5482 0) 0 5955 
—4770 0) 0 9230 0 
—5482 0 0 5955 0 
0 5029 0 0 4955 
0 4509 0 0 1395 
0 0 5229 0 0 
0 0 5989 0 0 
4771 0 0 5229 0 
9502 0 0 5985 0 
0 —4719 0 0 5281 
0 —do71 0) 0 6016 
0 0 5010 0 0 
0 0 3716 0 0 
—4980 0 0 5010 0 
—4753 0 0 3716 0 
3433 3433 0 3636 3636 
3051. 3051 0 0824 0824 
0 0 5238 0 0 
0 0 5842 0 0 
3300 | —-3300 0 3770 | —3770 
3620 | —3620 0 3960 | —3960 
—3463 | —3463 0 3605 3605 
—3461 | —3461 0 3397 3397 


*q in Column 3 has been multiplied by 10° 13 and the components of the vectors P and 


7=p+P in Columns 4-9 been multiplied by 19%: 
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i eG Hib 


=; 2; a a? secmt | Pixi™x | Ptyl™ty | Pizitiz | Poxltox Poyl™2y | P2ziT2z 
1 2 5: 4 5 6 7 8 9 
0,1742 |0,6469| —4988 0 0 5000 0 0 
—4909 0 0 4558 0 0 
0,4545 |1,0449/ 0 —3590 3590 0 3465 | —3465 
0 —3667 3667 0 3536 =e 
£7, fy Ob 3779 1332428] 0 3314 3627 0 32 
Peal be 0 3938 3145 0 2033 0628 
3,0203 12,6934] 4765 0 0 5235 0 0 
5448 0 0 5902 0 0 
2,2960 |2,3484] 0 —3419 2801 0 —4070 3786 
0 —3873 2718 0 —4639 2869 
1,8262 |2,0944 0 0717 5007 0 {283 | 54752 
0 0616 5293 0 —0891 | —4957 
0,3825 10,9585) —4985 0 0 5004 0 0 
—4814 0 0 4022 0 0 
0,7033 11,2997] 0 —4938 1219 0 4328 1) 0712 
0 —4928 1362 0 4354 | —1095 
0, 2/4, 9/4 | 3,1463 |2,7490] 0 4446 1574 0 4725 2364 
0 4788 1247 0 4563 0485 
3,0864 12,7228] 4765 0 0 5235 0 0 
5494 0 0 5964 0 0 
1,8225 12,0923) 0 1360 | —4621 0 2545- | —4515 
0 1712” | 4995 0 3007 | —1804 
2,8694 |2,6253| 0 OTT e790 0 —0006 5144 
0 0766 | 5432 0 —0373 5748 
0,5583 |1,1580]/ —4985 0 0 5004 0 vy 
—4735 0 0 3522 0 0 
0,8675 |1,4435 0 —5034 0882 0 4862 0073 
. 0 —4944 0972 0 3884 | —0430 
0, 1/4, 1 | 2,8859-|2,63281 0 4744 0 0 5256 0 
0 5241 0 0 5464 0 
3,1134 |2,7347| 4764 0 0 5236 0 0 
5512 0 0 5990 0 O 
41,3540 11,8034 0 0 5018 0 0 4967 
0 0 4530 0 0 1693 
3,2549 |2,7961 0 0 —4730 0 0 5269 
0 0 —5564 0 0 6014 
0, 6222 |1 2225] —4986 0 0 5002 0 0 
—4706 0 0 3324 0 0 
0,9439 |4,5057/ 0 —5006 0 0 4981 0 
0 —4861 0 0 3839 0 
0, 3/2, 2/2 | 3,7106 |2,9854/ 0 3677 3677 0 3364 3364 
0 3358 3358 0 1210 1210 
3,0886 |2,7237| 4759 0 0 5240 0 0 
5486 0 0 5944 0 0 
41,7309 |2,0390| 0 1289 | —1289 0 4938 | —4938 
0 4255 | —1255 0 4826 | —4826 
2,2163 |2,3073| 0 —3203 | —3203 0 3861 3864 
0 ST, 87 0 3340 3340 
0,6820 |1 2799] —4994 0 0 4998 0 0 
—4117 0 0 3334 0 ) 
1,4946 |1,8947] 0 27703 4703 0 4353 _| —4353 
0 —4965 4965 0 1718 | —1718 
44, o, 1 | 2,9320 |2,6538] 4761 4605 0 4819 4175 0 
5278 4555 0 5287 0714 0 
0,9330 |1,4970] 9 0 5000 0 0 4988 
0 0 4639 0 0 2703 
1,9385 |2,1578) 0825 | —4072 0 4916 | —5453 0 
1120 | —4200 0 2211 | —5104 0 
2,5349 |2,4675} —2146 | 4319 0 2878 4302 0 
—1816. | =4263 0 1061 3155 0 
3,1558 |2,75321 Oo 0 —4750 0 0 5250 
0 0 —5522 0 0 5986 
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5m oe he 2 8 
et ge? ae sec? | Pixl™x | Plylty | pizittz | porltoy Poyl™2y | Pozltoz 
1 2 $ 4 5 6 7 8 9 
41,2385 |41,7247]| —4430 3079 0 4134 | —1803 0 
—4228 3269 0 9434 — NOR 0) 
O, Yo,04 1°2,1061 12 2499 0 0 0 0 7249 0 
g ) 0 0 0 6344 0 
3,1837 |2,7653] 4746 0 0 5254 0 0 
9937 0) 0 6003 0 0 
41,0246 |1,5688 0 0 5004 0 0 4983 
0 0 4610 0 0 2457 
2,0117 |2,1982 0 6896 0 0 0 0 
0 7039 ) 0 0 0 
1,0246 |1,5688} —5004 0 0 4983 0 0 
—4610 ) 0 2457 0 0 
Be 1837 Wo 27652 0 0 —4746 0 0 5254 
0 0 —5537 0 0 6003 
1s, 1g, 1/g | 6,2719 |3,8814] 2778 2778 2778 2995 2995 2995 
2460 2460 2460 0588 0588 0588 
2,8116 |2,5987] 1934 1934 | — 3868 2148 2148 | —4296 
2165 2165. 14330 2346 2346 | —4692 
2,8116 |2,5987} 3350 | —3350 0 87941 | 89794 0 
R751. 12754 0 4063 | —4063 0 
0,2649 |0,7977} —2852 | —2852 | —2959 2917 2917 2917 
—2834 | —2834 | 9894 2806 2806 2806 
071375 41025727] =-2046 1229046 4092 2031 2031  \'=4062 
= 312229053 4106 2020 2020 | —4040 
0,1375 |0,5747| —3544 3544 0 3518 | —3518 0 
—3556 3556 0 3498 | —3498 0 
My) Yas Va [°5,6544 13,6852] 2886 2886 2886 2880 2880 2880 
2571 2571 2574 0745 0745 0745 
2,50986 /2,4790) 1907 1907 | —3814 2175 2175 | —4350 
2101 2AOT = 2909 2306 2306 | —4612 
2,5586 |2,4790} 3303 | —3303 0 3767 | —3767 0 
3640 | —3640 0 3994 | —3994 0 
41 O01 14,5630] 39743 |229743 10748 30314 30314 3034 
2679 1 2675 192675 2590 2590 2590 
Op504974, 1131) 2074 22071 4142 2002 2002 | —4004 
==24100. 41-2100 4200 1970 1970 | —3940 
0,5149 |1,1121} —3587 3587 0 3468 | —3468 0 
— 3638 3638 0 3412 | —3412 0 
3/3 ,°/g, 9/3 | 4,7177 |3,3662} 3148 3148 3148 2561 2561 2561 
2838 2838 2838 09314 0931 0934 
2,1547 12,2750| 1819 1819 | —3638 2256 9256. 1 —4512, 
1961 1964 | —3922 2308 2308 | —4616 
21547 |2,2750) 3151 | —3154 0 3908 | —3908 0 
3397 | —3397 0 3997. | —3997 0 
2, $4400)2,,2518) 2438 12438 .|.~9438 3305 3305 3305 
—2316 | —2316 | —2316 2316 2316 2316 
14,0405 |41,5809} —2149 | —2149 4297 1910 4910 | —3820 
—2214 | —2214 4428 1872 4872.1 —8745 
1,0405 |1,5809} —3722 3722 0 3309 | —3309 0 
—3835 3835 0 3243 | —3243 0 
1/5, 1/2, Yo | 3,8645 |3,0467] 3982 3982 3982 0 0 0 
3643 3643 3643 0 0 0 
1,7171 |2,0308 0 0 0 2956 2956 | —5912 
0 0) 0 2947 2947 | —5894 
1,7171 |2,0308 0 0 0 a bea | 0 
0 0 0 5104 | —5104 0 
3,0358 |2,7004 0 0 0 4181 41814 4184 
0 0 0 2404 2404 2404 
14,5274 |1,9154| 2815 2815 | —5630 0 0 0 
2952 2952 | —5905 0 0 0 
14,5274 |1,9154] 4876 | —4876 0 0 0 0 
5414 | —5114 0 0 0 0 
1/g, 14/g, 3/3 | 5,2432 13,5386] 1984 1984 3956 2004 2004 4298 
1898 1898 3444 1014 1014 0693 
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422 


k k k @, 
=; 2; = n° sect | Pixl™x Pryl™ y Pizl™12 
1 7 3 4 5 6 
| 
2,6722 12,5335] —2745 | —2745 2598 
225135 | 23155 2656 
28568 |2,619€] 3355 | —3355 0 
3781 | —3781 0 
41,1577 |1,6676}  O€03 0603 4902 
0554 0554 5070 
0,3479 10,9141] —3456 | —3456 1064 
—3403 | —3403 1159 
0,2662 |0,7996| —3539 3539 0 
—3504 3504 0 
1/3, 1/5, 5/3 | 3,6436 |2,9584] 2762 2762 2833 
2973 2973 2408 
2,4466 |2,4242} —1738 | —1738 | —0098 
#59012 - 1 S2012 “0644 
2,9195 |2,6481] 3358 | —3358 0 
2893 1.223895 0 
2,3509 |2,3763| 0900 0900 | —6250 
4071 40714 | —1205 
0,5538 |4,1534| —3511 | —3514 0680 
—3394 | —3394 0779 
| 0,4206 11,0051] —3536 3536 0 
—3439 3439 0 
Mg, 1/3, 7/, | 1,5740 11,9444) 0208 0208 | —5000 
0321 0321 | —4508 
3,1454 |2,7486] —3065 | —3065 | —2603 
—3454 | —3451 | —2877 
2,9626 |2,6676] 3359 | —3359 0 
3851 | —3851 0 
3,1730 |2,7607| 1393 1393 | —3951 
1595 A595 (|=24714 
0,6889 |1,2864] —3516 | —3516 0397 
GY ie, | ee Gy 0428 
0,5125 |1,1095| —3535 3535 0 
—3401 3401 0 
1/3, 9/3, 8/s | 4,8928 |3,4282| 1762 3351 3351 
1718 2990 2990 
2,8394 |2,6115| —4434 1156 1156 
—5059 1177 4177 
2, 45218|2. 2736 0 3151 | —3154 
0 3361 | —3361 
14,5453 |1,9266] 0873 3266 3266 
0789 3263 3263 
0,4866 |1,0811) —4903 0740 0740 
—4768 0794 0794 
0,9646 |1,5222 0 233720 3722 
0 3879 3879 
1/3, 3/g, 5/g | 3,6774 |2,9720| 1859 2366 1945 
1998 2299 1687 
2,8341 |2,6091] —2692 1594 1052 
= 3152 1636 0971 
14,7726 |2,0634| —0027 1105 == 2301 
0050 F317 1722139 
2,5126 |2,4567| 0432 0716 3038 
0397 0654 3328 
0,7182 |1,3134] —3334 0928 0229 
—3164 0968 0258 
41,3158 |1,4778] 0786 3447 | —1776 
0738 3542 |) 1912 
W/g, 3 /g, "/g | 3,1397 |2,7462) 2359 0457 | —3720 
2724 0502 | —4392 
2,5648 |2,4820) 1453 | —4425 | —0903 
A772, | ==4686 91-0783 
41,6012 |1,9641] —1532 | —4215 | —0738 
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Pra, “les is 


wit JR. #/s 


dhe See ae 


ade wre */4 


WG M4, 4 


a a ee ee ee eee 


3, 1397 


41,2614 |1 


0, 8487 
3,7399 
1, 4874 
2, 1539 
2,8663 
4 ,8057 
41,1310 
3,1991 
2,3842 
4,1830 
2,9024 
4 ,0648 
2,1517 
4,5714 
2,1637 
2,5941 
1,9810 
0,9540 
0, 6453 
3, 4212 
1,6900 
2, 6263 
29038 
1, 2642 
0,7531 
3, 1006 
42417 
0,7931 
1, 4699 


2;2745 
2,6239 
20826 
1,6482 
27720 
2, 3930 
4 ,6856 
2, 6404 
15993 
22734 
33137 
2,2797 
2, 4962 
2, 1813 
1,5138 
1,2450 
2, 8666 
2,0148 
2,5116 
2,6410 
{,7425 
13449 
2,7290 
{,7270 
1,3802 
1 ,8790 


Pixl™1x 


Plyl™y 


Pizi™4z 


P2x)T2 x P2yltQ y P2z\T2z 

6 : he 8 9 
— 0501 0801 4004 —1211 
—3720 2764 1187 4667 
—4392 2904 0743 4930 
— 4856 —0159 —0154 — 4627 
— 4489 0110 0331 —1953 
0155 4687 --1548 0077 
0159 2927 —1517 —0(0008 
3289 2087 2087 1400 
2969 1659 1659 —0355 
9075 0140 0140 2614 
0163 —0529 —0529 1316 

0) 3926 —3926 0 

0) 4143 —4143 0) 
—3252 3062 3062 4505 
—3486 1695 4695 S120 
—O0715 —3538 — 3538 4795 
—1112 —3095 —3095 4859 

0) 3288 —3288 0) 

0) 2949 — 2949 O 
1817 4555 0734 0734 
1696 9235 —0089 —(0089 

— 2530 2006 —4015 —4015 
— 2273 2430 — 2484 —2484 
—3763 0) Sy ART —3257 
—3791 0) 2730 —2730 
350 | —1947 —3103 —3103 
3754 —1202 — 2890 —289() 
0854 4860 —0305 —0305 
0946 2618 —U601 —O0601 
3102 0 3951 —3951 
3441 0 4254 —4254 
3218 2588 2588 3101 
2773 1562 1962 0328 
3504 — 2609 —2€09 4177 
3458 —2979 —2979 3348 

0) 3763 —3763 0 

0 4076 —4()76 0 
4471 —1523 —1623 —4835 
4626 —O08€5 —0865 —4673 
2352 3226 3226 —1389 
2960 2600 2600 —1943 

0) 3473 —3473 0) 

0 3122 —3122 0) 
1858 3219 3219 1645 
1596 3015 3015 —0168 
3983 —2528 — 2528 4708 
3561 —2488 ~-—2488 2099 

0) 3768 —3768 0 

0 4166 —4166 0) 

—4679 0734 0734 5167 
—95284 0212 0212 0084 
2522 2986 2986 0945 
2605 1797 1797 —0314 

0) 3468 —3468 0) 

0) 2837 —2837 0) 

0 3622 3622 0 

0 3626 3626 0) 
5015 ) 0) 4971 
4561 ») 0 1974 

(0) 3466 | —3466 0 

6) 2723 | —2723 0) 

0 3620 3620 0) 

0 2240 2240 O 
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a oy, a2 0% bet Pixlt ty | Plyl™y | Pizl™2z | Paxl™2ox Poyl™2y | P2zi™2z 
1 2 3 4 6 i 8 9 
2249 |2,7832| 0 —4734 0 0 5266 
0 —5550 0 0 6005 
2,,6400 12,5182} 3300 | —3300 0 S770) oT 10 0 
O7ar Vite 0 4203 | —4203 0 
1/4, 1/5, 3/9 | 3,9982 |3,0990] 3251 3286 3286 2438 2349 2349 
‘i 3229 2964 2964 2150 0639 0639 
23880 |2,3950, 3750 | —0618 | —0618 523 ale— Seow ele oo oe 
4169 | —0583 | —0583 4993 2700, 2790 
1,7245 |2,0352/ 0 0988 | —0988 0 5014 | —5014 
0 0966 | —0966 0 4946 | —4946 
2,560! 12,4798) —0499 3259 3259 | —3891 | —2609 | —2609 
—0927 3248 3948 | —3031 | —1960 | —1960 
0,9806 11,5347| —4765 1428 1428 4593 | —0951 | —0951 
—4640 1554 4554 S01 | tae 208 
1,5105 11,9048, 0 1S 4775 0 1037 | —1037 
0 —5026 5026 0 1298 | —1298 
Ws, fy, 2/1 8.2170 12,7798) 3930 2276 3930 1812 0 —1812 
4017 3143 4017 2821 0 —2821 
30400 |2,7022) 2279 = 0079 4114 2679 4414 
2700 —2700 3454 1534 3454 
2,,2260 12,3123) —0469 4791 | —0469 | —3650 0 3650 
—0935 4835 | —0935 | —3282 0 3282 
21023 |2,2472) —2326 5396 ulle0654 6302 | —0631 
—2490 2490 | —1696 5521 | —1696 
1,1963 |1,6951| 2849 | —3727 2849 | —3101 0 3101. 
S673) 3077 2675 42160 0 2160 
41,1627 11,6712] 3630 —3630 | —2986 2356 | —2986 
3543 = 3549-11674 2744 | —1674 


ion K*, let s= 1, and for Cl”, s = 2. 

As follows from Eq. (6) of Ref. 4, the energy of 
an ideal ionic crystal can be described by a quad- 
ratic function of the variables pe and ae The 
equations of free vibrations 


Mus, = — OU / OU), (1) 


— OU / OP, (s=1, 2; x =x, y,z) =0, 


upon substitution in them of a solution in the form 
waves 


p’ = peexp {i (oxt + kR})}; (2) 
P! — Py exp {i (xt + kR})}; 
lead to 

p02 = Ap, + BP, Bip, +C.P. =0, (3) 


where m, is the ordinary mass and p, = m,/p is the 


dimensionless mass of the ions, Q) = e*pa oy, 

p. =m,m,/{m, + m,) is the reduced mass; p’ and p! 
are the dimensionless six-component vectors with 
components pi,/ae and Pl /ae. The sixfold dimen- 
less matrices A,, B,,and C,, are determined in 

Ref. 7 by the matrices ®,, the computed values of 
which have been tabulated by the author in Ref. 8. 
The matrices Cy! necessary for the solution of (3) 
have been listed there also. The extremely difficult 
calculation of the matrices ©, , for purposes of proof, 
was also carried out independently by Zaslavkaia 
and Tolpygo?. 

For the condition of solvability of the system, ob- 
tained from (3) after elimination of Pi the six val- 
us of the frequencies OF (a=1, 2,..., 6) were deter- 
mined, and the mutually orthogonal eigenvectors P 7 
corresponding to them were also obtained. These 
were normalized in the Born fashion: 


PEPE, ae Pr Pio - oF B° (4) 


The results of the calculations are shown in the 
Table. The frequencies and amplitudes at the point 
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K{0, 0, 0} can be taken from Ref. 2. The correspond- This means that in the KCI crystal, the anisotropy is 


ing (Q2)? are listed along with each frequency @. 
The amplitude vectors of the dipole moments of the 
ionic displacements py and the total amplitude 
vectors 7)"=p)'+P° are listed in adjacent columns. 
Wherever possible, a total of 10 steps were carried 
out. 

The frequencies for each wave vector are divided 
into branches: the optical (longitudinal and trans- 
verse) and acoustical (longitudinal and transverse), 
The longitudinal optical branch was systematically 
described by Iona!, with neglect of the polarization 
of the ions. Inasmuch as he considered the masses 


of the ions to be identical, the cell of this reciprocal 


lattice is a cube and threre are 3 branches altogeth- 
er; on the other hand, the region of variation of k 
is different. Therefore, our optical and acoustical 
branches, of the same K according to Iona, actually 


belong to different k. The latter circumstance helped 


to distribute the resultant frequencies between the 
branches in doubtful cases. Determination of the 
branches was obtained by the monotonic variation of 
w and p, which is not always unique. The division 
of the vibrations into longitudinal and transverse is 


also not unique. The latter has meaning only for sym- 


metric directions of the wave vector relative to the 
coordinate axes. Thus, for example, for k { 7/8; 
37/8; 77/8}, the angle between k and p, for the op- 


tical longitudinal branch amounts to more than 50°. 


significant and therefore neglect of P| in comparison 
with p. is invalid. 

The author considers it his pleasant duty to ex- 
press his deep appreciation to K. B. Tolpygo for his 
unvarying interest in the work, and for repeated 
discussions. 
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It is shown that in the case of a scalar field the Klein paradox does not arise for spin-” par- 
ticles tunneling through a potential barrier. The particle doesnot fall toward the center of a 
centrally symmetric field even when a high-order pole exists in the center. This result also 


holds in classical relativistic theory. 


FOR a scalar interaction, the interaction poten- 
1. tial between a particle and the field is an invar- 
iant. This is not the case for an electrostatic 
(vector) interaction, when the potential is the fourth 
component of a four-vector. Therefore, the Dirac 
equation for a spin-/ particle in a scalar field can 
be written 


a) 


{E = i(m + % apt a x) (1) 


+s (Eo+ U)}) = 0. 


Here E is the total energy of the particle, E, is its 
rest energy U is the potential energy of the particles 


in the scalar field, and a,, a,, a,, and p, are the 


3 ? 
Dirac matrices; Planck’s eonetent and the velocity 
of light are set equal to unity. 

We shall consider one-dimensional motion of a par- 
ticle along the x axis in a field which can be re- 


presented by a square potential barrier of the form 


U=0G@<—0), U=Us@ 0), — 0) 


In this case, as usual, we look for a solution of (1) 
in the form of plane waves: 


v, rs oF a at + Rea 


(x <0), 
(v0): 


(3) 


v, — Cerpe 
Inserting these solutions into the equation gives the 


dependence of the particle momentum on its energy, 
namely, 


pe Ee (E, aU yea) 


It is clear that the reflection coefficient is equal 


to unity when Pp, is pure imaginary, or when E <E, + 
U,. In the case of a vector (electrostatic) interac- 
tion, p, is of the form 


(vect) 


Poti Ea) See (5) 


and is imaginary when E —E, <U,<E +E). It is seen 
from this that for a scalar interaction, the particles 
will not tunnel through a sufficiently high barrier 
(the Klein paradox will not occur). 

A no less “paradoxical” phenomenon, however, 
does take place for the scalar interaction. In this 
case p, becomes imaginary and the reflection coef- 
ficient becomes unity for a sufficiently high nega- 
tive value of U,, when |U, I<E +E. In other words, 
not only is it impossible for the particle to pass 
through a sufficiently high barrier, but it is also im- 
possible for it to penetrate into a sufficiently deep 
well. 

These results remain valid not only in the case of 
a square barrier, but also for a “smoothed out” bar- 
rier. Let us consider, for instance, the behavior of a 
particle in a field whose potential for instance, the 
behavior of a particle in a field whose potential is 
of the form 


U (x) =V/(1 +e), V = const. (6) 


In this case it is possible to find an exact solution 
for the Dirac equation (1) in terms of hypergeometric 
functions. This solution is of the form 
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ets yA {ee sry\ ee 
by =}: = cy | F a,, 8, ee lea es 
1 | Va,3, (4, 81, vas y) + Vans F (a5, Bo, Ya; ¥) |» (7) 
ieee lh peed ri (ve (i= Mea 
== 9 — icy* DN” F (a ie. Va ey. 
3 4 a ae (%, Bi, yas y) + Va,3, (%2, 32, Y2i Y)| > 
where F(a, B, y; y) are hypergeometric functions, c U =a/r*. (10) 


is a constant, 


y a to (GmeE Se 2 — = are i(E, a V)?— E?| 
y= a-2[E2— E43; k= —y/a; 
a =petvti; %& =uty—h); (8) 


3, = 


oe ie 
ae a 


w—v +A; 
Y11 =%Y2 = 2u+. 

Making use of the asymptotic expressions for the 
the hypergeometric functions, as well as several of 


their properties, we can calculate the reflection 
coefficient, which is found to be 


2 


_ | Fevyrw—v+ar(e—v—a) PP 

RS 1 yt Gay tT ety) (9) 
(u—ve— 22/2 
(uy 


Since d is real and v is pure imaginary, it follows 
from (9) that the reflection coefficient R=1 when pz 
is real. It follows from Eq. (8) that, independent of 
the magnitude of a, which determines the “steep- 
ness” of the potential energy curve, the particle can 
neither tunnel through a barrier of height V <E—Eo 
nor penetrate into a well of depth IV |<E+Eo. 

For comparison, we remark that in the case of a 
vector field, the Klein paradox arises for a “smooth- 
ed-out” barrier only if the potential energy increases 
to 2E, in a distance which is smaller than the Comp- 
wavelength of the particle. 

2. It is known that in the nonrelativistic quantum 
mechanical treatment of a spin-’4 particle in a cen- 
trally symmetric field, no stable states can take 
place if the potential in the neighborhood of the at- 
tracting center increases as r”, where n<2 (here r 
is the distance from the center). This result remains 
valid also in the relativistic treatment if the inter- 
action is electromagnetic (of the vetor type). A dif- 
ferent result is obtained for a scalar interaction. 

Consider a particle in a scalar centrally sym- 
metric field whose potential energy is given by 


Inser ting (10) into the Dirac equation (1) and sepa- 
rating the radius and angle variables, we obtain the 
following radial equations: 


(E+ Ey- U)f + (dg /dr) —Ig/r =0, 
—(E—E,+U)g + (df /dr) + (+2) /7 =0, 
(11) 


where f and g are functions which depend only on r, 
and / is the azimuth quantum number. The double de- 
generacy of the Dirac equation lies in the fact that 
there exists another pair of radial equations which 
can be obtained from the first by replacing / by 
—(/+1). The investigation of this second set of 
equations is unnecessary, since it is exactly anal- 
ogous to the treatment presented below. 

By eliminating one of the functions from (11), we 
obtain the second order equation 


UhG! tle Gali 
ea UE tl 


2 [er— (EB, — uy? — dU j dr 


r E—E,+U 
se eal a 


r2 


(12) 


The asymptotic behavior of the solutions of this 
equation for small r is given by the equation 


d?f 


— la a? 
dr2 o,f = 0. 


dr re 


(13) 


ae 


The solution of Eq. (13) can be written in terms of 
Bessel functions 


: a = 
jf = p—(a+l)/2 [ (n+1)[2(n—1) (= 1—n ee ") ae) 


and by making use of the asymptotic behavior of the 
Bessel functions for small r, we obtain 


a 4 


f ~exp {+ fo (15) 
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which is accurate up to a factor multiplying the ex- 
ponential. 

Thus when r= 0, one of the solutions becomes in- 
finite and the other vanishes. The same result is 
easily obtained in solving the Dirac equation (in 
spherical coordinates) in the absence of a field. 

The fact that the number of finite solutions for r=0 
does not change when a field is introduced indicates 
that in this field the particle does not fall into the 
attractive center. 

3. It can be shown that the result of the previous 
section is not a quantum effect, but holds also in the 
classical (relativistic) theory. 

In the quantum mechanical treatment, the energy of 
the scalar interaction between the particle and the 
field is given by a term of the form Ps U(r), where P 
is a Dirac matrix. It is known that inthe classical treat- 


V1-B°, 


where £ is the velocity of the particle (in the units 


ment this matrix corresponds to the factor 


being used). 
Choosing the interaction energy between the par- 
ticle and the field in the form 
U = —ar-"y 1 — 8, (16) 


when n is arbitrary, we obtain the following expres- 
sion for the classical (relativistic) Lagrangian: 


f= — EV ie? ar" V b= B07) 
Here E, is the rest energy of the particle, and a is 
the coupling constant between the field and the par- 
ticle. Since this is a spherically symmetrical prob- 
lem, it is clear that the total angular momentum is 
conserved. If the z axis is directed along the total 
angular momentum, the trajectory of the particle is 
in the xy plane. In cylindrical coordinates with the 
origin at the force center of the field, Br=r24r? g 
and since ¢ is a cyclic coordinate, the generalized 
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momentum P conjugate to it is conserved: 


°/ 
py en eae 
(Foo) SB 
Using the expression for Ppand 


erp (ee an es 
or \ r 


= CONSE media) 


P, 


we find the second integral of the motion, namely the 
total energy of the particle in the field: 


H=pr+po—L (19) 


(E, — ar—-") / VY 1 — 8? = const. 


Further, eliminating ~ from Eqs. (18) and 19 and 
making use of the expression for §%, it is easy to 
obtain 


p= 1-H (ear) py) ol ce 


It is immediatedly seen from this equation that the 
particle can not approach very close to the attactive 
center, since for sufficiently small r the right side 
of expression (20) becomes negative, whereas the 
left side is an essentially positive quantity. This 
result remains true for any sign of a, so that the par- 
ticle can not fall into the center whether it be re- 
pulsive or attactive. From expression (20) it is also 
seen that in the attractive case the particle in the 
scalar field will move in closed trajectories when 
H=E,. It is thus possible, in spite of a high order 
pole at the center, for the particle to have a stable 
state in the field. 


Translated by E. J. Saletan 
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The oscillations of ions in a plasma whose charged components are electrons, and pos- 
itive and negative ions are considered. Two branches of low-frequency oscillations have 
been established whose frequencies depend differently on the concentration of the charged 


particles. 


abe of the charged components in the gas-dis- 

charge plasmas of electronegative gases (or mix- 
tures of such gases) is composed of negative ions 
which arise as a result of electrons becoming at- 
tached to neutral molecules. This situation causes 
several peculiarities in gas discharges in these 
cases.* So far, however, effects due to negative ions 
have been taken into account only in determining 
steady-state distributions of charged particles*”®, 
and the study of small pertubations has been re- 
stricted to plasmas containing only electrons and 
positive ions. It is therefore of interest to determine 
those changes in the behavior of small perturbations 
of the charged-particle densities which are due to 
ence of negative ions in the plasma. 

We shall examine the influence of negative ions on 
the behavior of small density perturbations in the hy- 
drodynamic approximation. The gas-discharge plasma 
in this case is considered a mixture of three ideal 
gases (the electron gas, the gas of positive ions, and 
the gas of negative ions)® interacting by means of a 
self-consistent field which leads to the appearance 
of additional forces on the electrons and ions. The 
present treatment shall differ from our previous one 
in that it shall not take account of interactions with 
a neutral gas or of effects due to creation and anni- 
hilation of charged particles, so that the applicability 
of the results is restricted to low-frequency oscil- 
lations at pressures which are not too high. With 
these assumptions, the hydrodynamic equations des- 
cribing the behavior of the gases can be written 


6 


ON, 0 e P = 7, 
Sane + Ox, (N20.) =9; = OLN, 


*It has been established experimentally that mixing 
electro-negative gasses makes stratified discharge more 
ee 2 
likely, influences the length of the stratifications, etc.’ 


(6) 0 ee 
ah (Ne Uz) + On, (N.-U2.Vg) eon 
& N 
ages = Bin (1) 
M, Xy, M, 


for the electrons, with similar equations for the pos- 
itive (index p) and negative (index n) ions (in the 
equations for V_ the opposite sign must be taken for 
the charge e). Here hee vo ar M.. and 0. are the 
concentration, acomponent of the velocity, partial 
pressure, mass of the individual particle, and tem- 
perature in ergs of the electron gas, respectively. 
The field is determined from Maxwell’s equations 
for the static case, namely 


OE. / Ox, = 4ne (Ne + Nn — N,), 


OE, | OX, — OE, / Ox, = 0. (2) 


Let us consider the behavior of small perturbations 
in the linear approximation. For the zeroth approxi- 
mation we shall take the stationary case in which the 
gases are considered at rest and to have constant 
density distributions in space. The densities N°, 


Ne , and NG satisfy the quasi-neutrality conditions 


NO-+ NR = Np. 3) 


We shall look for the charged-particle densities in 
the first approximation in the form 


0 ; 0 
N. — Ne + te; Np = NptNp, Nza=Nat ma 

(4) 

where n,,.-. are small perturbations in the electron 


and ion densities. Eliminating the momentum and 
electric field from Eqs. (1), and restricting ourselves 
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to the linear terms in the deviations of the densities, 
velocities, and self-consistent field, we obtain a set 
of equations determining the behavior of small simul- 
taneous perturbations of the charged-particle densi- 
ties in the isothermal case: 


On 8, O2n 
e e é 2 2 2 
Oe MM. ox —-— Onin WeNp + WeNn = 0, 
e 
Orn 0, An 
p 1g p 2 
a2 M. ox + Op Np — Wp Ne — Wp Nn = 07, 
Dp 
O*n 0. dn 
n n n 2 2 2 
O22 — WT Ge Ont + On Ne — OnNp is 
eres 


ws = 4ne2NY/Me,... (5) 


We attempt to find solutions of Eqs. (5) propor- 
tional to exp (i@t~ikx). We then obtain a dispersion 
which, on the assumption of highly nonisothermal 
plasmas and low frequencies, breaks up into two 
equations; the first of these is 


w? — (£20,/Mz) — 02 = 0 (6) 


which describes high-frequency oscillations of the 
electrons while the ions remain at rest*, and the 
second is 


2 x Phe) 2 
Ge 04) jer (irl +8) | = ofa 
p 


n 


which corresponds to low-frequency oscillations of 
the ions about a background of uniformly distributed 
electrons. From Eqs. (7) we have 


4c 
Vit—e ® 


a = k70,/M,+ Op »6=F0,/Mn+o,, c= Wp On 


2 a+b a—b 
Ola = — 5 EAS 


Since c is determined by the product of the posi- 
tive and negative ion densities, and (a—b/ by the 
square of the positive ion density, for low negative 
ion concentrations c <(a— b)?. Restricting our- 
selves to terms only of first order in c/(a—b)2, we 


obtain from Eq. (8) 


*A similar result is obtained elsewhere.°® The differ- 
ences, however, should be noticed: in the previous works 
w, was determined by the total concentration of negatively 
charged particles, whereas in our case it is determined 
only by the electron concentration. 
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2 #@, 2 ee 
O= ay, + Ont BOM) + ot — H0,/M,)— 8 
(9) 

, RO, 4 Oo, On 
=, +O" (a0 7M,) +08 — #0,/M,) — oF 
(10) 


If we take account of the fact that4 6, /M, =O, /M_, 
operations on (9) and (10) lead to 


of = (0,/M,) +05 /(ot of, 7» 


Oa == (KO) Ml Gena): (12) 
Thus the result when negative ions are taken into 
account differs from the previous ones in that there 
appear two branches of low-frequency oscillations 
whose frequencies depend in different ways on the 
charged-particle concentration. 

Let us consider in more detail the oscillations 
described by Eqs. (11) and (12). When ND >N° , the 
Langmuir frequency of free oscillations of the neg- 
ative ions will be significantly lower than that of 
the positive ions. Then (11) reduces to 


or = (RA p/| My) + Op, (13) 


which is a dispersion equation for the positive ion 


SN 


FIG. 1. The dependence of the frequency on the wave 
vector as given by Eq. (11) for the first branch of oscil- 
lations, in dimensionless units. The parameter taken for 
the negative ion concentration is NO/Np » and for the va- 
rious curves it is equal to 1-0, 2-0.1, 3-0.2; y=w /Op» 
“=k / kp is the reciprocal of the Debye distance for pos- 
itive ions. 
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oscillations about a background of negative charges.* 


The frequencies given by Equation (11) will be larg- 
er than the corresponding ones of Eq. (13). This is 
due to the fact that Eq. (13) describes only the os- 
cillations of positive ions, whereas Eq. (11) deter- 
mines simultaneous oscillations of positive and neg- 
ative ions in opposite phase. This last situation 
leads to an increase of the electric field as well as 
of the quasielastic force and frequency determined 
by the field. These statements can be verified by 
calculating the amplitude. The relation between the 
amplitudes of the oscillations of the negative and 


positive ion concentrations corresponding to the ap- 
approximation of Eq. (10) can be written in the form 


nn = [(R°O,/ Mp) + o,— 0] n? 


pi Op: (14) 
If the value of @ ? from Eq. (13) is inserted into (14), 
the oscillation amplitude of the negative ion con- 
centration vanishes; if, on the other hand, the value 
of w * from Eq. (11) is inserted, the relation between 
the amplitudes becomes 


— 1) ee (15) 


2 
Pp 


Analysis of this expression shows that the simulta- 
neous positive and negative ion waves have opposite 
phases. 

Equation (12), as opposed to the case already con- 
sidered, describes in-phase ion oscillations. If w ? 
as given by Eq. (12) is inserted into (14), we are led 
to the following relation between the amplitudes: 


(16) 


which shows immediately that the positive and neg- 
ative ion wave have the same phase. 

We should note also another property of the oscil- 
lations described by Eq. (12). As the charged-parti- 
cle density increases, the oscillation frequency de- 
creases monotonically and finally vanishes. The 
wavelength at this point takes on a certain limiting 
value 


*In previously studied cases, an equation such as (13) 
described oscillations about the background of uniformly 
distributed electrons, whereas here the negative charge 
background contains both electrons and negative ions. 
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FIG. 2. The dependency of the frequency the wave 
vector as given by Equation (12) for the second branch of 
oscillations, in dimensionless units. The negative ion 
concentration parameter, N?/ NOS" = 0 01ee Oo ONnaaee 
a concentration of 0.01, a temperature of 300° K and a 
positive ion density of 10° cm™ , we have k2 — 4re? 
ve /8,, = 102 em-2\)). = 1 cm; for a concentration of 0.1, 
the other conditions remaining the same, k,, ~30 em7} 

Nim 0,icm. Here y= w/w,, x = k/kp in units of ; 


V NANG — NP) 


[On (op — 02) / Mpws]*. (17) . 


Long wavelengths (for a given charged-particle 
density) correspond to negative frequencies which 
means that they cannot occur.* As the charged-par- 
ticle density is increased, this limiting wavelength 
decreases so that the spectrum of possible wave- 
lengths moves into the region of lower values. 

So far, the oscillations and waves only of plasmas 
containing electrons and positive ions have been ex- 
perimentally studied, and therefore it is impossible 
to compare the results obtained here with experiment. 

In conclusion | consider it my duty to express my 
gratitude to Professor Ia. P. Terletskii and A. A. 
Zaitsev for discussions and valuable advice during 
the performance of this work, as well as to Professor 
G. V. Spivak and Professor N. A. Kaptsov for dis- 


cussing the results of the work. 
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by the action of electric forces which arise because of 
the displacements. 
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Contribution to the Theory of Collective Motion of Particles 
in Quantum Mechanical Systems 


V.M. ELEONSKII AND P. S. ZYRIANOV 
Ural Polytechnic Institute 
(Submitted to JETP editor January 26, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 515-519 (March, 1956) 


A method for separating the collective motions in a system of interacting particles is 
presented. The connection between this method and Refs. 1-4 is established. An attempt 
is made to give a basis to the generalized heavy nucleus model. 


] MOST quantum mechanical systems that are dealt 
@ with in the various fields of physics consist of a 
large number of particles. The problems of finding 
the energy spectrum of such a system presents great 
mathematical difficulties. From among the quantum 
mechanical systems with large number of particles, 
we can separate out that class of systems in which 
collective motion, reminiscent of the motion of a 
continuous system, takes place. Among such systems 
are, for instance, heavy atomic nuclei, the electrons 
and ions of a metal, and others. 

The problem of the approximate methods for de- 
scribing such systems reduces to finding those terms 
in the Hamiltonian which correspond to collective 
motion. In the case of central forces, the problem of 
separating out the collective motions was solved by 
Zubarev!, and for the case of Coulomb forces by 
Bohm and Pines? using a different method. An in- 
teresting method for describing collective motion, 
well set forth and of great generality, has been de- 
veloped by Tomonaga °’4. The present article de- 
scribes a method for separating out collective mo- 
tions is systems, which is very simple in the sense 
that it does not require the complex apparatus of 
second quantization and unitary transformations. At 
the same time this method is quite general. 


2. At the basis of the method lies the transforma- 
tion of the Hamiltonian with the aid of auxiliary var- 
iables introduced into the wave function of the sys- 
tem, as has been described by Zubarev!. 

We consider the wave function WP (r rua t) de- 


scribing a system whose Hamiltonian is 


H = Dipy/2M + 4/2 G(r, 1), Qa) 


j 


and introduce the auxiliary (“superfluous”) variable 
functions pr, ) (where j=1, 2, , VN), which for 
the time being are arbitrary, Be aren of Y we 
shall consider the new wave function (a functional 
of the Y,) 

D(A iy ern on re) een) 
since ® depends on r, explicitly as well as through 
the y,, the operator p; must be replaced by 


— ih [V; + (Vj9;)0/0¢;]. (3) 


As will be shown below, part of the potential energy 
can also be described in terms of the ¢. (r.). 

Let us now make some comments about the 9. (r, ) 
We assume that %, (r.) is the wave function of hee 
stationary state of the j-th particle in the zeroth 
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approximation. As will be shown later, the coordi- 
nates of the collective motion can be described in 
terms of the i When the Y are given this interpre- 
tation, the description of the collective motion in 
the system will be most accurate if the single-par- 
ticle functions ¢ are chosen accurately. We shall 
consider below several special choices of the ,. 
This interpretation of the y, makes it possible on 
the one hand to obtain the Hamiltonians derived in 
previous works !+?>4, and on the other hand indi - 
cates the possible paths that may be taken in 
solving a boundary value problem. Let us now con- 
consider certain special choices of the ¢, (r.). 

3. Let us make the choice er 

9; (rj) = N~ "exp {— ikr}}. (4) 

This wave function describes the stationary states 
of a free particle with momentum p=fk. The kinetic 
energy operator for this choice of the y, can be 
written 


= — (42/2M) D)[V; + (Vjpn)O/Oon)?, (5) 
i 


if we bear in mind the obvious relation 


Digi =N—" Diexp{—akrJf=m. ©) 
j j 


In order to account for states with various k in 
Eq. (5), we must sum over all values of k. From 
physical considerations lk | may not be infinite, and 
we shall therefore introduce a certain maximum wave 
number ky: Thus in Eq. (5) and those that follow, 
whenever the index & occurs twice we are to sum 
over é& from zero to k.. 

In the case of a central interaction the potential 
energy can be written 


1 N id 
=, G (| p= rj ») = i a G (R) PRR 
ij 
cic z eC (iene =) Sb const, 
fik>Ro 


const =—N )>)G(e), 


k<Ro 


(7) 


where G (k) is the Fourier transform of the interaction 
kernel, the constant is the self-energy of the parti- 
cles, and N is the number of particles per unit vol- 


ume. 
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The sum of expressions (5) and (7) gives the 
Hamiltonian of the system, which agrees with the 
Hamiltonian as obtained by Zubarev.! The dynam- 
ical variables p,, describe the collective motion of 
the system and can be written in terms of the station- 
ary state free particle wave functions of Eq. (4). 
Following Zubarev, the p, can be treated as the 
Fourier transform of the particle density operator 


6(r) = De(r—4y). (7a) 
j 
If we perform the substitution 
= 4thO/Op,, = (4ne?N?/k?)'l2 gy, 
a ee Say 2 /A ee 2\7/2 (7b) 
on = — i (k/AneN2)"*p_p, 


in the Hamiltonian we have obtained, we arrive at 
that of Bohm and Pines,? which is equivalent to that 
of Tomonaga, as has been shown‘. 

The separation of the collective motion of the sys- 


tem is related to maintaining a term proportional to 


Lv. P, 0/d Py ]? in the Hamiltonian. For the case of 
the electromagnetic and Coulomb interactions, this 
term is proportional to the square of the vector po- 
tential of the transverse and longitudinal fields, 
respectively. 

4. As an example of a solution of a boundary value 
problem, let us consider a system of particles en- 
closed within a surface described by the equation 


R == ihe [1 + ») Cty tr (9, | ? (8) 
ml<ly 
where Y, is a spherical function, and Ke is the ra- 


dius of the unperturbed sphere. From physical con- 
siderations, the summation in (8) is taken over all 
1<l_.. Since the surface bounding the system is de- 
fined by the set of particles on the boundary, surface 
oscillations of the order of the mean distance be- 
tween particles have no physical meaning; this leads 
to the inequality /</). 

Our problem consists of choosing the $, (r,), in 
terms of which we can express the collective coordi- 
nates. In the approximation of a constant particle 
density in the system (neglecting compressibility) 
we may choose the %, (r,) in the form 


©; (rj) = exp {2S; (rj) /h}, (9) 


where the S, give the velocity potential of the j-th 
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particle up to a factor of 1/M. In the constant-den- 
sity approximation the stationary particle states are 
given by the functions of Eq. (9) with 


Sj (ri) = Bim Yim (97, )) 7 (10) 
The function S. is a solution of the Laplace equation 
satisfying the boundary condition 


(OS;/Orj)r; =R = OR/dt, (11) 


which makes it possible to express the 8, coeffi- 
cients in terms of the normal coordinates of the sur- 
face Om" For small oscillations we have 


Bim = (Rim. (12) 
Let us consider the kinetic energy operator 
T = — (h2/2M) D\LV; + (V;S;) 0/0S;]? (18) 
i 
and transform from the variables Ss; to a 
= — (W7/2M) DVj + (Vje1m) 0/do1m). (14) 


i 


Here, as in the previous problem, we sum from zero 
to Ly over all indices m and / which occur twice, so 
as to take account of all possible stationary single- 
particle states. 

In order to interpret the expression (V, Oy,» we 
must write a, in terms of the particle coordinates 


. For this purpose, let us introduce the function 


de 2, S;- It is clear that 
(6) 0 
VjS; aS; =H ViS a5 Fy BimVj 


03 
“es [¥en 4] a 
j lm 


But it follows from the definition of S that 


{eer a 
= = 55 (U°R tree) = [Driven (Si) | 
or 
V im (9 
¥,S; a5; BimV LQ Im ( i?) | Q (15) 


Dyin (9;9;) OF 


V8) ag: = 
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Expressing the 6), in Eq. (15) in terms of the oe 
after multiplication and division by 47/3N we Baits 


8 (4n/3N) %1mV) [Daj (Tl Ro'Y im (82) | _a 
(47 /3N) ye {Roy Y 1m (9%;) 021m 


(16) 


Inserting (16) into (13),and comparing the result with 
(14), we obtain an expression for the %) which oc- 
curs in A. Bohr’s phenomenological theory of the nu- 
cleus: 


Ot1m = (4n/3N) >) (rj/Ro) Yim (9;2))- 


i 


(17) 


Let us use the o to write part of the potential en- 
ergy. We shall assume that the potential energy is 
the sum of interactions between pairs of particles, 
so that 


V=12 G(r (18) 
ij 


= 2/7 


GM! 


im TY tm (9;0;))ri Vem (3;9;) 


(the summation 1s taken over all indices). Bearing 
in mind Eq. (17) and the fact that L<l,, we Can write 


(18) in the form 


Wm! 


—I-l’G 
Y= ( am) Ro tm &im%i'm! 
i I 
+ (Fe Dd) Gain %tmY vs (9794) 63 
a m', U>lo3f 


+5 Gi, (ti 1), 
ij 


1 
Gn) 
ii 


(19) 
SD, Gin FY im (9191) Yr (99)) 


(eR MPR LLL Sea 


When the indices m and / occur twice, we sum from 
ZELO COs 

The first term in Eq. (19) describes the potential 
energy of collective motion, the second term the in- 
teraction energy between the individual particles 
and the collective oscillations, and the final term 
the interaction between particles screened by the 
surface oscillations. 

The final expression for the Hamiltonian describ- 
ing a system undergoing small surface oscillations 
in the constant density approximation is given by 
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the sum of (14) and (19). This Hamiltonian agrees 


with that of the phenomonological theory of the gen- 


eralized nuclear model. 
The introduction of auxiliary “superfluous”) var- 
iables leads to the necessity of applying subsidiary 


conditions to the wave function, and these can be 
written 


(on —N~"* DV exp{—ikr})®=0 — (20) 


for the first of the problems considered here (Sec. 3), 


and 


Les, aa) (4 z/3N) Ds, (r/o) aan (32,) | AU 
(21) 


for the case of surface oscillations. 

5. The special choices of the y(r,) considered 
above can be generalized for other problems. The 
generalization consists of indicating a method for 
finding the g,(r,). 

In solving boundary value problems the Schréd- 
inger equation can be written in the hydrodynamic 
form 
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eee Or ee 
E; + pq (VS) — aaa 3G) |= 


“| — 
mV (P;VS;) =9, 9, (7) = Vp; exp (i/hS,). 


This representation of the Schrédinger equation is 
convenient in that it is simple to formulate boundary 
conditions for it in analogy with hydrodynamics. 

In the constant density case the S. satisfy 
Laplace’s equation. However this is not the only 
generalization. The ¢(r,) can, for instance, be found 
from self-consistent field equations. 


1D. N. Zubarev, J. Exptl. Theoret. Phys. (U.S.S.R.) 
25, 547 (1953). 

2D. Bohm and D. Pines, Phys. Rev. 92, 609 (1953). 

3s, Tomonaga, Progr. Theoret. Phys. 13, 467 (1955). 

4S, Tomonaga, Progr. Theoret. Phys. 13, 584 (1955). 
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Electrical, Optical and Elastic Properties 
of Diamond Type Crystals. | 


V.S. MASHKEVICH AND K. B. TOLPYGO 
Kiev State University and Kiev Polytechnical Institute 
(Submitted to JETP editor July 18, 1955) 

J. Exper. Theoret. Phys. USSR 32, 520-525 (March, 1957) 


The energy of a homopolar crystal is expressed as a function of the displacements and of 
the dipole moments of the atoms. By means of a variational method, the relation between 
the displacements and the deformation of the electronic shells of the atoms is established 
and equations of motion are presented in which the displacements and dipole moment of the 


atoms play the role of generalized coordinates. 


AS was shown in a paper by one of the authors’, 


Born’s atomic theory2 can be improved by takin 
yi Pp yi g 


into consideration the deformability of the atoms. In 


the foundation of a theory of the lattice one must as- 


sume an expression for the energy U in the form of a 


quadratic function of the displacements u! and of the 
dipole moments P! of all the atoms (J is the cell nam- 


ber and s the number of the atom in the cell), In the 
calculation of delay of interaction, one can consider 
optical, electrical and elastic properties of crystals 


from a single point of view. The explicit introduc- 
tion of the quantities P! is necessary also in the 
microscopic theory of localized electron states in a 
crystal 4. 

While in ionic crystals the consideration of the 
deformability of the ions improves the quantitative 
agreement of theory with experiment 1 in homopolar 
crystals, where the dipole moments of the displace- 
ments Pp =e wu. 
tions lead to a series of qualitatively new conse- 


are absent (e, =0), such considera- 
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quences. Owing to the dependence of the exchange 
integrals on the dipole moments of the atoms, the 
displacements of the latter will lead to their polar- 
ization and conversely. Thus, inertial polarization 
can exist also in homopolar crystals. This permits 
one to examine the interaction of a nonpolar crystal 
with an electromagnetic field and, in particular, the 
lattice absorption which was experimentally observed 
by Lax and Burstein®. The explanation given in Ref. 
5 for the lattice absorption (fractional division of 
charges during oscillations of the atoms) pertains 
only to secondary combination bands. Considerations 
of the role of impurity in the fundamental absorption 
are also inconclusive in view of the weak dependence 
of the absorption in diamond, Si and Ge on the 
character and quantity of the impurity. The present 
investigation permits one to predict the absorption 
correct as to order of magnitude (approximately A/d 
times smaller than in ionic crystals) without the use 
of any free parameters. 

Finally, the presence of inertial polarization leads 
to an interaction of current carriers with optical os- 
cillations of the lattice. In homopolar crystals this 
must lead principally to the same, only quantitatively 
weaker, effects, examined by Pekar®, as they occur 
in ionic crystals. In the present work, a method of 
examining that relation between the displacements 
and the polarization of the atoms is given. In the 
following works, it is applied to the study of various 
properties of crystals’. 


1. THE WAVE FUNCTION AND ENERGY 
OF THE ELECTRONS OF A CRYSTAL. 


In the examination of the dynamics of the lattice, 
the motion of the nuclei and the electrons of the 
atoms are conveniently described in an adiabatic ap- 
proximation. For the first step it is necessary to 
find the wave function of all the electrons under ar- 
bitrary (small displacements of the nuclei. This 
energy will play the role of the potential energy in 
the problem of the motion of the nuclei. In diamond 
type crystals, it is sufficient to consider only the 
four valence electrons of each atom, introducing the 
screened nuclear charge Z. (r), where z.74 for roo, 


In the Fock approximation we seek a wave function 
of the electrons in the form of products of functions 
of individual o-bonds Y q) \P and q are abbreviated 
notations of the numbers of atoms). Antisymmetriza- 
tion is performed only over the strongly interacting 
electrons of a single bond: 
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Ling = Cinq) [Ypy (KF pq) Yap (Typ) 


+ Yq (Tap) Pan (Ppa) Za (1 
Cipq) = [2 (1 +: Spg 7] 
5 


wave function of an electron r 
brings about its bond with atom q. The form of y, , 
ee be determined from a variational principle. Let 


Cy) ) 
(1) 


is the 
in atom ‘ cwhttls 


is the nonorthogonality integral, 25 


denote the mean kinetic and potential energy 
af the electrons of the bond (pq), including their mu- 
tual interaction with the nuclei p and gq, half the en- 
ergy of interaction with the remaining electrons of 
the atoms p and q and one fourth of the energy of in- 
teraction with the nuclei of the nearest neighbors of 


p and q: 
Fenny = 21 Cori {\ py (2) 
re aa 
+ Ay (ee bn 
£2 D[UCrnt—1) 
er COE 
+ Soabey ny) dodo” + | Cepgn 


e 


\ | 1 2 Ate , 
is ral (oe (t)) + Spaan (F) Yoo (t 
BE Opt) 2 Spon) One (©). ren eae 
a Santa (0’) Yop (tr) + | Pog (r’) (° 
ct Spqib Lif vat py (r’)) dt dv’ + \(—- 


Pot 
2 * 
x 2 pq! (r’) i ( Yap (r) | Sie S7p pa (r) 


X 9 yp(t)) dz de’ —\ 5 


+ [pa (0) f) de | —{ 


+ Span (€)pu (6) as} + {pq} 


2( 1 1 ' iy (2 r 
+e oo (F) P| dup (t') ded 
2 : ie y* (rp) 
+e Va ei] Sp) [r wy | (ae (r) Yop (r ) tee 
X(r’) 9 (0) — | Spal” | Ypq (Fr) F | Yap (r’) ) 
1 Ge? 
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The symbol { peg } denotes the addition of the en- 
tire preceeding expression in which p and q exchange 
places. We denote the sum of the interaction ener- 
gies of the electrons of each pair of bonds (pq) and 
(rs) which do not have common atoms, by 


ee ee eee 
A oe Oe eT 
X (1 Yes (6) P+ 1Ysr (0) #) de +) ee 
=F er | ee 
+) (4p (0) | (3) 
+ {Pop (ty?) X (drs YP 4 Oe (r’) PP) de de’ 
Then 


Z aoe ae 
Wes > H (pq) + > Heng) irs): 


(Pq) (pq) (rs) 


(4) 


The overlap integrals, which are of the order of S ai 
are retained only in terms which contain the inter- 
action of electrons of one atom or of one bond among 
themselves and with their nuclei. 

Keeping in mind that the wave functions of the 
electrons which constitute the o-bonds in the crystal 
yw are essentially different from the wave functions 
of isolated atoms, we use perturbation theory for 
calculation of the former, for close eigenvalues. For 
_ elements of the fourth group, the differences between 
the energies of s and p electrons with the same prin- 
cipal quantum number are of the order of the inter- 
action energy between atoms. Therefore, on the in- 
corporation of atoms into a crystal, there occurs a 
redistribution of electrons among levels and the for- 
mation of functions of o-bonds. 

Having denoted the energy levels of the valence 
electrons by Ey E . , we can thus regard e*= 
(E, as/f Aas ca aes as a small expansion parameter. 
Obviously, ci anil all the terms in H which contain 
products of functions with interchanged electrons 
must be regarded as quantities of the order of e. We 
shall seek the wave function of the r-th electron of 
the bond (pq) in the form of a superposition of ex- 
cited functions of the atom p: 


ec 
7 a 
Day 1 Toate | )s 


(5) 
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and we expand the parameters Ye qi 12 powers of & 


2 2n7(2) — 234-(3) 
oe aig 


=- 70), + 


Pq 


io (6) 


a 
Vy 


(the expansion of 7 must be begun from terms ~ € 2), 
wherein for i >5, ie = =0. In order not to complicate 
the problem i the inerodvetion of an endless chain 
of prnegenelity, conditions for the functions Y, 

with different q’s, we restrict the class of approxi- 
mating functions with the hypothesis that y‘°) + 

ee ae does not depend on the ainitesteee of the 
nuclei if i<4. 


We subject the parameters of the approximation 


Yp qi to the orthogonality conditions 
foo} 
woe eS 
a 'pgi' pq’ i ae 
1 
ie eis 


~(0)* g2-/(2) “(0 a2 (2 a 
> rs oy (Gy =o “3 soy rs OTGe (7) 
4 
238 +(0)*4-(3) (0 3 = 
py Ces at ey er) Ss. 0, (8) 
XI 
24 0) n7(0) 1) a4 (2) * xv ae: 
2 pail pi pati Toai bigs > (pail pari =i 
1=5 (9) 


and in addition, as in Ref. 1, we simultaneously use 
the conservation of the dipole moments P of each 


atom. 


—elr r2 | Png (t’)? dt = P, = const, 
i. e., with accuracy to €?: 


4 oD 


ee: > >» ds ( Give 


q j=1 i= 


(i x] j) 


+ complex conj.) =P 


DX 


We assume aes and ee for i<4 known and the con- 
ditions Eq. (7) for undisplaced nuclei fulfilled. The 
conditions Eqs. (8) and (9) can be satisfied through 
the choice of see and sie oe Their values are not 
important for us since the vom cstandine contribution 
to the Hamiltonian will be of the order of €° or €® 
and at the same time we retain terms no higher than 


on 
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Since the classification of electrons into s, p and 
d states is possible only for a spherically symmetri- 
cal field, we introduce (for each atom) the Hamilto- 
nian of the zeroth approximation A), identical, for 
all the valence electrons, with interaction potential 
energy. 


2... as its char- 


and we shall regard the y_. i=1, 
. . . Ppt 
acteristic functions: 
0 
i= Ejdpi. 


Aes, (11) 


2. EXPANSION OF THE ENERGY OF THE 
ELECTRONS IN POWERS OF THE DIPOLE 
MOMENTS AND DISPLACEMENTS 
OF THE ATOMS 


Substituting the expansions Eqs. (5) and (6) in the 
expression for the mean energy H[Eq. (2)], we trans- 
form that part of # which contains the dipole mo- 
ments P_, i. e., the coefficients ane i>5, taking 
account of the sheen conditions and Eq. (1)). 
Since the exchange integrals are of the order of €?, 


then with accuracy to € 4, 


= SUS 


pP,. ¢g i=5 


(2) ;2 


Gy?) E}) ) | Yea: | 


(Trae) 


rT: Cuarted et Ce ntiou): (12) 
1 


Nth ee (0)*~(0) (0 
C pai ao Edun comes 
j,k, m=1 
i 4 
e 
+6 > Ieo4,e 
J,k,m=1 
{ 


ea ee 


4 
CA) as Gate 
x< ( 4 i pgm“ ik Tie 1p) ’ 


(13) 
4 
Bpgikjm = e2 {Spano (E+ Ba es DE, 9) 
CZ YoY ez.y iv 
Si Sgpim eee i ac Spain jr=RoP =n ae dt 
| q 


an (U) 24 ’) wae (r’) de ae’, 
Spuin = \Yathond aa 


Having multiplied Eqs. (10) by Lagrange multipliers 
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y.,, and subtracted them from Eq. (12) we vary the 


obtained expression over y io . Then 


(15) 


5 sh 
pgi Ee 


Cpgi + >? y Vox ON (|x| j) e/e? 
= Ee 


Coa lil #1) par + pat #1 /) Ypai\ 
EY — EY 
(16) 


where 


Cpe 20 3} 11 


j=) i=5 


i|x| i) P/(Et— E}) 


is the polarizability of an atom along the x axis. 
Here we have supposed the functions Yj chosen so 
that for any of the indices j=]... 4; 125, (i |x |j) j is 
different from zero only for one a the three coordi- 
nates. In addition ane are orvnogongy over the in- 
dices j. 

Expressing My through P| from Eq. (16) and 
substituting them in Eq. (15), “we obtain for the part 
of the Hamiltonian which depends on Pe 


BGO) 
“4 : 

Raa re Poet Dim None Ppx| + 0 (24), 

— (17) 
N qx = BAS y C pai a (xj) Caran (jl x | i) 

a i=5 EY — Bk 5 
(18) 
The quantities O(¢*) do not depend on P and can 


be discarded in comparison with the other terms of 
the same form which are of the order of € 2. Analo- 


gously, for the part of H which does not depend on 
(2) 


Ypqi? We obtain 
4 
H (x) = 2? > -0)*=H(0) »(0)*»7(0) 
oop Be aihins \ pai i pgk Vpgl' pqnv’ 


(19) 


Finally, the sum of the integrals of Eq. (3) and of the 


Coulombic terms in Eq. (2) gives the dipole-dipole 
interaction. Thus, 
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H =F GQ) + HG) 


VPP DP (PER PR nd 
2 nes Sa eens ee pe |. (20) 
Pq Pq Py! 


The expansion of H in powers of the displacements 
u_ and of the dipole moments P_ of all the atoms is 
begun, obviously, from terms of the 2nd order, since 
H has a minimum for u_=0, P_ =0. 

In the expansion of the Goctficients N. a? We No- 
tice that in the expression Eq. (18) quantities oo 
y 6 enter, which pertain only to a single bond pq in 

qt 2 : A 
whieh the singled-out directions are those parallel to 
the vectors Re Coy do not depend on the displace- 
ments), The vector le will lie in the plain of the 
vectors R. =R —R_ andu— =u —u_ and will de- 

ee apa Pp 
pend only on the components of u, parallel and 
perpendicular to ey which lie in the spe cified 
plane, i. e., 


N pg = Nog (Cpg) +O" Upg + C (Upyl pg) F pq (21) 


where 6’ and c’ are constant coefficients. 
Applying analogous considerations to the coeffi- 

cients B , we can conclude that each term in 

the sum over all bonds (pq) in Eq. (19) will depend 


only onu and u 


pq il pgi 
ing quadratic form, the cross term must be absent, 
1? the 


must also 


. However, in the correspond- 


since in the absence of the components u, | 
force in the direction perpendicular tor, | 


be absent. Then 


(22) 


PY PY P Pq 


(0) = 2 (ORR Ce ee eS Te 


. ‘ l l 
Converting to the usual notation of Bornr., u., 


ie and gathering all the terms, for a binary crystal 
we obtain: 


m7 I’ 1L'\2 1G 
ee ENE D> {dp (ti Tis)” + gp (tia) + bp 
ats 
iw 


i tee 
+ Cp (Piz fiz) (U2 Tig )} + 


12 Ue 


where 


Ly RUSS 
Poy |Pss:| | 


(24) 
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Ee = y [3 (Ps, ss) Rae i ee P Je 


I's! 


BELL 


439 


is the field established at the point r’ by all the di- 
poles Pe In the expression in Eq. (23) the first 
item is of the order of € 2, while the remainjng three 
are of order € +. Retention of the latter with simul- 
taneous rejection of the terms ~ €4 in H (ou) has 
the justification that the dependence of the energy 
on i! leads to qualitatively new consequences at 
the same time that retention of terms ~ €4 in AG) 
would lead merely to some other value of the para- 
meters qd, by? which will all be determined equally 
from experiment. Since € practically is very small 
(the binding energy is comparable with the ionization 
energy), the calculation of P’ leads to consequences 
which are easily observable experimentally. 

In comparison with the theory of ionic crystals}, 
here there are four interaction parameters d_, By Dae 
c_, instead of three G, g, h. This is connected aah 
giving up a hypothesis of central forces. These 
parameters must be determined from experiment since 
they cannot, in view of the inadequacy of our know- 
ledge of the form of the functions Yo i? be success- 
fully calculated. 

Using Eq. (23) we write down the equations of 
motion: 


Msllsx = — OU (u, P)/dusy; 0 = — OU (u, P)/OP%,. 
(25) 


The second group of, equations also gives the sought 
relation of the polarization of the atoms with their 
displacements. It stipulates those effects referred 
to in the introduction and it is examined in the fol- 
lowing article’. 
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On the basis of the “pure overcharge” model proposed by L. A. Sena, the drift velocity of 
ions moving in the respective gas under the influence of an electric field is calculated as a 
function of the ratio of the work done by the field over the length of a free path to the mean 
thermal energy of the atoms. The results of the calculations are in good agreement with the 


experimental data for inert gases. 


1. STATEMENT OF THE PROBLEM. 
THE KINETIC EQUATION 


HE problem of the motion of positive ions in a 


T 


part consists of the determination of the differential 


gas is divided into two main parts. The first 


effective cross-section for collision of an ion with 
an atom and must be solved by the methods of quan- 
tum mechanics. The differential effective cross- 
section of collision being know, the second part 
consists in determining the velocity distribution 
function for the ions and mean values, of which 

the most important is the drift velocity of the 

ions in the direction of the electric field. 

At the present time, it can be considered estab- 
lished that the chief process of interaction with neu- 
tral atoms in the motion of positive atomic ions in 
the respective gas is resonance overcharge !®, 

Calculations of the drift velocity of ions moving 
in a gas of the same nature under the influence of a 
constant homogeneous electric field, based on the 
model of pure overcharge proposed by Sena, give 
values which agree well with experimental data!+4-5, 
These calculations, however, were carried out strict- 
ly only for two limiting cases: for the case of a 
strong electric field, when it is possible to neglect 
the thermal motion of atoms of the gas‘, and for the 
case of a weak electric field, when the energy ac- 
quired by an ion over the length of a free path under 
the action of the field is much smaller than the mean 
energy of thermal motion of a neutral atom>. The 
results obtained in Ref. 4 for intermediate cases are 
based on the replacement of the real velocity distri- 
bution of the atoms by two opposite fluxes. The 
possibility of such a consideration requires substan- 
tiation. Furthermore, the velocity of the two fluxes 
remains undetermined, their being know only that it 


must be of the order of the mean velocity of the gas 
atoms. 

In the present work, a method of successive ap- 
proximations is put forward which permits one to 
solve the second kinetic part of the problem on the 
drift velocity of ions, on the basis of the model of 
“pure overcharge”, for any ratio of the work done by 
the field over the length of a free path of an ion to 
the mean thermal energy of the atoms of the gas. 

In the calculation, the concentration of charged 
particles is assumed so small that their interaction 
with one another and also the effect of their motion 
on the velocity distribution function of the atoms 
can be disregarded. 

The calculation is carried out under the assump- 
tion that the effective cross section of overcharge 
does not depend on velocity, however the proposed 
method of successive approximations is applicable 
also in the case where the cross section can not be 
considered constant. 

The kinetic equation for the velocity distribution 
function of ions moving in the respective gas under 
the influence of a constant electric field E under 
the assumptions indicated above, has the form?: 

a 


ge = 7 (0) \f W)iv —v dv’ 


—f(v)\a@yiv—vi|av’, (1) 


where a=eE/m is the acceleration of an ion in the 
electric field, e and m are the charge and mass of 
an ion, A=1/Nq its mean free path, N the concentra- 
tion of gas atoms, q the effective cross section of 
overcharge, f(v) the velocity distribution function of 
the ions, n(v) the velocity distribution function of 
the neutral atoms and dv’ =dv' dv' dv'. The direc- 


tion of the field is taken along the ‘direction of the 
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axis OZ *. We introduce the notation 
Ug = V 2kT/m, y= eEd/4kT, 


u, is the most probable speed for atoms of the gas 
and the dimensionless quantity y characterizes the 
ratio of the work done by the field over a free path 
length of an ion to the mean thermal energy of the 
atoms. 

Taking account of the cylindrical symmetry of the 
problem, we introduce cylindrical coordinates in ve- 
locity space and transform to dimensionless varia- 


bles: 


z= v-[ttor p= V ve + Oy/t e 
pis the angle which the projection of the velocity 
on the plane XOY makes with the axis OX. Then 
for the velocity distribution function of the atoms 
we obtain 


n (v) dv, dvy dvz = W, (z) Wg (6?) dz de® do/2z, (3) 
Wy (2) nthe; Wa(*)=e*. a) 


Considering Eq. (1) as a non-homogeneous dif- 
ferential equation it is easy to obtain. 


i (o, 2) = 2We (0%) | Wi (w) F (e, u) G(@, uw, 2) du, 


foe) 


f (p, 2) pdodz dy = f (v) doy dvy doz, (5) 


Glow): 2) = + exp|— <\F, (p, u’) du’ |, (6) 


F 9 (p, 2) 
rs \\2w. (02) W, (2') g(0", & 2 — 2’) o' do’ dz’, 


(8) 


27 


eee = Ve? — 2p0’ cose + p’ + £ de. (9) 


0 


*V. A. Fock solved the problem of the motion of ions in 
a gas in an electric field under the assumption that they 
emerge with a Maxwellian velocity distribution and disap- 
pear as aresult of overcharge. It is not difficult to obtain 
Equation (21) of Fock’s work’ from Eq. (1) if one regards 
the integral in the first term on the right as independent 
of velocity. 


44] 


The function g(p’, p, t) can be expressed through a 
complete elliptic integral of the second type: 


or me e 
Oo ny! = ay Se a 
B10 Pt) = Vine BR), oe 


We note that the function g(p', p, t) is symmetri- 
cal with respect to interchange of the variables p’ 
and p and is an even function of ¢. 


2. METHOD OF SUCCESSIVE APPROXIMATIONS 
FOR SOLUTION OF THE KINETIC EQUATION 


For an approximate solution to Eq. (5) we use the 
Gaussian type quadrature formulas 


fos} N 

| Wi@)e@)d2 =D aver (en), GD 
e's) n=l 

2 an 

| W(t) 22 (dt =D) bree (tm), (1) 
0 m=t1 


where W ,(z) and W(t) are determined by Eqs. (4), 
z, are the roots of the Hermite polynominal of de- 
gree N, ¢ are the roots of the Laguerre polynominal 
of degree M, a and b_ are the corresponding 
Christoffel numbers. The values of a, and z for 
N<9, and of he andt_ for N<5 were calculated by 
Reiz®. We observe that the coefficients a, and 5 
satisfy the condition 


Tj we 
>» » AnD ail, 


m=Ln=1 


(13) 


Later, we shall have to evaluate approximately 
integrals of the form 


(21) wieree aac 


—oo =-00 


Integrating by parts and applying Eq. (11) we find 


foo} z 


\ 24) (2')¢ (2) de’ } dz = 
feo) N 
— | WG) a@ edz = — B ants Gn) ¢ (20). 


n=1 
12,2) 
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It is easy to verify the same result is obtained if 


we set 
z N 
\ Wi’) 2 (2) dz’ = Dd) an(2)o (en), _ (14) 
—oo n=1 
An (2) x 0 when Z <2», (15) 
GEN VAY a when Z > Zp. 


The primary argument in favor of a method based 
on the utilization of quadrature formulas is that to 
each mathematical approximation here, there corre- 
sponds a completely distinct physical model. 

Actually it is not difficult to see that utilization 
of Eqs. (11), (12) and (14) is equivalent to the re- 
placement of the functions WW _ (2) and W o(p 2) by the 
functions: 


N 
WY (2) = Dy and (z—2n); (16) 


n=1 


— tere (17) 


ve 


M 
We (02) = Dd) bmd(2—p2,); 2? 
m=] 


The physical meaning of the quadrature equations 
(11) through (13) consists in the fact that the real 
motion of the atoms with a Maxwellian distribution 
Eq. (14) is replaced by motion with distribution cor- 
responding to Eqs. (16) and (17). 

The Gaussian method applied for a choice of 
points of subdivision likewise permits of a simple 
interpretation. Let us examine, for example, Eq. 
(11). For points of subdivision chosen according to 
the Gaussian method we obtain, using this equation, 
explicit values for the integrals 

fo) 
\ W, (z) 2" dz 


Oo 


with k=0, 1,2... (2N—1). These integrals repre- 
sent the mean values of the various powers of z, 

i. e., of the projection of the velocity of an atom on 
the direction of the field. The more points of sub- 
division we take, the better will the distribution of 
Eqs. (16) and (17) convey the actual character of 
the motion of the atoms. 

The method of successive approximations used 
by us is analogous to a method developed by 
Chandrasekhar? for the solution of a radiative trans- 
fer equation. In Chandrasekhar’s method, however, 
use of quadature formulas is equivalent to the prior 
introduction of an approximate expression for an 
unknown function (the radiation density), while in 


Vile P eRe 


the method set forth here, the physical model itself 
is approximate. Within the framework of this ap- 
proximate model the problem is solved explicitly. 

We note that in the case where the work done by 
the field over the length of the free path of the ions 
is much larger than the mean energy of thermal mo- 
tion of the atoms, all the approximations lead to one 
and the same exact result. Actually, the various 
approximations differ one from another in the char- 
acter of the motion of the atoms in the correspond- 
ing physical models, but if the field is large, the 
atoms can in general be regarded as immobile. 

Using the quadrature equations (11) through (13), 
in other words, replacing W, and W, in the expres- 
sions under the integrals by the functions (16) and 
(17), we obtain [instead of Eqs. (5) and (8)]: 


f (0, 2) = 2W2(p*) S\ an (2) F (0, 2n) G(p, Zn, 2),(18) 


Fo (9, 2) = », & (Om, 0, Z — Zn) An On. (19) 


n,m 


Here and further on, the summation over n is car- 
ried from ] to N, and the summation over m from ] 
to M. 

In Eq. (18) we replace p and z by p' and z’, mul- 
tiply both parts of the equation by g(p’, p, z—z’) 
p'dp' dz' and carry out integration over p’ and z’. 


Then using Eqs. (12) and (7), we obtain 


te (9, Z) = Sy) F (Om, Zn) On 


x \ an (2’) G (Om; Zn» Zz’) g (Om, (Os a 2’) air aA (20) 


—-0o 


Taking account of Eq. (15), we introduce the nota- 
tion 


Om Qn F (Pm: Zn) = Xmns (21) 
as Dy | G (Ps Zns 2")  (Oms Pas Zs — 2") dz’ =e Che 
Zn 
(22) 


Assigning now the values p, and z_ to p and z in 
Eq. (20) (k=1, 2, ... M; n=1, 2... N), we arrive at 


a system of equations for the quantities Xan 


as >; mn 
Nks = Crs Xmny 
m,n 


which in a given approximation replaces the integral 
equation (5). 
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The homogeneous system Eq. (23) can have non-zero = 


solutions only if the determinant of its coefficients 
is equal to zero. Using Eqs. (19) and (22) and the 
properties of the function g(p’, p, t) we find: 


Seer = fac 


Zn 


(Oras Zn) x) re (oe eal) dz’, 


whence, if Eq. (6) is considered: 


Lege = I. 


(24) 


From the relation Eq. (24) it follows at once that 
the determinant of the system Eqs. (23) is equal to 
zero and, consequently, non-zero solutions exist. 

From Eqs. (23) the quantities x, are determined, 
obviously, explicit up to an arbitrary common fac- 
tor. This factor is found from the normalization 
condition: 


ll rea ododz = 1, (25) 
—c 0 
which, according to Eq. (18) takes the form: 
> Amn Xe ls (26) 
Am = \ G (Om, 2n, 2) dz. (27) 


If one determines ~_ | through Eqs. (23) and (26), 
then it is possible by means of Eqs. (18) and (12) 
to obtain the mean values of the various quantities 
which characterize the motion of the ions. For 
example, for the drift velocity we obtain: 


z= \ | f (e, Zz) zp do dz = > B"" Xmn, (28) 


—oco m,n 


Br \ 2G (0m, Zn, Z) dz. (29) 
2n 


In order to obtain an idea of the closeness of the 
various approximations, we examine the limiting 
cases of small and large fields. In the case of large 
fields (y >1), as has already been pointed out 
above, all the approximations give one and the same 
precise* result: 


= V 2ah |e. (30) 


Equation (30) differs from the formula derived by 
Sena’ by a numerical factor. This is related to the 
fact that in Ref. 1 the difference in duration of the 
free paths of various lengths was not taken into ac- 
count. If this circumstance is considered, then the 
method used by Sena also leads to Eq. (30). 

For small fields (y <1), the coefficients oe Ae 
B™” can be expanded in powers of y and restricted 
to terms of first degree in y. By such means, we 
obtain for the drift velocity : 

In the approximation M=1, N=2, 

In the approximation M=1, N=3, 

In the approximation M=1, N=4, 0 


v, =0.452 4 d/u,, 
a, =0.496 a A/uy, 

VD, =0.481 aK/ts; 
For comparison, we quote values of 0, obtained in 
Ref. 5 for the case of small fields by the method of 
Chapman and Enskog: 

In the first approximation 0, =0.470 a@A/u,, 

In the second approximation 0, =0.481 @/Uuy. 

The case of small fields is the most unfavorable 
for the application of the method of successive ap- 
proximations based on quadrature formulas inasmuch 
as the smaller the field the larger must be the effect 
of the motion of the atoms on the drift velocity of 
the ions. Even in the case of small fields, however, 
the approximation M=1, N =2 already gives a fair 
result for the drift velocity of the ions. 


3. THE AP PROXIMATION N= 2, M =1. 
COMPARISON WITH EXPERIMENT 


Let us examine in more detail the approximation 
N=2, M=1. The velocity distribution of the atoms 
corresponding to this approximation is determined by 
the formulas: 


Wea (2 —— 1}. » [0 (Z — 2;) +6(z+ 2,)]; 


Ze 2: 
Nee iy 


The mean energy of the atoms and the portions of 
it which come from motion along and transverse to 
the field calculated by means of Eqs. (31) coincide 
with the exact values of these quantities. 

In the approximation M=1, N =2, the integrals 
which enter in Eqs. (22), (27) and (29) were evaluated 
for different values of y and the drift velocity of the 
ions was calculated. The dependence of Z on y in 
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this approximation is depicted in Fig. ] on a loga- sults of calculations according to eae The val- 
rithmic scale. Points for which calculations were ues obtained in Ziegler’s experiments “ (energy of 
the ions of the order of ] ev) were taken for the 


BEA Ur cae ai cross-sections of overcharge. 
le 
ca am a ea 


we 40 —— 


ul — a ‘aw 0 200 00 1000 2000 
4 


0 M@ WW yO Lf, V/em mm Hg 
Fic. 1 FIG. 3 


carried out are marked with x's. For comparison 
there are included in Fig. 1 the lines which give the 


From Figs. 2 and 3 it is seen that for all of the 
investigated gases, with the exception of He, there 
is good agreement of the results of the calculation 
with experimental data over the entire interval of val- 


dependence of Z on y in the limiting cases of small 
and large fields. The values of the drift velocity 
calculated from the graph presented in Fig. ] are 
close to the values calculated by Eq. (7) of Ref. 4. 
The maximum difference occurs for the case of small 
fields and amounts to about 10%. 

The results of the calculations can be compared 


ues of E/p 5 attained in the experiments** (here 
P =P * 273/T is the reduced pressure of the gas). 

The reason for a certain discrepancy between the 
theoretical and experimental results for the case of 
He* and He (approximately 30%) is not clear. One 
should note that in this case the theoretical curve 
11 correctly conveys the course of the dependence of 
the drift velocity on E/p). In order to achieve com- 
plete agreement with experiment, it is sufficient to 
take 3x10°!5 cm? as the value of the cross-section 
for overcharge instead of the 4.1x10°!> cm? value 
obtained by Ziegler. 

On the whole, the comparison of theory with ex- 
periment shows that the model of “pure overcharge” 
with cross-section not depending on velocity is a 


with data on the drift velocity of ions, obtained in 
the experiments of Hornbeck }° for He* in He, Ne* 
in Ne and A* in A and in the experiments of Varney 
for Kr* in Kr, and Xe* in Xe. Such a comparison is 
given in Figs. 2 and 3, where the points indicate the 


20 good approximation for the description of the inter- 
J action of an ion with atoms of the same gas over a 
Suhr broad interval of values of E/p 4: 
5 I am genuinely grateful to Dozent Iu. M. Kagan 
cone under whose guidance this work was completed, and 
Te A to Professor L. E. Gurevich for a series of valuable 


comments. 


**In comparing Figs. 2 and 3 of the present work with 
is 10 20 40 & 0 0 00 600 woo * igs. 1 and 2 of Ref. 4, one should keep in mind that the 
Eff, V/cm mm Hg difference between them is related for the most part with 
P the fact that in Ref. 4 values were taken for the cross- 
IG. 2 section of overcharge calculated according to Demkov’s 
formulas’, while in the present work the direct experi- 
experimental data and the solid curves give the re- _ mental data of Ziegler is used. 
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Contribution to Field Theory Involving a Cut-off Factor 
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A study is made of the question of the uniqueness of quantum field theory involving a 
cut-off factor, and it is found that even finite (renormalized) expressions depend on the form 
of the cut-off factor. Examples are given in which the renormalized Green’s function of a 


boson has no pole for finite momenta, but the critical momentum in the charge renormaliza- 
tion can be made arbitrarily large. In this connection difficulties with the vanishing of the 
charge and the existence of a pole in the Green’s function are considered, and also the 
question of the domain of applicability of meson theory. 


1 BECAUSE of the divergence difficulties inherent 

® in quantum field theory, use is often made of 
cut-off factors, which have the effect of reducing 
the part played by high-frequency virtual quanta, 
so as to secure the convergence of the expressions 
occurring in the theory!**. Upon completion of the 
intermediate calculations, the cut-off parameters 
(which play the part of effective limiting momenta) 
are let go to infinity, the cut-off factor (CF) ap- 
proaches unity, and, at least formally, the original 
“not cut-off” theory is recovered. This procedure 
corresponds to regarding a point interaction as the 
limit of a smeared-out interaction. 

In such an approach to the problems of quantum 
field theory there inevitably arises the question as 
to its uniqueness, i.e., as to the dependence of the 
results obtained on the form of the CF used. The 
most important aspect of this question is consid- 
ered in the present paper: do the finite (renormal- 
ized) expressions depend on the CF? 


This question has been given partial considera- 
tion in Refs. 2 and 3, where it was answered in the 
negative; but it will be shown that this conclusion 
was essentially based on the use of CF’s that 
approached unity sufficiently rapidly with increase 
of the cut-off parameter. We consider below a wider 
class of CF’s, for which the problem of lack of 
uniqueness takes on primary significance. 

The study will be carried out in the framework 
of the asymptotic theory of Landau, Abrikosov, and 
Khalatnikov? (cf. also Ref. 4), with a single modifi- 
cation—replacement of the plateau-shaped cut-off 
factor by a CF of more general type (but still very 
close to the plateau-shaped). The basic rel ation- 
ships of the theory are the integral equations con- 
necting the Green’s functions G and D and the ver- 
tex part I’, the integrands being certain combina- 
tions of G, I’, D, and the CF. In the calculation of 
the asymptotic forms at large momenta it turns out 
that essential parts are played not only by the prin- 
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cipal parts of G and I’, but also by terms of the 
next order, which are given by increments of the 
corresponding integrands. For the CF’s under con- 
sideration, contributions are made to these incre- 
ments not only by the increments of the functions 
G andI’, but also by that of the CF itself; this 
fact is indeed the cause of the lack of uniqueness, 
which turns out to be intrinsic only in the integrals 
that diverge quadratically, i.e., for the boson 
Green’s function D. As for the equations for G and 
I’, they give the same results as in Ref. 2. 

In Secs. 3 and 4 the analysis is given for a num- 
ber of cases that occur with various choices of the 
cut-off factors in electrodynamics and in meson 
theory with pseudoscalar coupling. Section 5 is 
devoted to a discussion of these cases from the 
point of view of the well-known difficulties associ- 
ated with the vanishing of the charge and the exis- 
tence of a pole of the D-function. 


2. The introduction of the CF into the theory is 
accomplished by smearing out the interaction, 


A 


S~e\F (p, k, p—k, A)¥(p) A (1) 


(2) > (p — k) d4pdtk +- charge conj. 


for electrodynamics, and similarly for mesodynam- 
ics. Here F is the CF, and A is the cut-off param- 
eter. The CF must satisfy the conditions: 

for A —_> w 


F->1 (la) 


and F (p, k, q) =F (q, k, p). 


The second condition assures the preservation of 
Hermiticity under the smearing-out®. 

It is not difficult to convince oneself that when 
the smearing-out is introduced there must be asso- 
ciated with each vertex of the Feynman diagram (or 
with each vertex-part operator) a factor F depending 
on the corresponding momenta. 

Concretely, the CF is taken in the factored form 
(but cf. footnote *): 


F (p®, R°, (p — k)*) = f (°) F (p?) F ((p—k)?), (2 


where all the functions are real. The cut-off param- 
eters involved are in general taken to be unequal 
for the boson CF, f(k?, Ns and the fermion CF, 
F(p?, A?)), where, following Pomeranchuk, one takes 
‘2 /N, = V > 1. The fermion factor is chosen 
Sidtendshdned: F(p*) = 0 for p? > Ns, and F(k?) = 1 
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for p? < A?, and the boson function is nearly 
plateau-shaped: flk ) f(A*) = g(H*) folA?), where 
folk) = 0 for k? > Aj, folk?) = 1 for k2 < Ai, and 
g(k?) is a function nearly equal to unity, with g = 1 
for A, > » or k > 0. 

3. Considering the asymptotic case in electro- 
dynamics for p » ~ and introducing the notations 
used in Ref. 2, we have 


B (p) 


C(p) = me ie % 


(3) 


M2 


| » is ky k > Ry ky 
Dis (R) = Re E (R*) \Ony ime @ Rk + dy; (R?) : RB | , | 
| 
Here (with the choice d, =0) we shall have 
a=B=1.* | 
The remaining equation for D (here D® is the un- ; 
perturbed Green’s function) 


Dis = Des ca Die Pe Ds (4) 


already turns out to depend essentially on the CF. 
The polarization operator involved, 


Pus (k) = F2 (k) 2 Sp) G (p) Ty, (5) 
x(p, p —k, k) G (p —k) 1, F2 (p) F2(p — 8) ap 


diverges quadratically, which corresponds to the 
appearance of a photon mass. Since this last can- 
not be removed by any choice of a CF of the type 
(1)*, it is necessary to destroy it in a formal way 
— either by introducing a supplementary CF of the 
Pauli-Villars type! or simply by subtracting from 
the expression (5) the quantity es (0), as is done 
in Ref. 2. Both ways give the same result, but we 
shall concern ourselves with the second, as the 
simpler. This gives Pa = 0 for 4? > Aj and for 

he < Ny 


Poy (Bb) = Pus (bk) — Pus (0) 
= ¢ (4) £Sp |G) Pu (p, p, 0) G (p) % F4(p) dp 


eae 

+8 (= Sp\G(p)- Alla (p, p—R AG ©) 
X<(p — k) F2(p —k)] F2(p) dp, +(e) 

= 8? (é) = 8 (0) ate) 

*It can be shown without difficulty that in the case 

d) #0, with plateau-shaped fermion CF and arbitrary 
boson CF, as in Ref. 2, a and 8 have the form of phase 
factors, with a = 1, 
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The first term corresponds to the contribution of 
the increment of the CF to Ee, the second to 
those of the increments of I’ and G (of order /*). 
Equation (6) agrees with the corresponding Eq. (5) 
of Ref. 3, except for the first term of the right-hand 
member of Eq. (6), which was not taken into ac- 
count in Ref. 3. 

The expression (6) must be transverse,* i.e., 


Puy (Rk) = P (R) (Buy — Ru By / Bs 


then from Eq. (4) it will follow that 


d*(k) = 1+ P(k)/R?. (7) 
P (k) = (1 / 2) o (hk) AZ + (ef / 3x) A? In (A2,/ 2). 


Here the factor g?(k) before the second integral 
in Eq. (6) can be dropped, with accuracy up to 
terms that vanish for A+ «. 

For d we now obtain 

e A? ? AZ 
Me (R) =] + ¢ (R) = = 2 = In = 5 (8) 


The cause of the lack of uniqueness of the re- 
sult lies in the second term of Eq. (8); by choosing 
different expressions for , one can obtain differ 


* Strictly speaking, the first integral in Eq. (6) is a 
longitudinal quantity; this leads to a dependence of the 
function d) on the field. But this can easily be avoided 


by taking a somewhat more complicated CF: 
F (p, &, p—k) =F (p, 8) F (p) F (p —&), 


(pk)® 


f2(p, 42) =14+3 Pe 


(A). 


Then the first term of Eq. (6) becomes equal to 
(ee 2m) 9 (R) At es — ky ky / #] 


instead of the value (e?/27) A? p(k) Say for the case of 
the factored CF. Therefore no attention can be given to 
the nontransversality of Eq. (6), if we take p(k) to mean 
not g?(k) — 1, but 


PPR? its = 
soe | (p, 2) — 4}. 


The remark about the nontransversality of Eq. (6) is due 
to A. A. Abrikosov. 
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ent forms for d. On the other hand, it is more con- 
venient in practice to prescribe d and find the cor- 


responding CF. 


A) Let us require, for example, that d agree with 


the usual expression in the regions 


Re Nav WN < expan //e7) 


% . ea 2 
and :A,< hk? < Aj, 


where € is a smal] quantity (it can go to zero for 
Aj, > 5 but more weakly than Aj’). In the regions 


indicated one has the usual expressions 


NE) eee ey era eel i 


2,4 


Here d, = (e,/e)*d is the renormalized d-function. 

In this connection, the charge renormalization re- 

mains as before with all its inherent difficulties.*4 
In the intermediate region 


Nm < h<eAj, 


we take d constant and equal to its value at the 


left-hand end: 


oy) = 14 
(R) =| ln nee 


TT 


am e 
oS (9 Fad a eat 


2 


Ome’ 


oN. 


The corresponding CF’s are found from Eq. (8) 


Qn =k? [ 
cle aval 


from which we have 


(10) 
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9 (8) = Hs 


(2k 3.42) In (k2 / Nm?), 


This example gives d, that has no pole at any 
finite value of &. 

B) Another example relates to the change of the 
limiting momentum, under which, in the theory of 
Ref. 2, there appears the difficulty of the vanishing 
of the charge. We consider a d of the form 


Here 


AOR | 1 — q (e?/ 3x) In (A? / m2), 
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Ro Nm, eA P< Aj 
Nm <k? << ej. 
avy = (12) 
[ 14+4(e/3)In(Ap/e), = A <eA;, 
| 1+ (e/3m)in(AZ/#), ACB CAG. 


Pelt, 


| 1—(e2/3n) In (Rk? /m?) + (e?/3x) (1—q) In (AZ/m2), AR <BR AP, 


We find the corresponding CF from Eq. (11) 


9 (k) = 
| u 
| — 2/5 (1 — q) (R® / A2) In (A2,/ A), Be? 


= 


From this it can be seen that for sufficiently small 
q the critical value of the momentum can be shifted 
as far out as one wishes. 


In both examples the CF satisfy the general re- 
quirements of Sec. 2; the discontinuities appearing 
in them can easily be removed by taking a smoothed 
form of the function d. 

We shall now show that in logarithmically diver- 
gent integrals there is no need to take into account 
the fact that the CF is not plateau-shaped. Indeed, 
for Aj > © 


A2 \ A2 2 
I 2 

max | © (2) In —2 ] ~e— 2-0, 
: m* MN m 


in virtue of 


e In (Aj, /m?*) 0. 


We can now determine for what sorts of functions 
 (k) the results of Refs. 2 and 3 remain valid. 
From Eq. (8) it can be seen that this is so if for 
finite & the quantity 


¢ (hk) (Ap |B) = 9 (lJ Ai, A) (AR / VY 


goes to zero as A, increases. If we introduce 

x = A7?, then for fixed & this condition will mean 
that ¢ (x)/x = dp/dx must vanish for x >» 0. Thus 
the CF will make a contribution to d if df? /d (A) 
either approaches a finite limit (as in the first 
example) or increases (as in the second example). 
The remaining details of the structure of the CF, 
besides the angle of inclination of the tangent at 
k?/\* = 0, such as the curvature, etc., have no 
residual effect on d because of the quadratic diver- 
gence of ee since their contribution vanishes for 
A>, 

As for the calculation of the complicated vertex- 
part diagrams not considered in Ref. 2, in the first 
example, d is equal to or smaller than the corres- 
ponding d in Ref. 3; therefore the estimates carried 
out in Ref. 3 can be used. The same applies to the 
second example. 

4. Going over to mesodynamics with weak 
pseudoscalar coupling and using the notations of 


Ref. 8, 


we obtain for G and I the well known results: ®*4 


(yea 
a= Pp {a 


(14) 
d3 / dé = (3gi/8n) [8 (8) d (®), & = In (2 / m2). 


The equation for d, after renormalization of the 
meson mass, gives: 
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3 2p 
OO=1+on744 \ (2) de 
2 
sate falta hb js 
(8) = 27 2 [et (e) — 1) 
u © 
| =| pr (z)dz, L=In - (15) 
0 


The CF is connected with the relationship, follow- 
ing from Eqs. (14) and (15), 


(16) 


A) Let us consider a problem like the first ex- 
ample in electrodynamics —the destruction of a 
pole in the ordinary charge renormalization. We 
take the function d of the form given by 


LN < exp (47/5g7)): 


[ so L)| OE ey 


ioe = In z 2 ee. Ln, 
gi . 
[ ae ae (ee | Q*ls (L;, — InN), 


(17) 


Qo 


Fa ele oae el OSs 


Here we have introduced the notation 


a= (14 fx) [i+ 2u,—e9). 


The corresponding CF is given by Eq. (16) 


(18) 

0, L,—In(l/*2)<é< Ln, 

InN<ée<Ll,—In(1/e), 
Soin aN, 


where A and B are slowly varying functions of €, 
whose forms we shall not present because of their 


cumbersomeness. 
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B) We go on to the second example — the dis- 
placement of the critical momentum in the charge 
renormalization. We take the function 


a"(:) = (19) 


gi 7 
[ hegre pp Ly) |e (Lies), 


: <a ae 


€ 


a(j1— per], <h,—in b. 


= In 


Here we have used the renormalized charge 


g* = d (0) a (0) 8? (0) v?. (20) 


We prescribe also the charge renormalization 


2 gl 
Giz, [ tye Waly + Ly) | (21) 


and determine by means of Eqs. (20) and (21) the 
quantity d(0), after which we find from Eq. (16) the 
corresponding CF: 


0, Lie eee 


ke Hes 
o? (k)—-l= 21 A2 & Tere 
—'ls L 
x(l—4q)@ (1n =) 
25) 
se = 


In this case, just as in electrodynamics, one can 
find a CF that simultaneously fulfills the re quire- 
ments for the CF of both of the problems consid- 
ered, i.e., displaces the pole in the charge renor- 
malization and removes the pole in the d-function. 
5. In passing on to the discussion of the exam- 
ples analyzed above, it is first of all necessary to 
emphasize the fact of the nonuniqueness of the 
theory based on the limiting process. Generally 
speaking, the lack of uniqueness of diverging ex- 
pressions with respect to the form of the limiting 
process has been repeatedly noted in the litera- 
ture/»? Examples are given above in which also 
the finite (renormalized) expressions depend on 
the type of CF used. This circumstance forces us 


450 D. A. KIRZHNITS 


to proceed with caution to the conclusions of a 
theory that makes use of a limiting process. 

In all of the examples considered above, there 
appeared a difficulty with the vanishing of the re- 
normalized charge [Eqs. (9), (12), (21)],4*? which 
provides evidence of the fact that the present form 
of quantum field theory is not a closed theory.* It 
is, however, also possible to take the view that the 
vanishing of the charge is in itself not an essen- 
tial difficulty that paralyzes the development of the 
theory in its present form. The quantum field 
theory includes in itself the renormalized theory 
and the relation between the priming and renormal- 
ized constants. In view of the fact that only the 
renormalized theory is compared with experiment, 
it would be possible to pay no attention to the re- 
lation between the constants, leaving the difficul- 
ties connected with this to a future theory. In other 
words, the expressions that play the role of the re- 
normalized quantities would in this procedure have 
assigned to them the values that follow from ex- 
periment, despite the fact that in the present 
theory they actually vanish. Such an approach does 
not lead to its goal when a plateau-shaped CF is 
used, because of the appearance of difficulties in 
the renormalized theory itself — besides the van- 
ishing of the charge, a pole at a finite momentum 
appears in the renormalized d-function. 

The situation is essentially altered, as is shown 
by the examples given above, when one uses CF’s 
that are not plateau-shaped. On one hand, the ap- 
pearance of a pole and the vanishing of the charge 
cease to be facts that are coupled to each other. 
Concrete examples have been presented of CF’s 
for which the d-function does not have a pole at 
any finite momentum. On the other hand, the value 
of the critical momentum at which the renormalized 
charge becomes small is also essentially not 
uniquely determined by the theory of Jandau, 
Abrikosov, and Khalatnikov.? Therefore, for ex- 
ample, the conclusions about the supposed inap- 
plicability of mesodynamics already at energies 
~Mc’, which are often drawn on the basis of the 
theory of Ref. 2 and which rest on the fact that 
with a plateau-shaped CF the critical momentum 
~Mc, cannot be regarded as entirely convincing.** 


*In this connection it is of course assumed that 
the approximate treatment of this question actually re- 
flects, even if only qualitatively, the true situation. 

** In electrodynamics, because of the smallness of the 
coupling constant, the critical momentum is very large, 
and there this question appears less sharply. 


| 
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We note that in the examples considered above 
the well known theorem of Lehmann and Kallen 
about the increase of the renormalized d-function 
with the momentum?® is satisfied. In a certain 
sense this provides evidence of the existence in 
the renormalized theory of a complete orthogonal 
system of eigenfunctions of the energy and mo- 
mentum.* One can without difficulty assume a CF 
such that the d-function has no pole and at the 
same time the renormalized charge is finite. For 
this it suffices to consider example (B), where one 
must take q negative (and large absolute value). 
Then the priming charge e, and the renormalized 
charge e will satisfy 


2 2 \2 ‘ A2 9-1 
ey Gi a. e = 
1— |¢| Ino | 1 4+ el ate 


i.e., €; vanishes for A > o, and e reinains finite. 
The renormalized function d. takes the form 


| e k2 
1+ |q|3—In—,, 


m 


poe Ny 


Ri we 


2 
e NS e2 
q Ne + yen 


d= 1+laly 


eh hae 


Moreover, one can choose the CF so that in the 
region of small momenta d, agrees with the pertur- 
bation theory (cf. example A). At the same time the 
correction diagrams of the vertex part are small for 
this case. But in this example the Lehmann-KAllen 
theorem’? does not hold. The question of the su- 
periority of a plateau-shaped CF in comparison 
with that just considered nevertheless remains un- 
clear, since the existence of a complete orthogonal 
system is only a sufficient condition for the Leh- 
mann-Kallen theorem. Therefore, even if one uses 
a CF that does not contradict this theorem there is 
no assurance of the existence of a complete or- 
thogonal system (except for e = 0). 

The question arises of the possibility of finding 
a CF’ such that e would be finite and at the same 
time the Lehmann-Ka4llen theorem!® would hold. 
Within the framework of the approximate theory 
such a CF can easily be found. For this it suffices 
to let q approach zero in the example (B) just dis- 
cussed, in such a way that the critical momentum 


* Attention was called to the importance of this fact 
by I. Ia. Pomeranchuk. 
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will increase with A: q > 0, q(e?/3m) In (A?2/m?) < 1 
for all A above a certain value. Here e; can be 
either finite or infinite. Together with this one can 
choose a function d, with no pole. 

But in the evaluation of the overlapping diagrams 
of a vertex part it is found that in this case the 
“three-gamma” approximation? is inadequate. This 
fact is of a general character. Indeed, if we begin 
with a theory with e # 0 and d, increasing with the 
momentum, then for the diagrams in question we 
shall have the expression [with a = 8 = 1 as in 


Eq. (3)1: 


AZ rN) 
ik? 4 > dk? e A2 
ad \ @ld@p se | Siar >eting 


2 pe 


(d (0) = ]], which is large in comparison with the 
zeroth approximation. The estimates of Pomeran- 
chuk,? which indicated that the part played by 
these chains is small, rested essentially on having 
e? + 0 for A+ o. Thus the applicability of the 
“three-gamma” approximation is fundamentally con- 
nected with the condition e? + 0. 

Therefore the question of the possibility of 
choosing a CF such that the charge does not go to 
zero remains essentially open, because of the lack 
of a simple scheme of calculation in which this 
question could be studied. 
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The production of proton—antiproton pairs by high energy Y-quanta on nuclei is investi- 
gated by a semi-phenomenological method. A knowledge of the asymptotic expression of 
the function of each nucleon is sufficient for the computation of the effective cross sec- 
tion. On the assumption that the nucleus is “black” with respect to the nucleons, the asymp- 
totic expression has been found as a superposition of a plane and diffracted waves. The 
calculations are extended to the case of an arbitrary interaction law between the nucleons 
and nucleus. The differential cross section is then expressed in terms of the amplitude of 


elastic scattering of nucleons on the nucleus. 


1 Fe view of the latest reports on the discovery of 
the antiproton!, it is of interest to compute the 
effective cross section for formation of proton-anti- 
proton pairs, without recourse to the weak coupling 
approximation. In the present paper, a semiphenom- 
enological theory is developed which describes the 
formation of proton-antiproton pairs by high energy 
y-quanta on nuclei; the theory is analogous to the 
one developed by Pomeranchuk? for 77-mesons pair 
production. 

We will assume that the nucleus is, with respect 
to the nucleon, an “absolutely black” sphere of ra- 
dius R (below, we will generalize the results to an 
arbitrary interaction law between nucleons and nu- 
cleus). The wave function can then be determined 
outside the nucleus as a superposition of plane and 
diffracted waves. The probability of pair formation 
is, at small angles between the momenta of the nu- 
cleons and of the y-quanta, totally determined by 
this wave function; this is so because the main role 
is played by distances which are large as compared 
to the nuclear radius. Let us note that in this ul- 
trarelativistic region only small angles are practi- 
cally important, because the cross section falls ra- 
pidly with increasing angles. 

We will assume that the nucleons are described 
by the Dirac equation. The anomalous magnetic mo- 
ment is irrelevant at such large energies of the 
Y- quanta. 

The matrix element for pair production will be 
written in the form: 


M = te Vee \ bs (15) Bee" dr; (1) 


1, = — ipa, (k = 1, 2, 3), peg = S, 
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Here y, are the Dirac matrices, k ,, is the wave vec- 
tor of the y-quantum of frequency w and of polariza- 
tion j (we put h=c=] everywhere), y,, y, are the 
proton-antiproton wave functions, respectively. 
Each one of them can be taken to be a superposition 
of plane and incoming spinor waves*. The expres- 
sion for such a w-function can be obtained from the 
expression for a plane and outgoing spinor waves 
written down by Akhiezer*. Indeed, if we write the 
asymptotic expression for the solution of the Dirac 
equation in the form of a superposition of plane and 
outgoing waves: 


ipr U 
b == vei + f (pb) ——, u= ( CEO ae mn) 
(2) 


§is the angle between the vectors p andr; 4 is a 
two-dimensional angular vector. The solution of the 
same Dirac equation with the asymptotic expression 
in the form of a plane and incoming waves, is easily 
obtained in the form: 


elPr 
> 


wb’ = welt of la (p0) 


P (pi) = 72 0), 


if 


: token 0 
iL,= (0 3 i‘ (3) 
va 
where o, is the Pauli matrix. The spinor v has to 
be substituted by the spinor —io_v. 
Using expression (3) and the value of the ampli- 
tude f, we obtain: 


if ( fa) 7 

imp \\ Var ~vaEi—m) (yy) 
ye xD ips [=~ 551} 
ies Ta 


Oy =e 


dS, = w,e!Pit _ ®,, 
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pamift 2 1 \ 0 <s 
Dy = Use !Pat — a \(r or + taEe m) (Po) Ue 
exp {ips |r — se |} —iper 
ser |, —s.| dS, = Use !P¥ — Dy, (4) 


where p,, E, and Pp.» £, are the proton and antipro- 


ton momenta and energies, respectively. The integra- 


tion over s,(s,) is along a circle of radius R, per- 
pendicular to p , (p ,) and passing through the center 
of the nucleus. 

Let us transform the expressions for the functions 
®, and ®, writing them in the form of a Fourier in- 
tegral 

4 e { fe) \ 

Di grag, \\N ap 2 

exp {— iq, r —s,} 
=P te 


X (PiY) U1 dyds,;; ¢—>0. 
The fuction a will be written in an analogous 
form. 
Let us introduce the angular vectors k» k,. 


Po = P2 Hes coe 
k,+k,=k, (k, —k,)/2 =D. 


Using the condition £ Y oS >>m, where m is the 
nucleon rest mass, we get 


M =e (32n° / 0)" EyEok RS; (RR) iT Ue, 


ae SR etd) om) 
4 ~ ra (rk) (vi) 
eis m2? + Re (vi tig 2P1 ) 


“3 (vk) (vi) (7) 


4 
4p, 
4 i } 

— 13 (x5) (rk) yk) = 70 


The main contribution to the integrals (1) comes 
from distances to the nucleus p ,p /m* w>R, if 
k,~k, <m (see also Ref. 2). The use of the asymp- 
totic expressions for the y-function is therefore le- 


gitimate. 


Let us make a summation of \M |2 over the nucleon 4g, (F,) = 


spins in the final state. Let us also note that, in the 
integration over k and b, the main role is played by 

the values k~1/R and b~m; wherever possible, we 

shall drop terms ~k with respect to terms ~ 0. 
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The effective cross section of the process is 


doy = 2x D)|M}? (2n)dpyzdky dky|F,_[. (8) 


The expression for the cross section contains an 
auxiliary factor F’,_, which is a form factor deter- 
mined by the indefiniteness of the nucleons and 
which depends on the invariant frequency of the 
Y-quantum in the rest system of each of the nucle- 
ons. The form factor contains as well the interac- 
tion between nucleons”: 


m>+-b> ow | me 4-6? 
um PAB 


ae o ib (9) 


where u is the rest mass of the 77-meson (the dimen- 
sions of the nucleon are assumed to be ~1/y). We 
obtain the following expression for the differential 


uM 


cross section of the process: 


2p2 dk J? (kR) db dE Aas A 

Te ae pe Oe ee) 
+ 2FyEs (j xb)? — 2E,E; (ib)*) | F,_P, 

E,+ £,=0, dk=kdkdo,, db=ddbde;: 


Averaging (10) over the y-quantum polarizations, 
we obtain 


eRe dk ah (RR) 


a eee —[m%o.2 + BET 
2m? ke 


(m? + Po 
+ 6? (wo — E,)?]| Fy_ | 


We == 


(11) 


Integrating over k and over the directions of the 
vector b, we get 


bdbdF, 
(m? + 6%)? 3 


ds = ek? [%o? + OPE} (12) 


+O (o— Ey) ia 


Let us note that the differential cross section 
reaches large nuclear values for small angles be- 
tween the momenta of the formed particles and the 
Y-quantum momenta b< m. The integration over EL, 
and 6 can be performed only by letting F, =1. 


oe R2{ Fen 1 ET + (@— Ei) 
; ; 5 3 
2 | me BS i Ke “ (13) 
eS) 2 2 Nay 
x he Me ae Pmax - Pmax dE, 
\ . m+ Bax) | 
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where b_ | ~m and is limited by the condition that 
all the derivation is valid only for small angles. 


The total cross section of the process has the form: 


22 f | tes 
Spans E max ee on at (14) 


o JB 2 m2 
Tae oD 


This integration can give erroneous results be- 
cause, for large values of its arguments (as in our 
case), the form factor can decrease the cross sec- 
tion appreciably. Some properties of the form fac- 
tor, important for the theory, can be obtained by 
comparing the differential cross section with the ex- 
perimental data. If we let F,=1, then it can be 
seen from (11) that the effective angles are 0~m/E. 


Formula (13) gives the energy distribution of the 
formed protons. It has a minimum for E = E,=0/2. 
Let us note that the total cross section for pair for- 
mation turns out to depend neither on the energy of 
the inpinging quantum, nor on the rest mass of the 
formed particles. 

The results obtained for a concrete model of the 
nucleus—the “absolutely black” nucleus—can be 
generalized to an arbitrary interaction law between 
nucleon and nucleus —in analogy to what has been 
done for the 77-meson®. In this case the cross sec- 
tion is expressed through the spinor amplitudes for 
elastic scattering of nucleons on a nucleus. 

The wave function will be written in the form 


by = tye Ee + fi (7194) Cae l, 


‘| ~ iper i par (15) 
Se ae + fo (P28) e"" /r, 
where 6 is the angle between the vector r and 
—p,=1,2. The amplitude f, is obtained from the 
usual spinor amplitude f for elastic scattering, in 
the transition to a converging asymptote®. 

Let us transform to the Fourier representation: 


= el Pil 


fi (7194) Ac oe Vi (q) eu dq; (16) 
1 (q) = (2n)9 \ a (p19,) et 


e- iat dr (17) 


and analogously for f,. The polar axis is chosen 
in the direction of the vector —p,- Making use of 
the smallness of all the angles, we get 


x1 (@) = (2n)*\ F, (0,0) exp té(p, — aq) r 


os ae (O==6%,)" 2| rdrdd 


j 


= (20)? fr (91812) / (G? — pi — 18), = Pond 18) 


Analogously, we have; 


2 (4) = (2%)? fe (22829) / (q? — p2 — fe); © > 0. 

(19) 
Here @,, is the angle between the vectors —p, and 
qv=1,2: 


Let us investigate the integrals involved in the 
matrix element (1). The integrals containing either 


i or f, are: 


\ (fi (p,8 )- 


(ri) use? 


ae fs (029) ——) ea 
=\\ Gi (@) (ri) wget ate (20) 
+ tts (13) Xe (q) ef APT") dq dr 

= py (poh (K) (ri) te + paths (ri) Fe (K)). 


The integral containing both f, and fy has the 


form 


ry er : eb Par eik yr 
\ Fr (P19) —— (ri) Fe (P28) dr 
= %1 (4) (75) x2 (a’) ef “9 TY" dq dq’ de 


=(25)*\ 4 (a) (ri) ze (ka) da. (21) 


We let q= q, +g(k » g)=0. (21) is then rewritten in 
the following fois 


= | gh; (ks+8) (ti) fe (ke—€) 


. (22) 
\ dq, / (gt-+e°—pi—ie) (Jo-+9, P+ g°— pi). 


Let us evaluate the integral over q,. 


Introducing 
the new variable 4=k 1+, we get 


sarees h(n) (ri) fakk— 9) dq. (23) 


We have made use of the fact that the effective 
k~1/R«b~m. The integration over % in (23) is 
performed over the whole surface orthogonal to the 
vector k,. In the evaluation of the integrals (20) 
and (23), the main role is played by distances 
p P»/ Hw >», therefore the use of the asymptotic 
expressions for the y-function is legitimate. 

The differential cross section for the process is 
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2 Sok oes 2 i eat 
ds, x = oo CE -- b?)* P| 2 | pet (15) fa (Id) 
Ae ee X 
ay foe fi (k) (yj) We (24) 


Seppe \ hi OW) (ri) fe (k — 9) dq dB, dk ab 


(EZ |+£,=a). The summation over spins can be per- 
formed in a general form if the functions f, and f 
have the form (we change the notation uw, f,(k), 
where f, and f, are scalar quantities. Then, aver- 
aging (24) over j, we get: 

e2 mew? + D ie -+ Ee) 


272 (m? + b*)? w3 


2 


1 hoe 
lay fh (k) tree alk) 


\ fi (m) fo (k — 4) dy ; | F,_2 dk db dE,. 


pee ok: 
2TPiPo 
(25) 


The distribution in k, i. e., in momenta transferred to 
the nucleus, is therefor model-dependent. 

In the semi-transparent model of the nucleus®, 
using k™1/R «Kk a bog m: 


R 
fi (&) = — ip, \ (1 —exp{ 2, VR? 8) 


0 


K Jy (R51) $,ds; 


R 


j2(2) = ips \ (b= exp 4 


0 


BV zee ie wil) 


X Jo (RS2) $2 d895 


% = %— 2ip,(Ny— 1), aw = x, — 2ips (ng — 1). 
where x and n are the absorption coefficient and the 
index of refraction of the nucleonic wave in the nu- 
cleus. Using these amplitudes, and integrating over 
k and $, we get 
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ds (b,E,) = (27) 
e2 ma® + BEF + 62 (@ — Ey)? 


Te (m? -- b?)2 w? 


35|F,_ |? bdbdE,. 


Here a. is the total elastic diffraction scattering 
cross section for a nucleon on a semi-transparent 
nucleus, with a total absorption coefficient x= % + 
%, and, correspondingly, with a total phase shift 
2p (n i-) +2p, (n o- 1), where the coefficients ] 
and 2 refer the proton and antiproton. 

As a conclusion, I wish to express my thankful- 
ness to I. Ia. Pomeranchuk for the position of the 
problem and helpful advices. 


Note added in proof. In the case of the “black” 
nucleus, the cross section is obtained in the as- 
sumption that the nucleus has the same radius with 
respect to protons as well as antiprotons. If one 
rejects this assumption and assumes that the radius 
is R | with respect to protons and R, with respect 
to antiprotons, the expressions(10) to (14) obtained 
above will be made valid by replacing R by R wit 
Roi). or by R, (if R,>R Ds In the case of a semi 
transparent nucleus, we obtain cumbersome results 
which we do not report here. 
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The propagation of nuclear-active particles in matter is computed from the cross sections 


for the elementary collision act, obtained on the basis of the hydrodynamic theory of mul- 


tiple particle production. 


f toe experimental data! show that the process of 
multiple particle production occurs in nuclear 
collisions in the high energy region (~10/? ev and 
higher). The secondary particles of high enough 
energy can, in their collision with the nuclei of the 
matter, lead to additional multiple production (we 
will call such particles nuclear-active). In this 
fashion not only absorption, but also multiplication, 
of the nuclear-active particles occurs as they prop- 
agate through matter. For the solution of the prob- 
lem of propagation of nuclear-active particles, we 
will start from the expression for the energy distri- 
bution in the elementary act, obtained on the basis 
of the hydrodynamic theory of multiple particle pro- 
duction?’?. We use the following formulas® for the 
collision of a pion or a nucleon with a nucleus: 


ay = C, (aL) -Fexp {— 2/2 Pp Sad YD 
E=Czexp {zl | he (2) 


where dN is the number of particles produced in the 
interval d); \ is a parameter related to the energy 
E of the particle by the relationship (2). Formulas 
(1) and (2) give the particle distribution in a para- 
metric form. The parameter A varies in the range 
Ey 3/254 <\/3L/2. The magnitude L is related 
to the energy of the primary particle. 

As shown in Refs. 1] and 3, the collision of the 
particle with the nucleus can be considered as the 
collision of the particle with a “tube” cut out from 
the nucleus, of cross section equal to that of the 
nucleon; the length of this tube varies between the 
nuclear diameter and a length of the order of the nu- 
cleon’s size. In the center-of-mass system, the di- 
mensions of the impinging particle and of the tube 
are subject to a Lorentz contraction in the direction 
of motion. The quantity e” represents the ratio of 
the transverse dimensions of the system at the first 
instant after the collision, to the longitudinal dimen- 
sions: 


el = (2Mcy(l)/Ete, 74 =f 1 /t+02. 
(3) 


where M is the nucleon mass; Eis the energy of 
the impinging particle in the laboratory system; / is 
the average length of the tube in units of the nu- 
cleonic radius; 


P29 (fen) 1/34) ee 
where A is the atomic number. For air, for instance, 
A=14,8, 1/=2.25. In what follows we will use this 
value of J. 

The coefficients Gs and es in Eqs. (1) and (2) 
are determined by the energy conservation law and 
by the normalization of the number of particles. 

The total number of particles, in the case of the 
collision of a nucleon (or a 77-meson) with a nu- 
cleus, is taken to be?: 


N = kA®™ (E, /2Mc?)*, (5) 
where k= 2. The coefficients C, and C, are equal 
to: 


ps mae 


(6) 


Making use of Eqs. (1) and (2), we assume that the 
energy distribution in the collision with the tube 
does not differ much from the energy distribution in 
the collision with a nucleon. Equations (1) and (2) 
also do not take into account the fact that not only 
7™-mesons, but also particles of different kinds, 
occur in the stars. Furthermore, the nuclons present 
in the tube which collide with the primary particle 
acquire a substantial energy, and are active in the 
further nuclear-cascade process. A production of a 
certain number of antinucleons is also not impossi- 
ble. In the present paper we shall not account for 
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the nucleons, which do not play a very substantial 
role at the very high energies (>1014); we also 
shall not consider the influence of the heavy mesons 
and hyperons — this will be the object of another re- 
port. 

Let us consider now the kinetic equation which 
determines the distribution of the nuclear-active 
particles. If we assume that only 7-mesons are pro- 
duced in the elementary process, we have the fol- 
lowing equation: 


BUND 


, ON 
et =P yt) + 


2° 
PG) r) 


y 


where P(y, t) is the number of particles in the in- 
terval dy, y=In E; t is the quantity of matter trav- 
ersed by the particles. The quantity of matter is 
measured in units of t, where ¢ is the “nuclear mean 
free path” of the particles in the considered matter; 
¥)=in E., where E, is the energy of the primary 
particle. The factor 2/3 is present because not all 
the 7-mesons are nuclear-active. A number of 
7 °-mesons, equal on the average to 1/3 of the total 
number of mesons, decay before any interaction with 
nuclei. The decay of charged 7-mesons is already 
negligible at energies of ~ 10}? ev, and is therefore 
not accounted for by our equations. 

We choose the following for the boundary condi- 


tion for Eq. (7): 


Py, 0) = Be™, (8) 
where Y=1.5—1.75. This corresponds to the fact 
that the nucleons falling on the fh preeaies bound- 
In addition, 
the atmospheric boundary is subject to a cascade of 


dary have a spectrum of power form‘. 


nuclei of different elements, with a predominant part 
of a-particles. 

The solution of equations of the form (7) have 
been obtained numerically by Zatsepin and 
Guzhavin® Dy a modified method of successive ap- 
proximations®. Analogous numerical calculations, 
starting from the expression for the PEO act 

obtained by Fermi, have been performed later’. In 
the present paper we propose to obtain an analytic 
expression for the dependence of the number of 
nuclear-active particles on the energy and depth. 


In the first place, we make the substitution 


Py, t) = eg (y, t). (9) 


Equation (7) then reduces to 


09 (y,1) Cc aN 
— \ © (Yo, De : y Wo , (10) 
”) 
which can be written in the form 
Og (y, t) /Ot = ¥ (pty, 4), (10) 


where J is a linear integral operator. Let us exam- 
ine some of the properties of the operator £. Let us 
assume that the operator £ operates on a function 
which has a power dependence on E£ and an exponen- 
tial dependence on y, i.e.,afunction o(y,t)=Be”’. 
Substituting the expression for dN/dy under the in- 
tegral sign [see Eqs. (1) and (2)], we get 


ELA [Be-*#] = 
tmax iz 
B, \ Ui arene ONUh et aae Vio V ieee =e ie 
a V dnb (V L2 — 22) —a/) 
(11) 
B, = 4/,BI2MC%y (OY “Cs; 


Umtg-= 97036 (y-— In C.), Laas = 147 see 


Equation (11) obviously, has to be completed by Eq. 
(2), which we write in the following form 


Y= Cp OL/6 Pe) er 


It is not difficult to see that the function in the 
exponent under the integral sign of (11) has a sharp 
maximum. Let us recall that the formulas giving the 
energy distribution in the elementary act are them- 
selves derived with exponential accuracy, and the 
factors of the exponentials are determined by the 
normalization conditions. It is natural, therefore, 
to limit the evaluation of the integral (11) to the ex- 
ponential accuracy. Let us expand the function in 
the exponent of formula (11) in a series, around the 
maximum, including terms up to the second deriva- 
tive; the factor of the exponential will be put equal 
to its value at the maximum. We obtain: 
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DBE |eatbe Sen (12) 
4), RA%19 [y (DPV 1 — v2 (vy) V 1 — v2 (xy) —v (y) / 3] Ayts wy) ol RIS (13) 
Cie ts as CMe hs 
Mi ‘ety (yy +V Tv) /3 Aj ieciutied deine 
v(7) = — (2y / 344) + (2y + 1/2) V (27 /3 + 1)? + (2y + 3/0)? at (14) 
(2y + Te)" 1 y/o ail)? 
sey ee (tet hl V Bai) aes 
°C) Sig tvu(y) +V 1 —Vv? (y) VC VaR i (15) 
In the evaluation of the integral in (10), L_. and For the evaluation of the integral, let us make use 
) See have been replaced by—~ and +. The cal- of the assumption on f(y, ¢), and take the value of 


culation shows that the quantity 5(y) for y=1.5-2 
is small, and therefore the factor e®(Y)Y leads to a 
y dependence, small compared to e”” (see Table 1) 


TABLE I 
y=1,5 1,6 1,7 1,8 1,9 2 
S(y)=0,07 0,08 0,09 0,4 0,14 0,12 


It follows from (12) that the operator L operating 
on a function having a power dependence on the en- 
ergy again gives a power spectrum, only slightly 
smoothed with respect to the primary one. Bearing 


this function at the point where the function in the 
exponent has a maximum. We obtain the following 
equation for f(y, ¢): 


of (y, t) (ot =Aly, yf x #), (17) 


> One Y 
NG) = Sens (18) 
y, is the point at which the function in the exponent 
has a maximum. 
y , is related to y by the relationship 


this result in mind, we seek a solution of Eq. (10) Yi = 2d (x) (y— In Cy) + In 2Mc*7 (1), (19) 
in the form 
d (1) = /, + Ae, + V1 — 2 (x) a (ae ee) 
(y, t) = Be f(y, b), (16) 
we will consider f(y, t) as depending weakly on y. Table 2 gives the values of y, and A(y, y) for 
Let us substitute the expression (16) in Eq. (10). y=1.75 and 1.5 and for different y's 
TABLE II 
OO 
y yA 34,9 36,8 39,2 41,4 
| 
: 15° 4075 1,5 1,75 1,5 4,75 me BY Sn al ee 
Yy 34,8 34,8 OMe nae Bo) 80,9 LOR LVS 45 45 
Aly, y) | 0,131 0,06} 0,111 0,048 | 0,095 0,038] 0,08 0,03 | 0,07 0,024 
For the solution of (17), let us make a Laplace 
transformation with respect to the variable ¢: Carat (y, t) dt (21) 


{ E+ Loo 
aoa | 


E— [00 


e”'T (y, p) dp; f(y, p) 


foe) 
0 


Taking the boundary condition into account we ob- 
tain, instead of (17), 
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PIE, Phir ON dar Pl (22) 


It is easy to see that the solutions of this equation 
can be written in the form of the following series 


4 
Sas aut 23 
p—Ai(g;y) co 
es A(y, y) [A(y1, y) —Aly, y)] 
Pp (p= 2 wy) [p= 4 Wry ¥)) 
«e Aly, y) A(t, ¥) [A (yo, yy) —A(y, Y)) 
p? (P—Aw, yl le—4 Ge, y)1~ 
A (y, y) A (1, *): Sees (Yn Y) [A Gna. y) = (Yn y)] 
pip —AG,, VIP —AGia VI 


iy, p)= 


Here y, is related to y, the same way as y, is re- 

lated to y. In this fashion, if y, =y(y) according to 

(19) 
y¥,=%(Y,), ¥,=9(,))---Y,=VY,_,) 


Using the relationship (21) one can compute 


fy Q=foyd+hy, th+feyy,t) +... (24) 
ie ge OY". f(y, y= 
: eA (yn yt _ 4 eA(ynt_4 
SUE aT A (y3. Y) A(y, Y) | 
faly, t) = Ay; 7) A (1, 7) (25) 


Alvar) t 4 


eA(yor)t_ 4 | 
x | A? (Ys, Y) A* (41, Y) 
A(n, ¥ 
= TSEE NN rren ond 


It is easy to see that the series (2) converges. It 
can also be shown that f(y, t) does indeed change 
slowly with y; this justifies the transition from Eq. 
(10) to Eq. (17) for which the function f(y, t) was 
evaluated at the point where the function in the ex- 
ponent has a maximum. 


Let y =32.2 and 36.8 (E =1014 ey and 10*° ev and 
t=10. Inthe first case (y=In 1074) 


fi (y,t) /foly, t) — — 0,09; 
fo (Y, t)/fo(y, t) = —0,02. 


ees 


eS 
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In the second case (y=In 1019): 

fi, £)/fo(y, t) = — 0,069; 

fo (Yt) /To(y, t) = —0,005. 


The function P (y, ¢) can be written in the following 
form [see (9)]: 


P (y, t) = Be-vexp {— [1 — D(x, y, £)] £3; 


D(y, y, t) =t4 Inf (y, t). (26) (26) 
TABLE Il 
is Vi e2.2 y = 36,8 
2 Opals 0,09 
10 () 2 0,08 
15 aut 0,07 


Table 3 gives values of D(y, y, ¢) for different ¢, 
y and y=1.5. For y=1.75 and different y and t: 
D(y, y, t) ~ 0.05. For energies smaller than 1 
ev the results obtained are already erroneous. The 
investigation of the absoprtion of nuclear-active 
particles for these energies will be given in a fur- 
ther report. 
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The following cases of interaction of several fields are considered: 1) N fermion and n 
boson fields with the same coupling constant, 2) two fermion and two boson fields, inter- 
acting with different constants, 3) fermion and boson fields with different isotopic proper- 
ties. In all cases considered the physical charge tends to zero as the extended interaction 


approaches a point one. 


[S articles by Pomeranchuk! it has been shown 
that in pseudoscalar meson theory the inter- 
action constant tends to zero as the transition from 
an extended interaction to the limit of a point one 
is carried out. It was assumed that the result does 
not depend upon the particular way of carrying out 
the limiting procedure, and therefore a special form 

proposed by Abrikosov and Khalatnikov? was em- 
ployed. 

In the several examples, we consider this con- 
clusion is not changed by the introduction of several 
interacting fields. 

1. As a first example we consider N fermion fields 
(all with isotopic spin ’%) and n boson fields (all sca- 
lar or pseudoscalar with isotopic spin 1) interacting 
with each other with the same coupling constant g. 
Ne do not introduce any selection rules, so that 
all types of fermions can transform into each other, 
as can all types of bosons (the problem presents 
itself as a purely methodological one and the rela- 
tion of the fields introduced to real particles is not 
considered). 

It is necessary to take into account the fact that 
virtual bosons (or fermions) can be transformed 
from one type into another. Therefore the Green’s 
function of the bosons D_,, is a matrix, in which the 
indices a and 6 can take on 7 values. The diagonal 
elements D,, correspond to the propagation of a 
boson of type @ without transformation, and the non- 
diagonal elements D_,, to the preparation of a boson 
of type a with transformation into one of type b. 

Neglecting the mass of the bosons, we express 


Dp = Gapi eas 


In view of the fact that all bosons are equivalent 
(have the same charge, differences in mass being 
unimportant in the study of the asymptotic Green’s 
function), all diagonal elements diy are equal 


(dia = d,), as well as all non-diagonal elements 
(dan = d,,a #6). The matrix dab is connected with 
the polarization operator in the following way 

(P is the polarization operator, divided by k?): 


(1) 


dap —- Gos Pe = pic 


From the equivalence of all bosons it follows that 
all elements of La are equal (Pe, = P), Then Eq. 
(1) gives 


d, +4,P +(n— 1)a,P = 1, 


d,+d,P +(n—1)d,P =0, 
from which 


Lei a) 
Lap 


P 


as Tater 


dy = (2) 


We consider now a given boson line of a given 
diagram. To each such line there will correspond a 
factor 


nd, +n(n—1)d,=:nA 


(n cases of propagation of a boson without trans- 
formation, n(n — 1) with transformation). From Eq. 


(2) follows 


Naw its poe (3) 


Analogously, for each fermion line it is necessary 
to write 


NB, + NV (N — 1)8,=NB, 


where f,; corresponds to propagation of a fermion 
without transformation, and B2, with transformation 
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(the fermion Green’s function G is, for large 
momenta, equal to G = B/p). Analogous to Eq. (3) 
we have 


B17 AM), (4) 
where M is the mass operator (divided by p). 

We note that A and B satisfy the same initial con- 
ditions as d and B in the theory with one boson and 
fermion, that is A(L) = B(L) = 1, where L is the 
momentum at which the interaction is cut off. In 
fact, when their interaction is excluded, the par- 
ticles cannot undergo mutual transformations and 
therefore d,(L) = 8,(L) =0. 

Now if we turn our attention to the fact that the 
polarization operator arises from two fermion lines, 
the mass operator from one fermion and one boson 
line, and the vertex part from two fermion lines and 
one boson line, and take into account that all pos- 
sible transitions of one fermion and boson into an- 
other are allowed, then it is immediately obvious 
that the equations for the Green’s function and ver- 
tex parts in our case can be obtained from the cor- 
responding equations of the theory with one boson 
and fermion, using the simple substitutions 


d—A, B>B, [—-IT, g—>WN?ng. 


From this it follows that all conclusions which 
are valid for the theory with one boson and one nu- 
cleon can be automatically carried over to the case 
of many interacting fields considered. 

2. Now we consider the case of different (in mag- 
nitude or in sign) charges. The general form of the 
interaction Lagrangian is as follows: 


=4 = 
L= Dd) Gin tidy. 
i,k 


By using a linear transformation of the fields yi 
it is possible to bring the quadratic form a, Yi, 
l > 


into diagonal form, leaving the Lagrangian of the 
free fermion field unchanged. 


Then 
t= > Qin Ubi9r- 
il 


The further transformation of the Lagrangian 
using the substitution ®, = Xa, 1? 1 leads — in so 
ih > 


far as this transformation is not, in general, orthog- 
onal —to complicated free equations for the boson 
fields and does not simplify the problem. 

We consider the following Lagrangian 


461 
L = 2b a Loatba Pore = Lrathi dre, ss Zorvo'Po- 
(5) 


Looking at the equations for the vertex parts we 
see that it is sufficient to introduce two vertex 
parts 


Ube 


Vidiv2 — ley D bebeo: 


DP osbies a Peeve: = r;. 


From these equalities it follows that the polariza- 
tion operator (and also the boson Green’s function) 
are symmetrical: P;, = P,.. From the equality 


dij + dinPpj = i; (6) 
we obtain 
ay = (1 + Po) ie dy = (1+ Py) AP: (7) 
di» at — P,,A;", 
Py=—1+ Gu AS Po =—1+ Gyh ae (8) 
Pr, = —d,,A™, 
where 
A = dyd2_— dip; (9) 


A, = (1 + Pos) (1 + Puy) — P?,, AA, = 1. 


Symbolically, the equation for I, has the follow- 
ing form (we always consider the problem in the 
same approximation as in Ref. 3): 


= (10) 
1+7,G,1,G,T, (Gud te Eis + 2211822D\2), 


where G, is the Green’s function for the field Wi. 
Just as in the theory with a single field, we obtain 
for high momenta: [The case where the boson field 
has isotopic spin 1 is considered; the arguments of 
all functions are € = In(—p?/m?). The prime indi- 
cates differentiation with respect to €.] 


(11) 
A= (a7B4 / 4x) (giidis + hoes + 221181219), 
ho = (385 / 4) (Gadi ote Bordon + 2800801412). (12) 


aty | oy =—hiy; Oy | X= — ho; 


For the fermion Green’s function we have (the cal- 
culation is completely analogous to the theory with 
a single field*): 


Bi / B: = dh, / 2; Bs / Bs = dh, / 2. (13) 


The polarization operator P,. satisfies equations 
which can be written symbolically 
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PP = » £ij2ij GiGi. (14) 
i=l 
From this we obtain* 
; 4 2 2 2 2 292 
Py =—- = (231810 + Zo1%>89), (15) 
tA 1 n2 : 9 
Pa = — a (50048 ae 2520585), 
: 4 2 ; a2 
Pp = — eer (2118108 Ss Bo28a1 0589). 
Using Eqs. (7)—(9), it is easy to show that 
ING aN ope eina ba (16) 
From (12) we obtain 
a Say) a 4 ae ae Binds F Siatag + 2@ngradyy 
A “1 Pr gyda + Biodan + 28118 12%2 


or, using Eqs. (11), (13), (7) —(9), we have 


hi /N= Shy + 4is (17) 


> 4atasBiB> (211822 — Serie)” A/ (47)? Ay. 


The quantities A, and A, characterize the effec- 
tive interaction of two fermions wi, Wi or Wa, Yo. In 
addition, the interaction of yw, and yy. can be con- 
sidered. We denote by \; the corresponding effec- 
tive charge 


hg = (01%81B, / 47) [211221411 + L128 22420 (18) 


+ (211822 + L12G01) dye]. 


It is easy to verify that 


hy = ihe — ar238 1B (11822 — Zor B12) A / (4z)*, 


hy(Lr)= a 


*We do not give the calculation in so far as it coin- 
cides completely with that in Ref. 4. The only question 
arising concerns “small additions” to the vertex part. 
One can verify directly that, just as in the theory with a 
single field, their contribution is two powers of a higher 
in the expressions for B' and Pi 


ert - i 
14 —(L,—L,)(gtit+e2, + 2+ e2,)+ a (L 
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and therefore Eq. (17) can be written as 


hi) hp OAs (19) 


and analogously 


Ay [he = Dre + 4AR/ Ae, Ag /Ag = 9 (Ad + As) /2. 


(19') 


We note that although four constants occur in the 
Lagrangian (5), only three combinations of these 
constants have physical meaning, as one can show 
by making the substitutions 


Va gh Se Gia Dy = 291i + Li2e¥e 
Ve =e on Dy = adi + Lo2he- 


Also, effective charges X; correspond to these 
three combinations of constants. 

From Eq. (19) it is seen that all derivatives of 
r; are positive, t.e., A, decreases with decreasing 
momentum. 

Following Abrikosev and Khalatnikov? we intro- 
duce two limiting momenta: A, for the integration 
over virtual bosons, and A, for the integration over 
virtual fermions, with L. — L,. =InA /A,, Sule 
The Eqs.(19) are valid oe €<L, and the values of 
A (L,) are initial conditions for them. Just as in 
the theory with a single field, for sufficiently large 
Eg Li, the values of A (L,) must be small. 

In fact, following Ref. 2, we obtain from the 
equations for the polarization operator the follow- 
ing boundary conditions for at at €=L,: 


{ 
Py= noe (Sin a £31) (Lp,—Ly), 
‘t 
’ Poo = — (Gin + B22) (Lp — Ln), 
Py= nee (211812 + Soe8a1) (Lp — Li). 


From this we have, for example, for A,(L,): 


9 2 1 
Hl Berge ge se aaah (Ls — L,) (211822 — £12821)" 


> 


— L,,)? (11822 — 8o1812)? 


m2 p 


from which it is clear, for sufficiently large L, -L,, 


that indeed ACL ;) al 

If A,(L;) «1, then Eqs. (19) are exact in so far 
as the more complicated vertex parts play no role.} 
In order that the physical charge (i.e., the solution 
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of Eqs. (19) for small momenta) tends to zero as 
Ly, > oo, it is sufficient in these conditions that the 
right-hand sides of Eqs. (19) are positive. We see 
that this condition is fulfilled. 

Thus, the conclusion about the physical charge 
being zero still holds in the case considered. 


3. We consider now a mixture of fields with dif- 
ferent isotopic spins. The most characteristic pecu- 
liarities of this mixture of fields will be made clear 
by an example of four interacting fields: the w 
field, which is a spinor in ordinary space and a 
spinor in isotopic space; the Y. field, which is a 
spinor in ordinary space and a vector in isotopic 
space; the ¢, field, pseudoscalar in ordinary space 
and vector in isotopic space; the @ field, scalar in 
ordinary space (it can also be taken as pseudo- 
scalar) and spinor in isotopic space. 

_ The interaction Lagrangian has the form (f% = By%* 
ei} €,jk 1s the completely antisymmetrical 
tensor): 


L= 1st jo; =. ioY ivsY no ji2inj a. gbiY 9. 
(20) 


We denote the Green’s functions of the fields wy, Y, 
y and 6 as follows: 


Gy =8,/p; Gy =82/p; Dy = dy /k®, Do = dy /R?. 


(21) 
It is necessary to consider three vertex parts 
Dyye,; = Fi fe%is Lay V0) = lint {5%} Dyy 6 = TX. 
(22) 


The equations for the mass and polarization oper 
ators and the vertex parts are shown schematically 
on the figure. 

The structure of the equations for a, B and d do 
not differ at all from the theory with one pseudo- 
scalar. If we introduce the following three effective 


charges 


hy = (g1/ 4%) oR id,; (23) 


he == (23 /4t) abpods ; hg = (g3 /4z) heb Ged, 


then the equations for the functions a,, B;, d, have 
the form 


8; /By — 3h, [2 is Ohe) 2) Sys == hy ++ Ag; 


dy | d; = 4 (hi + Ag); dy / dy = 6), 
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Ci, ey = By a A, 
Coe) oven) on UN 
CAC ir) enw NS (24) 


The negative sign of the second terms in the equa- 
tions for a comes from the choice of sign for the 
charges g; and g, (if 6 is the pseudoscalar field, 
then the equations have the same form under a dif- 
ferent choice of the relative sign of g, and g,). 


ZS 
| 


>) 
I 
H 
{ 
' 
0 
t 
t 


4= 


Schematical description of the equations for mass and 
charge operators and vertex parts. Conventions: —— 
field, ---- @ field, ---- 6 field, == Y field. 

Employing Eqs. (23) and (24), we obtain the fol- 


lowing equations for the effective charges 


by [dey = Shy + Ade + Sh3 — 43 ViC ie 
ho | hg = 4hy + 8hg + 2hg — 4s Vos [ha (25) 
hy [hg = Shy / 2 + hy + 2hg/ 2 — 4 VArhe. 


Again using two limiting momenta, it is possible 
to show that the initial conditions for the system of 
equations (25) are AL x) < 1. To guarantee the 
validity of this conclusion, it is only necessary 


that the d‘/d, in Eqs. (24) are positive. 
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From Eqs. (25) it can be seen that if Ai, Az and 
Xs are of the same order, then all derivatives Ai, 
\',, and A} are positive and all charges A, decrease 
with diminishing momentum. If initial values of 4, 
of different order are given at the limiting momenta 
A,, for example, Ax(L,) > AXL,); AsX(L,) ~ A(L,)s 
then as the momentum decreases, A, will grow and 
d, will diminish. Therefore, the point will come 
where the derivative of A, changes sign and dA, also 
starts to decrease. Finally, if Ai(L,) and A, (L,) 
are of the same order and A3(L,) is large, then Ai 
and Az grow and A; diminishes (with decreasing 
momentum). Therefore, the growth of A; and A, 
will become slower, and finally all three charges 
will decrease. 

From this it is clear that qualitatively the situa- 
tion does not differ from the theory with one pseudo- 
scalar field, i.e., all charges tend to zero with un- 
limited increase of L,. 

4. In all cases considered, the physical charge was 
equal to zero after the limiting momentum tended 
to infinity. For this two characteristics are impor- 
tant: (1) the positive sign of the derivative d /d, 
which leads to a small effective charge at the mo- 
mentum A; and allows restriction to the approxima 
tion considered. This sign is a consequence of 
general features of the theory (see Ref. 5) and 
should be positive (the d-function grows) in all] 
variants of the theory; (2) the further decrease of 
charges, for momenta less than A;. This decrease 
of charges occurs in all examples considered, al- 
though the derivative A’/A, in general, contains 
terms of different signs. The case more compli- 
cated than that considered in Sec. 3, namely, the 
interaction of three fermion and three boson fields 
with different isotopic spins (0, %, 1) does not 
lead to a different result. One might think that 
also the second characteristic is connected with 
general features of all variants of contemporary 
field theory. 

We note that we required L_| — L, = In(A /\,;) 
to be large compared to unity, but finite. if weue: 
quire the stronger condition, namely, In(A /\,) > 00 
as A, ~+ oo and Ay, + co, then the physical charge 
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will go to zero also for dN = 0(€< L,) and even for 
NE OF L,), provided only that In(A,/A,,) in- 
creases sufficiently rapidly as a + oo and A; + %. 
If, however, this case actually occurs in some 
variant of the theory, then this signifies that there 
is ambiguity in the limiting transition from an ex- 
tended interaction to a point one. In fact, setting 
A, = A. in this case, we come to the conclusion 
that the physical charge can differ from zero. 

The analysis of the different variants of the 
theory given above shows that the case M<0 
does not occur. 

Thus, the construction of a meson theory with 
several nucleon and meson fields is apparently 
just as impossible as the construction, in the 
framework of modern quantum field theory, of a 
non-contradictory theory with one meson field. 

The author would like to use this opportunity to 
express his gratitude to I. la. Pomeranchuk, who 
suggested the necessity of studying the theory 
with several fields, and also to V. B. Berestetskii, 
B. L. Ioffe, K. A. Ter-Martirosian and L. B. Okun’ 
for discussion of a number of problems touched 
upon here. 
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Equations are obtained for the skin effect in thin films and wires by using kinetic theory. 
A method is developed for the approximate solution of these equations which gives expres- 


sions for the impedance of thin films and wires. 


1 A KINETIC theory of skin effect for bulk conduc- 
*tors was developed by Reuter and Sondheimer?. 
If 1<6,, where / is the electron free path in a metal 

and 6, 1s the classic skin layer depth, then the 
usual or normal skin effect occurs. If 1% 6. or 

l> by the skin effect is anomalous. In the case of 
samples of small size (wires of radius R.< 1 or films 
of thickness h <1), just as in the 6. <1 case, it is 
impossible to the use the normal skin effect theory. 
Hence, the kinetic approach for thin films and wires 
is necessary for direct current?~®. Also the question 
arises of the behavior of small-size samples in an al- 
ternating field. Dingle’ considered the question for 
the optical frequency case, taking only diffusion re- 
flection of the electrons from the metal surface into 
account. The work of Azbel’ and Kaganov® is also 
devoted to this question, where, as in Ref. 7, the 
passage of a plane electromagnetic wave through a 
film is analyzed. Hence, the impedance for this 
plane wave passage is calculated in these works. It 
is also interesting to determine the impedance of 
thin films and wires with respect to the high-fre quen- 
cy current flowing therein. 

Below, we consider the conclusions to which ki- 
netic theory leads for the case of skin-effect in thin 
conductors, i.e., in such conductors as are much 
less thick than the free path length of the electrons 
in an unlimited metal. To be specific, let us visu- 
alize cylindrical wires of radius R and plane films 
of thickness h. 

2. Let us direct the z axis parallel to the wire 
axis (or parallel to the film surface). Let us impose 
an electric field be hee =, directed along the z 
axis, on the sample. The quantity E, is a function 
of the points in the wire cross section. If this func- 
tion is known, then the energy losses in the conduc- 
tor are characterized by the impedance* 


*We use the impedance definition Z=E (P)/I, which 
leads to (1) and (2) under the assumption of field sym- 
metry over the wire cross-section. Consequently, we 
will always select the solutions corresponding to field 
symmetry subsequently. 


P= Rieti xX == (4rin | cu) E(P)y Ete) (1) 
where P is a point on the conductor surface, E' (P) 
is the normal derivative relative to the conductor 
surface, and 


| for a conducting half-space 
C= Y 


2z<R for wires. 


(2) 


for films 


The real part of the impedance R gives the ohmic 
resistance of the conductor and the imaginary part 
X gives the inductance. 

The classical skin effect theory, valid for 1<h, 
1<6,, leads to the following expression for films of 
thickness h: 


(3) 
2riw h Atrio 4 
Cee ee, Memes | 
B= — 21/8) = — Arias, / 0’, 4) 


where og. is the conductivity of the unlimited sample. 

3. As shown in Refs. 2-6, if the lateral dimensions 
of the conductor become comparable to the free path 
length J, the direct current sample conductivity 
(w=) starts to depend on the lateral dimensions. 
For thin films with h <l, we have?: 


l 


3iteh 
In= 


ani N et i eo] 


(5) 
Gi <= lis 


GPcces 1): 


oS = Go 


where eis the portion of the electrons reflected 
specularly from the sample surface. For thin wires 
with R <l, we have?: 

{te 2R 


en) aes OF * Gt aaa 


(6) 


lifes: |)p ac 


4, In deriving the skin effect equations, we used 
the Chambers method® which, being equivalent to 
the kinetic equations method, permits a whole set of 
intermediate calculations to be avoided. The gen- 
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eralization of the Chambers method to the case of a 
field dependent on the coordinates is made without 
difficulty. This method yields for the average ve- 
locity increment (in the z direction) taken by elec- 
trons arriving at a point M from P in the volume of 
the conductor (Fig. 1): 


Av, = na | YEO e-silds+ 


(7) 


—a|l 
bil 


\E (s) ens! ds}. 


{— ce 4 


where a=P¥ and the same notation is used as in 
Ref. 5. If E is independent of s, the result of Ref. 5 
is obtained from (7). 

The expression (7) permits the current at the point 
M to be expressed through E_: 


i-(M) = \ vdod 2 ev, So Av, (8) 
Zz 
i 
! 
b 
p 
M 
Fic. 1 


where f, is the equilibrium distribution of the elec- 
trons in the metal. Substituting (8) in the equation 


for E, 
AE, + (w/c)? E, = (4riw/ oie 
we obtain an integro-differential equation for E 


Let us give the final form of the equation. For films 
of thickness h: 


(9) 
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o 
e hell ch oe 
(eet l 
1 


For wires of radius R 


Nad 
(= (3 


27 R 
aE 4 dE o* r. oT \ 4: \é A 
rp a ee Cc 2 nd2l tt ( ) 
0 0 
x [er it —r')) Heme Gr— er’ dr’, 
(11) 
| 2 ie r eae Oe 2 r 
nora femva=T4 = 25,(4) 
1 
DN Ci Nts pp fe 
92 (Ee fa \ (eee ele Vt | rE 
: (12) 


In the expressions (12), S, is a function introduced 
in Ref. 4, r andr’ are points in the wire cross sec- 
tion, b is the length of the chord drawn through r and 
r’, b—a and a are segments into which the point r 


b 


wai 


Fic. 2 


divides the chord (Fig. 2). We neglected the relaxation 
time in deriving these equations. The relaxation time 
can be taken into account if 1/(1—iqw‘) is written 
instead of J in (10) and (12) for P; and Po: We will 
neglect the quantity mt in comparison with unity 
below. 

5. Let us turn to the solution of the equations ob- 
tained. Let us first analyze Eq. (9) for the thin 
films. This equation is easily reduced to the inte- 
gral equation 


h 
1B Gare cos 2 (x — 5) + a \K (XE) dx: 
0 
(13) 
K(x, x) == \ sine (xd) [e,(¢— x) 
h)2 
4. 20 (t — x’) dt. (14) 
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It is easy to be convinced of the equivalence of (9) 
and (13) by calculating the quantity E” +(@/c)2 E 
using (13). This quantity gives the right side of (9), 

While the kernel of the original equation (9) would 
have a logarithmic singularity at x=x', the kernel 


of Eq. (13) is bounded. If 
3ih 
2321 


eo 


eed (15) 


max C(x, x’) 


| 


Eq. (13) can be solved by an iteration method. Put- 
ting cos 2 (x- 4)=1 in the h «c/w case, and tak- 


ing E ,=1 for the zero approximation, we obtain 


(16) 


Substituting (16) in (1) for the impedance, we find 
the latter as the ratio of two power series in the 
parameter (15). In its turn, this ratio can be expand- 
ed in a power series in the same parameter. The 
first term of the expansion is independent of the 
field frequency w and gives the ohmic resistance of 
the film to direct current: 


(17) 


ee (ae ene te { 
pee (ie 2) ‘es dt] Raees. 
2 ge Oa ae oh 
1 


This expression is equivalent to that obtained ear- 
lier by Sondheimer®. It can be used as a definition 
of the film conductivity o in a direct current. The ex- 
pression (5) for o is obtained from (17) for h<l. 

The evaluation of the next terms of the expansion 
of Z in powers of the parameter (15) appears to be 
somewhat complex. Let us give the results for the 
case of purely diffuse (e=0) and purely specular 
(e=1) reflection for h<l. In both cases, 

Li Lol) -— (ened 12 a], (18) 
where Z is defined by (17) and k by (4) if oy is re- 
placed by o(e) according to (5). It is easy to see 
that the parameter (15) is the square of the ratio of 
the film thickness to the depth of field penetration 
into an unlimited sample with conductivity equal to 
the film conductivity. 

As is seen from (3) and (18), the first terms of the 
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impedance expansion in the normal skin effect case 
(h, o> l) agree with the terms of the impedance ex- 
pansion for thin films (kh «l, o> 1) with k replaced 
by ky: The region of such “quasi-normal” skin effect 
in thin films appears to be broader than the region 
of normal skin effect in bulk conductors. Higher 
terms of the impedance expansion in powers of kh 
were not calculated. It should not be expected that 
the coefficients of the expansions (3) and (18) 

will agree exactly. As will be clear from the sequel, 
it can be imagined that they will be close in order 
of magnitude. 

6. In order to determine the impedance at higher 
frequencies, it is convenient to use a less exact 
approximate method of solution which we will illus- 
trate first by an example of a metallic half-space 
(a problem analyzed in Ref. 1). In this case, the 
skin effect equation is (for simplicity, we consider 
the reflection to be diffuse): 
foo] 
| a (¥— 9) EY) dy. 


0 


. @? ow - 
E Fat =F 5 (19) 
As is seen from (19), the current intensity at the 
given point x is determined by the whole region near 
this point. The effective distance characterizing 
the size of this region equals (in order of magnitude): 


a 


3 


is \ oy (x) xdx /{ o,(x)dx= 21 (20) 
0 


8 
0 

[see Eq. (10)]. In order to determine the impedance, 
we must know how the field itself behaves in the 
depth of the metal, even if values of the field and 
its derivative on the metal surface are essential. 
In the region close to the metal surface (x =0), 
satisfies the equation 

E"+-4-E= =| 0 (y) E (y) dy. (21) 

2 821 
Let us replace the kernel Py (y) by a function 
which equals a certain constant # in the limits from 
0 to AL Eq. (20)] and which becomes zero outside 
this range. Then (21) becomes: 
A 


wo? 3i3 
Pe te NE a 
le oe 8 air ) (y) dy 


(22) 


This equation admits of a solution E(x) =e7**. Sub- 
stitution in (22) gives an equation for £ 


h2 + w2/c? = (3 i8/2 880k) (1 —e-3 #8), (28) 
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If kl | <l, i.e., if the field attenuates at distances 
much larger than the free path length /, then (23) be- 


comes 


h? + (w/c)? = 9 iB/1699. (24) 
Inasmuch as the classical skin-effect theory is valid 
1 the right side must be equal to 21/52. 
Hence, we find: 


in this case 


8 = 32/9. (25) 


In the other extreme case, we obtain for |k/ I> ile 
neglecting displacement currents: 


b = (161/322) = (V3 + i) (2/380/)", (26) 
from which the impedance is 
Z = Anieofctk = (1 + iV 3) (Bx%lw%/40,c4)'*. (27) 
According to exact theory, 
= (17/3) (V3 xlw*/o,c4)". (27a) 


These values are very close. If both A and B are 
considered as adjustable parameters, then exact a- 
greement is obtained with the Reuter-Sondheimer 
theory for 


R=V3ljo, 8 = 8/3 V3. 


It is understood that the agreement with exact theo- 
ry can hold in the two extreme cases: Al | >] and 
| kl | K1 since the exact solution is slightly differ- 


ent from the exponential e”** 


(see Ref. 1, Appendix III). 
7. Let us use this rough theory in the thin film 


only in these cases 


case (h</). In this case, we can again write (22), 
where the film thickness fh should be substituted as 
the upper limit of integration instead of A[ Eq. (20)]: 


fi 


\ E(u) dy. 


2 
285 3 


Boe (28) 


Let us look for the solution as E =cos k(x —h/2). 
Substituting this function into (28), again neglecting 
the term w2/c? in comparison with k?, we obtain 


R® cos (kh/2) = (318/25) sin (kh/2). (29) 
Hence, for |kh| <1, we find 
h2 — 318h/2Q091. (30) 
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As in Sec. 6, the constant 6 can be determined by 
requiring that the impedance agree with (17), obtain- 
ed in Sec. 5 by the iteration method, w+0. This 
yields 


(31) 


ney 2 (4 _ 1\ 4-e 
——) Te (1 ae 2) | (zs = ae ce elt dt. 
1 


Inthe |kh|>1 case, we find 


b= 1), (V3 i) (38/830)". (32) 
In this case, we find for the impedance 
= (1 +i V3) (x2w2h/4ac4)", (33) 


where o is the static conductivity of the film of 
thickness h. 

An approximate expression can be obtained from 
(27a) by replacing / by h and a, by o therein. 

8. Simplifying (11) for thin wires (R Su by the 
same method, we obtain: 


G25 egole: «? 


33 
dr ais r dr + 


27821 Se) 


Er) are 


aT 


We look for the solution of this equation as E(r) = 


Ka (Ar), Substituting ibe (kr) in (34), we find: 


R 
Bie 
=< Ja (Rr') dr’. (35) 
0 
Hence, again neglecting the quantity w?/c?, we ob- 
tain for |kR |<«1: 


he? = — 3iB R/2no,!. (36) 


Just as in the thin film case, we determine the con- 
stant B from the condition that the impedance at 
zero frequency should give the known expression* 
for the resistance of a thin wire. This yields 


A Anlo 8x 1+ s« 

: 3Roy 34—e (es): (37) 
Hence, we obtain for |kR | Sl 

y A+iV3 /2r2e2R \h 

Z 2R ( C40 ) : (38) 


9. Let us discuss the results obtained. The param- 
eter characterizing the skin effect in the conducting 


SKIN EFFECT IN THIN FILMS AND WIRES 


half-space case is the ratio 1/8, where 5. is the 
classical skin layer depth. As alone from our com- 
putations, the critical parameter in the thin conduc- 
tors case is the ratio of the size of the conductor 
cross-section (film thickness h or wire radius R) to 
the depth of field penetration in a bulk conductor 
with the same static conductivity as in the thin con- 
ductor. Namely, if the depth of field penetration is 
large in comparison with the film thickness or with 
the wire radius [see inequality (15)], the analog of 
the classic skin effect holds with the difference, 
however, that the conductivity is determined by (5) 
and (6) in the thin conductor case. In this case, the 
field and the impedance can be found by a power 
series expansion in the parameter (15). As is easy 
to see, the real part of the impedance (the ohmic re- 
sistance) is expanded in even powers of the fre- 
quency @ in this case, just as in the classic skin 


effect case, and the imaginary part of the impedance, 


in odd powers of w. The expansions for thick and 
thin films agree to the accuracy of terms of order 
(kh)? (with the difference that ko replaces k in the 
thick films case), The order of magnitude of the 
next terms of the expansion can be determined by 
using an approximate method explained in Secs. 6, 
7 and 8. According to this method, the impedance of 
a thin sample can be obtained from the expansion 
(3) if we speak of a thin film and from a similar ex- 
pansion for a wire, by replacing the conductivity of 
the unlimited sample a, by the conductivity of a 
thin conductor o. Hence, the normal skin effect 
theory can actually be used to estimate the imped- 
ance of thin samples in the frequency band under 
consideration. Let us note that the frequency band 
where such a quasi-classical skin effect occurs 
appears to be much broader than the region of clas- 
sical skin effect in bulk conductors. Actually, con- 
dition (15) for a thin conductor or the corresponding 
condition |kh |<«1 ( |kR | <1) in the approximate 
method, is satisfied, as is easy to see, for a much 
larger frequency band than in the bulk conductor. A 
case is even possible when anamalous skin effect 
conditions are not generally realized in thin conduc- 
tors. This occurs when condition (15) is violated at 
such high frequencies for which it is impossible to 
neglect the relaxation time and to take the relaxa- 


tion time t into account yields a condition analogous 


to the inequality (9) of Ref. 1, i.e., again the clas- 
sical skin effect condition. 
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When there is an anomalous skin effect region (as 
always occurs if the conductor is not too thin), the 
impedance of the thin conductors is expressed by 
the approximate formulas (33) and (38), In this case, 
the impedance depends on the thickness of the film 
wire. The impedances of thin wires and thin films 
are, respectively, proportional to 


eC ae 


The impedance of a thin film depends on h as ha and 
the impedance of a thin wire is proportional to R-4 
for w=1, a=o.. The skin effect in a thin film was 
analyzed Soles by Ginzburg?, where Con o5 yh/l 
with y~ 1 was assumed for the thin film. As is clear 
from the above, y=In (//h). 

It is impossible to compare the conclusions ob- 
tained with the results of Dingle’ and Azbel’ and 
Kaganov® since they determined the impedance for 
the passage of a plane wave and not for a current 


as in the present work. 

The author thanks V. L. Ginzburg for formulating 
the problem and for many discussions, V. P. Silin 
for discussions and also M. I. Kaganov for a number 
of interesting remarks. 
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Various problems pertaining to the theory of extended particles are examined in the case 
of the classical (non-quantum) theory of interacting dynamically indeformable extended par- 
ticles. Although the structure of the theory is wot of the Hamiltonian type, a formulation in 


Lagrangian variables x); X;,; Ay; A, 


as well as Hamiltonian variables X;; Pp; A,; T™, can 


be given. The possibility of a many time formalism is examined and the latter is found to be 
non-unique. However, in none of the cases was a transition to a single-time theory found 
and the system of equations of motion was found to be inconsistent. 


1. LAGRANGIAN AND HAMILTONIAN 
VARIABLES. 


ING soos attempts to formulate a theory of ex- 
tended particles are described in literature }-8, 
The search of possible ways leading in this direc- 
tion is carried on up to the present time’8, In the 
published works, however, the conditions of rela- 
tivistic invariance are not sufficiently well formu- 
lated. The present work has for its aim the investi- 
gation of possible covariant formulations. 

It is easy to obtain the equations of motion of the 
particles and of the field from the action princi- 


ple?>4; 
+00 
mjduja/ds; — wip \ F*® (x) G (x — x;) dx = 0; 
Ph i a (1) 
0? A. (x)/Ox,Ox" + >), e; \ G (x — xj) Ujzds; = 0. 
a (2) 


In contrast with the local interaction theory, where 
the equations of motion of the particles and of the 
field can be obtained from tha action principle 
os =| 8L (Os 0. (3) 
with the function L(t) defined in a unique way (with 
the exception of an irrelevant divergence), in a non- 
local theory the expression under the sign of integral 


in Eq. (3), that is, L(t), can be represented in two 
basically different forms 


S=\Lili)dt=\(e.() + H(Hat; 


£; (t) = Si, evr (t) | Ay (x) G (x — x1) dx; (5) 
L(t) = Di er \ Ay, (x) d3x \ vt (t) G (x — x; (2)) de, 
(6) 


where J (t) is the Lagrangian of the non-interacting 
particles and the field. 

Making use of L ,(t) we can obtain the equations 
of motion of the particles, but it is impossible to ob- 
tain the equations of motion of the field, since 
54 (t)/5A,,(x)=0. Using L ,(¢), on the other hand, 
we can obtain the equations of motions of the 
field but, since dL‘ (t)/dv,=0, it is impossible 
to obtain the equations of motion of the particles. If 
we formally assume that the terms bL5(0)/5A4, and 
dL (t)/dv, in the equations of motion vanish, then 
these equations can be written by means of one func- 
tion Le) =L (a +Lt () +L, (t). In this case, how- 
ever, J does not approach the Lagrange function of 


the local theory # (¢): 

H (t) = (7) 
ee | Ao (x) G (x — x;) dix Sep yaad 

— >) e; \ Ay (x) oF (t) G(x — xj) Bxdt+ H, (t); 


vi (t) =P; (x)/V P?+ ms of = 1: 


P;=pi—e; \A (x) G (x—x;) dtx, 


(8) 


where y(t) is the Hamiltonian of the free electro- 
magnetic field. 

We shall further determine the Hamilton system of 
equations by means of a well-known procedure. In 
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these equations, the dynamical variables x5 P;; 3A 
7 , tend to the corresponding Hamiltonian varisbleet 
of the local theory as +0; they can therefore be re- 
garded as their generalization. Both in the “Lagran- 
ge” and in the “Hamilton” equations, however, the 
dynamical variables are taken for different moments 
of time, and the state of a physical system at the 
time ¢ does not determine, in a unique way, the 
state of the system at the time + 5¢.!° The func- 
tions L(t) and H (t) are only auxiliary functions and 
are useful for the study of the relativistically invar- 
iant generalizations of the theory. 


2. MANY-TIME FORMULATION OF THE 
EQUATIONS OF MOTION. 


A relativistically invariant generalization of the 
theory can be obtained within the framework of the 
many-time formalism of Dirac, Fock and Podolsk?*. 
For this purpose, we shall generalize the Hamilton 
system of equations known from the local theory, 
making use of Eq. (7) in the following way: 

Op:/Otj = — 0H; (t))/Ox;; Ox;/At; = AH; (t))/Op::; 
(9) 
OP}, jot; = 


— dH (t)/AQk; AQK/Ot; = 0H; (t;) /APk:(0) 


Ht} = 0;\ Ao (x) G (x — xj) dx + V Pi + mia) 


H} = — 0)\ Ay (x) x \ of (4) G ( — x) (=) des 
(12) 


Ae) 


Di {FE Pi cos (kx — kt) + Qk sin (kx — Ar) }, 


(13) 


v/ being determined by Eq. (8) . 
Clearly, we have 


a2 A" (X)/aX, AX” = 0, (14) 


where X={X, T, Z, T} are the space-time coordi- 
nates of the field. 
Equations (9) and (10) can be written in the form 


m,duj /Os; = ei; juiy | FYY (x) G (x — x;) dix 
— e¢;\ uf (s)) G (x — x) D 


&x(* — xi) Bxds;/V 1 — 02, where x) = t; (15) 
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dA* (x)/di; =e; \ u'* (s;) D (x’ — x) (16) 


X G(x’ — x;) d3x’ ds;,where x) = t;. 


Since for any relativistically invariant function we 
have G (x)=fg (k2)etkxq4), and for any function B (x) 
fulfilling Eq. (14) the following identity is true 


\B (x') G (x — x’) d4x’ = B(x), 


then the expression (11) does not differ from the 
Hamiltonian of the local theory, and the first term 
of the right-hand side of Eq. (15) can be written in 
the form* 
Croylliyk Ava ig, toe 

It is important to note that the system of equations 
(9) and (10) [or (15) and (16)] is not the only pos- 
sible many-time generalization of the single-time 
equations. For example, the equation 


dA® (x)/dt; = ex\ ul (s;) D (xi — x’) 


x G (x’ — x) d®x’ds; etc. 
may be chosen instead of Eq. (16). 

In all cases, however, the conclusions of Sec. 3 and 
4 remain in remain in force. 


3. IMPOSSIBILITY OF TRANSITION TO 
SINGLE-TIME EQUATIONS. 


In transition to a single-time theory, it is neces- 
sary to take into account the fact that, for an arbi- 


trary function R (x; bys bos oes ), we have 
dR (x)/dt = 
{(d/aT + Dj, d/dts) R (x; ty; tas. Jae 


Putting R (x; tise. .) =dAP (x; ties. )/dT we obtain 


making use of Eqs. (14) and (16), 
OA” (x)/Ox,Ox” (17) 
eee ei \ ul (t;; t) G (x — x; (t,)) ds; = 0, 


ut (b3; i)= uj (ty; fase ieee 


where 


The resulting equation does not coincide with Eq. 


*This cannot be done if the form function depends on 
any four-dimensional vectors characterizing the system of 
interacting particles or their internal structure. 
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(2), since it is not permissible to equate ¢, with t 
under the sign of integral. In an analogous way, for 


the Eq. (15), we obtain 
Pegi )Gin xd? x18) 


= ejlliy F*” (xi), 


mjdu¥ /dt = eittiv\ F 


which is different from Eq. (1). If we determine the 
first term on the right-hand side of Eq. (15) as fol- 


lows: 
oii; \ iy (Si) G (x — x; (si) FP” (x') ds, dby’: tps bh; 


then, in transition to the single time theory, Eq. 
(15) will be different from Eq. (18) as well as from 
Eq. (1). 


4. CONDITIONS OF CONSISTENCY OF THE 
MANY-TIME EQUATIONS. 


Similarly to the case of the theory dealing with 
point particles, the system of equations of motion 
can be integrated only if the Bloch conditions are 


fulfilled. From Eq. (10) and (15), we obtain, for i ¥j, 

mjO?P;./ot ot; = (19) 
— ee; a (kx — kt;) oF (*’) V =v? (0)? 

x G(x — x; (9) D(x! —%)(@)) G  — 2: (7) 

x d? (xx") d (<*"), 

where 


XH lA AHA. 


The expression for oPE fot dt. we can obtain from 
Eq. (19) by exchanging the indices i and j. It can be 
easily seen that, for G (x) #6(x), the Bloch condition 


is not satisfied: 
0? Pi. /ot dt; — O?P}, /dt jot; ==). 


The actual choice of the generalization of Eqs. (1) 
and (2) in the form (9) and (10) does not impair the 
generality of discussion. Repeating the procedure 
analogous to that which leads to relation (19), i 
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can easily be seen that the presence of a form- 
function, even if only in one of the equations of mo- 
tion, which does not vanish in accordance with Eq. 
(17), always leads to an inconsistent system of 
equations.* 

In conclusion I wish to express my gratitude to 
Prof. D. I. Blokhintsev for his interest and valuable 
advice, and to Prof. M. A. Markov for interesting 
comments concerning the various problems of the 
theory with the form-factor. 
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*The attempts to obtain a covariant Lagrange or 
Hamilton system of equations by the method of Pauli** or 


by the generalized Young-Feldman method’? have also 
been futile*® 
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The electron-loss probability for fast multiply-charged ions moving in a medium is consid- 
ered. It is assumed that the loss probability depends only on the ratio of ion velocity to 
electron orbital velocity. Using this assumption, it is possible to compute the effects of 
electronic interactions between fast ions and matter by summing over individual electrons 
of the ion. Results of calculations of the mean charge, equilibrium charge distribution, 
specific ionization and range in air are presented for helium, lithium, beryllium, and nitrogen 
ions. The computed values are found to be in good agreement with the available experi- _ 


mental data. 


iG analyzing the effects which arise in the passage 

of multiply-charged ions through matter, it is usu- 
ally assumed that those electrons, the velocity of 
which is below a certain given value, are completely 
stripped while the remaining electrons remain with 
the ion, that is, the probability for electrons loss 
changes sharply at a given electron velocity. In the 
original theory, as given by Bohr 1 it was assumed 
that v/v,=1. Here v is the ion velocity for which the 
probabilities for electron capture and electron loss 
are equal and v, is the orbital electron velocity, 
calculated on the basis of the Fermi-Thomas model. 
As more experimental data became available, the 
original Bohr criteria were refined. Thus, Branning, 
Knipp and Teller?’? have taken v/v, =y. However, 
y is determined experimentally, and the values of 
this quantity in different ions and in a given ion are 
a function of velocity. 

It is of great interest to find more general criteria 
for determining the electron-loss probabilities for 
fast multiply-charged ions. Starting from the fact 
that the interaction energy between individual elec- 
trons within the atom is small compared with the 
electronic binding energy, and neglecting the screen- 
ing of inner electrons (this last assumption is some- 
what debatable, especially for K-electrons, but is 
justifiable for strong ionization), we propose the 
following. 

1. The probability for the loss of a given elec- 
tron P, depends only on the ion velocity v and is 
independent of the loss of other electrons: 


P= (0) 


2. The function P (v/v,) is the same for inner and 
outer electrons of all atoms. Here, v, is the electron 
orbital velocity. Although the velocity of the elec- 


tron depends on the degree of ionization, in what 
follows we will use the constant value v, = V2l/n 
derived from the ionization potential for a given elec- 
tron /. 

The form of the function P (v/v,) can be obtained 
from measurements of the mean charge of ions of 
atomic hydrogen as a function of velocity, that is, 
the case of ions with a single electron. The func- 
tion P (v/v,) for hydrogen ions is somewhat different 
in different media. In the following analysis use 
will be made of the function P (v/v,) measured in 
air*-®. For the hydrogen ion v, =v, =e7/h=2.19x 108 
cm/sec. 

The ratio of the electron-loss cross section for a 
given level to the capture cross section for the same 
level may be written in the form 


[oe oe? Uy 


oO 
loss ca 


(1) 


that is, this quantity also depends only on the veloc- 
ity of the ion. Gluckstern”’ has determined the elec- 
tron-capture and loss cross-sections for multiply- 
charged ions experimentally and has also calculated 
these quantities on the basis of the F'ermi-Thomas 
model; however, in the work of this author these 
quantities appear as cross-sections summed over all 
electrons in the loss case and over all unfilled lev- 
els in the capture case and the present analysis does 
not apply directly. 

In a multiply-charged ion the loss probability for 
each electron, P, can be obtained as a function of 
velocity by multiplying the abscissa P (v/v,) by the 
corresponding orbital velocity for the electron v,. 

In this case, the density of the medium must be such 
that the time between charge-exchange collisions 
does not allow reforming of the electron shells®. 

Using these assumptions it is possible to calcu- 
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late the mean charge Z, the equilibrium charge dis- 
tribution ®, the specific ionization dE/dx and the 
range R of multiply-charged ions as a function of 
velocity. Below, we present the results of these cal- 
culations for helium, lithium, beryllium and nitrogen 
ions and certain values for oxygen and fluorine ions. 

For a given velocity the mean ion charge is found 
by summing the loss-probabilities over all electrons, 
that is, 


z=)) Pi. (2) 


i=1 


In Fig. 1 is shown the dependence of Z on velocity 
for the ions He, Li, Be, and N. In this same figure, 
we plotted the experimental values of Z for helium 
in hydrogen, air, and mica and for nitrogen in nickel, 


§ 10 GaN LO ae 


sec. 
FIG. I. Dependence of Z on velocity for He, Li, Be 
and N ions. A measured values of Z for helium ions in 
hydrogen, air and mica’’°. Measurements of 2 for nitro- 
gen ions: + in nickel, o in thin organic films'?, @ in 


in the thin organic film, in Formvar and in nitrogen. _‘Formvar"®, x in nitrogen’. 
TABLE I 

fon Nios (o- pee 
V.10° cm/sec. 14,3 ASN 13,2 14,3 8,6 14,3 
Z experimental. 5,49 5,40 5,30 6 , 22 4,86 6,63 ° 
z calculated from Eq.(2) 9,73 5,65 5,08 6,38 4,86 6,94 
Z calculated in Ref. 12 5,88 5,86 0,84 6,78 5,68 7,63 

using assumption “a”. 

The same using assuption “b”.| 5,26 Dy By, tP 0,83 4,52 6,36 


Table 1 shows values of Z as measured in a thin 
organic film for N'4, O1® and F}9 ions}? and as 
calculated from Eq. (2). For comparison purposes, 
in this same table are given values of Z calculated 
in Ref. 12 on the basis of the Fermi-Thomas statis- 
tical model under the assumptions that a) the elec- 
trons with smallest binding are stripped and b) the 
outermost electrons are stripped. 

The equilibrium charge distribution ®., that is, 
the fraction of ions with a charge i, is found by sum- 
ming the quantities ~ ,—the fractions of ions with 
charge i for different fixed configurations of the re- 
maining electrons j. 


®O; = 17 = Dy (TL Ps TL —?o) (3) 
j=1 j=l keg 


For example, we obtain the following expressions 
for the equilibrium charge distribution for lithium 
ions 


D5 = (UP) (FP) 

®, = P; (1 —P,)\1— Ps) Pa a ae) 
+ Ps (t= Pi) (EPs 

O, = P,P, (1 — Ps) + P1P3 (1 — Pe) 
+ P2P3(1 — Pi), 

Deel gloal as 


The number of terms in the sum for ®. is equal to 
the number of components Ge however, some of the 
P, are unity and the corresponding ij become zero. 

In Table 2 are shown the values of the equilibrium 
distributions obtained with thin films using nitrogen, 
oxygen and fluorine ions’?. The experimental values 
of ® (expressed in percent) are listed in the columns 
marked “a” and those calculated from Eq. (3) are in 
the columns marked “b”. 

The equilibrium charge distribution as a function 
of velocity is shown in Fig. 2 a—b for helium, lithi- 
um, beryllium and nitrogen ions. (The absence of - 
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TABLE I 
Se 
Ion | N34 ort PP 
V.10°° 44,3 13 
va N re oye 132 a3 8,6 14,3 
i a" 1b a b a b a b a b a b 
\ 0 0 0 0 0,06 0 
: 0 0 0 2,1 0 
; Oe Or 0.21 0,24 0.5 | 0,3 0,04] 4,5] 816 0,02 
PTO ,04 4.4 VATS | =3-60 8,6 | 6.61 0/5) 0.4.1 26'4 loa’s 0,5 
5 | 45,6 | 35,8 | 50,4 | 38,0 | 51,7 | 39,9 | 14,0 | 13.6 | 47.5 | 364] 8.8| 5’9 
6 | 40,5 | 44,6 | 36,6 | 42,7 | 34,3 | 41,4 | 51,8 | 41,9 | 2176 | 29°7 | 32°6 | 2479 
2 7,5 | 15,3 | 5,6 | 13,5] 4,9] 42,4 | 30,3|35;6| 6 | 4’9 | 46.5 | 41/7 
8 3x41) 8289) 810 TNO 84 AOL Sujee Re 
1,3| 4,1 


Coe ee eS 


sec. 


ky 
= 
(Ss) |r 


UES SRLTAY gall G2 9 s sec. 


FIG. 2. Equilibrium charge distribution as a function of velocity: a) helium ions; the 
dashed curves pertain to the experimental values of D measured in air’; b) lithium ions; 
c) beryllium ions; d) nitrogen ions; the dashed curves denote the experimental values of ®: 
I) 0.5 <v< 1.7 x 10° cm/sec. Measurements in nitrogen®. In calculating the equilibrium 
distribution it has been assumed that ®, /®,=0; Il) 2.6<v< 3.7 x 10° cm/sec. Measure- 
ments in nitrogen; it is assumed that at these velocities ®, =0"*; Ill) 9.2<v< 18.9 x 10° 


; 13 
cm/sec. Measurements in Formvar ~. 


data on the magnitude of the neutral component of higher than the calculated values. This may be ex- 
the nitrogen ion beam!4 obviously leads to a high plained by the fact that the inner electrons are 


value for the singly and doubly-charged components.) shielded by the outer electrons; for equal values of 


The experimental curves for the equilibrium dis- the ratio v/v, it should be more difficult to remove 


tribution start systematically at ion velocities inner electrons. 
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Inasmuch as a beam of multiply-charged ions, 
moving in a medium, consists of component beams 
with charge i=0, 1, 2... z, between which dynamic 
equilibrium obtains, the specific ionization is found 
by summing over all component beams, that is 


< z 
2 = N BY ©,i*) Se, 


i=1 


(4) 


where the sum of squares of the charges, taken with 
appropiate weighting factors ®, is multiplied by the 
quantity o, the specific electron stopping cross-sec- 
tion calculated by Knipp and Teller”, and by iV —the 
number of atoms per cm? of the medium (in this pro- 
cedure, no account is taken of energy losses due to 
excitation of the atoms and to nuclear collisions). 

The results of calculations of the specific ion- 
ization as a function of velocity for He, Li, Be and 
N ions are shown in Fig. 3. The dashed curve indi- 
cates the specific ionization for a-particles given 
by Bethe and Livingston?®. 


6 vi? = 


FIG. 3. Specific ionization due to ions as a function of 
ion velocity. The dashed curve pertains to the specific 
ionization of q-particles given in Ref. 16. 


Numerical integration of the specific ionization 
gives the range of the ion in the medium 


i 


zh 
R= \ Epa te: (5) 
0 


In Figs. 4 and 5 are shown the range-energy relations 
for He*, Li®, Be? and N?4 ions in air. The points 
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i 


PONS 
eg See 


Dee 


o\ 


\ 
\\ 


FIG. 4. Range-energy relation for ions (in mm of air). 


The dashed curve denotes the experimental values for 
17 


helium’®, + the same for nitrogen’’. 
5b 5 5 = 
i} 
Me Hy 
ZY cs 
e ) i 7 
| , Be 
| ° 1 
° 
0 A e — a | 
j i 
rs) re 
| SoS se He 
4 = \Rom dosdyla. 
; ! 2 3 y 5 


FIG. 5, Range-energy relation for ions (in cm of air). 
Experimental values: dashed curve) for helium*® + for 
Li® in a photo-emulsion**. @ for N* in a photo-emulsion’’. 
The magnitude of the stopping power in both cases is 
taken as 1800. 


denote the experimental value of the range for a-par- 
ticles, which differs from the calculated value by 
approximately 10 percent. In Fig. 4 are shown range 
values for nitrogen ions obtained by Blackett and 
Lees in a Wilson cloud chamber!”. In Fig. 5 are 
also shown range values calculated for Li® ions in 
air!8 and N'4 ions in a photo-emulsion!9. The 
range-energy curve for Li® given by Kuznetsov, 
Lukirskii, and Perfilov?® lies considerably below 
the calculated curve. 

In conclusion it should be noted that the calcu- 
lated results, in general, are in satisfactory agree- 
ment with the available experimental data; the dis- 
crepancies which are observed in a number of cases 
can be attributed to limitations imposed by the as- 


sumptions which have been used and to experimental 
errors. 
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Inelastic Proton-Proton Scattering 
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The problem of inelastic proton-proton scattering at 690 Mev is considered. It is assumed 
that in the intermediate state an isobar is formed which decays into a nucleon and 7-mes- 
on. Limiting the consideration to isobars in S-states, using the laws of conservation of 
angular momentum and parity, and taking into account the Pauli principle, it was found pos- 
sible to obtain the angular distribution of scattered nucleons, with the introduction of only 


one arbitrary constant. 


INTRODUCTION 


WW base our consideration of proton-proton scat- 
tering on the experimental fact of the exist- 
ence of an excited state of the nucleon (isobar) with 
ordinary and isotopic spins equal to 3/2. We consid- 
er further that in the collision process an isobar 
with a definite mass M=].31* is formed in an 
S-state. Neglect of P- and D-state isobars is possi- 
ble for energies of the incident nucleon not greatly 
exceeding the 650 Mev threshold energy for formation 
on an isobar with mass M=1.31. In connection with 
this, all calculations were carried out for an inci- 
dent proton energy of 690 Mev, which is the energy 
obtained on the accelerator of the Institute for Nu- 


*An absolute mass unit corresponding to 931] m, is 
taken as mass and energy unit. 


clear Problems, Academy of Sciences. The assump- 
tions made proved to be sufficient to obtain an angu- 
lar distribution, containing one arbitrary constant, 
for the scattered protons. 

It must be noted, however, that because of the 
finite lifetime of the isobar (~ 10°2°sec) the energy 
spectrum and angular distribution of the scattered 
protons at 690 Mev should be rather strongly 
smeared out, and only upon increasing the energy of 
the incident protons to 800 Mev and above does the 
picture become more clear cut. 


1. KINEMATIC AL CALCULATION 


We consider collisions of two particles of mass 


m, and m, such that two new particles of mass M, 


and M, are formed in place of the initial ones. Let 
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one of the particles (say, m,) be at rest, and the 
other in motion, having energy E. Then, making use 


of the laws of energy and momentum conservation, it 


E? —m,? 


= 


Em, + Ay + i are cos? — 
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is possible to show that the energy of the new par- 
ticle of mass M , emerging at angle ¢, is equal to 


M2 (E + mz)? — (Em, + Ay)? | 


ME mi) cos? 91 


, (1.1) 


E + m — cos? 9 (E? — m4) / (E + me) 
A, = (Mi — M3 + m + m3) / 2. 


a) Formation of isobars. The production of an 
isobar in the collision of two nucleons takes place 
as aresult of one of the six following processes 


Pe) I*+n 
Deas? Pn erewt ; 

Me 

eye) I+ p 
[° 
vA wink 

n+tn 

Ly, 


All of these processes occur with different proba- 
bilities, but are kinematically equivalent, if the 
neutron-proton mass difference is neglected. It can 
be shown that in proton-proton scattering the ratio 
of probabilities of production of the isobars /* * and 
I* is 3:1. In fact, we have 


__ Piz» "N23 "He, M2 
eae = Oe Q,,, taX1/p, (1.2) 


‘a 


Slo, *[23 "2, —4Te, 
+ Ge ®,, 8] 


» 12 


i 


2» —1/2” 


where ts ; 


is the wave function of the system in the 
intermediate state, ®, 


and Xy y 

: ’ a» , ‘ 

functions of the isobar and nucleon, respectively, 

with isotopic spin projection /. Using pa expres-_ 

sions for the Clebsch-Gordan coefficients“ we obtain 
4 Ve } 

ome oy ®,,, 1) Xt}2, "a ia 2) ®,,, 2/X1!0, -1p(1.3) 


are the wave 


from which 


o(I*, p)=1/,0(I**, n). (1.4) 


The expression for the energies of the nucleons 
scattered through angle oh is obtained from the gen- 
eral formula (1.1) by substituting 


With the 60 Mev half-width? of the isobar level 
taken into account, the energy E , of the scattered 
nucleons depends on the incident energy E as shown 


on Fig. 1 for 0, = 15° and M=1.26, 1.31, 1.37. From 


E, (Mev) . 


800 


500 


600 700 600 900 & (Mev) 


FIG. 1. Dependence of the energies of the scattered 
nucleons on the energies of incident nucleons for M 
equal to: 1—0; 2—1.26; 3—1.31; 4—1.37. 


this figure it can be seen that the presence of the 
isobar changes the spectrum of the scattered nucle- 
ons substantially. Thus, in the case of elastic scat- 
tering, the energy of the nucleons scattered through 
= 15° will be simply 712 Mev for E =800 Mev. If an 
isobar of mass M lying in the interval 1.26<M<1.37 
is produced in the collision of nucleons, then a max- 
imum, which splits into two with increasing incident 
energy, should appear in the energy spectrum of the 
scattered nucleons (see Fig. 2), 

b) Decay of isobars. The isobar decay into nu- 
cleon and 7-meson proceeds in the following way: 


p+? n+ x? 
Spite BO 9 
‘Xi > 
pin Sora 
sata. 


If only proton-proton scattering is considered, 
then only the first three processes take place. 


INELASTIC PROTON-PROTON SCATTERING 


a b 

200 400 800 800 E, (Mev) 
xf a 

200 400 800 300 6° (Mev) 


FIG. 2. Setting in of the splitting of the maximum in 
the energy spectrum of the scattered nucleons for energies 
E of the incident nucleons equal to: a—800 Mev and b— 
900 Mev. 


Using, as in the case of formation of the isobar, the 
isotopic spin formalism, it is possible to show that 
the probabilities of the second and third processes 

are in the ratio 2: 1, i.e., 


*/2 9 (Pp, =°) (1.5) 


Thus, if proton-proton scattering proceeds by way 
of isobar formation, then from (1.4) and (1.5) it fol- 
lows that the probabilities of the processes 


ppp nit = and 
jn ao mer Al SD wa a coe 


are in the ratio of 5:1. 

In order to obtain an expression for the energies of 
nucleons and mesons, coming from the decay of iso- 
bars, it is necessary to substitute in the formula 
(1.1): for nucleons 
2 aes 6, m = M; 
Mw 0,142, 

A =4))(M2 +1 —u?) 
for mesons 
9, = 4, in;= M, y=); Mocl, 
ie — 0,142; 

A=1/.(M?— 1+»). 
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2. FORMATION OF ISOBARS 


We determine the probability of formation of iso- 
bars with a given spin projection on the direction of 
motion taking into account only S-scattering in the 
final siate. We designate the scatteriny matrix which 
transforms the incident wave into the scattered one 
by 

(n, Sn, | R | No, ral 


were n, and n are the unit vectors in the direction 
of motion of the particle before and after collision 
in the center of mass system; S° and S_ are the 
projections of total spin of the system on direction 
n) before and after collision. 

In order to characterize all possible spin states, 
we introduce the index r, denoting: r=] — singlet 
(S=0) state of the two nucleons, r=2-—triplet (S=1) 
state of the two nucleons, r=3—triplet (S=1) state 
of the isobar and nucleon, r=4— quintet (S=2) 
state of the isobar and nucleon. 

In order to use the conservation of total angular 
momentum j and its projection m, we expand the scat- 
tering matrix in terms of the orthonormal system of 
eigenfunctions i (n, Ss): 

y 


SD) Gm FR eee 


J, M, jg Mor To 


(Mt, Sal |, S2,) = 


it 
>< fon (n, Sp) pay cis Sak (2.1) 


Using the fact that, because of the conservation 
of j and m and the lack of a preferred direction, 
(j, m,r IR eettpt a) has the form 


(, m, fr R | 16s My, en) a (r R; | fo) 07],.Ommy (2.2) 


we obtain 


(n, Sn,|R| Mo» Sa,) 


SD) Rie.) Won Se these 


J, 7. lo (2.3) 
Wee PSs on) 
i af 
== >) Din (n, Sn,) Sims (Ny, Si): 


m=—j 


For j=0 a single state with /=S corresponds to 
each r. For j=] the state r=](S=0) can be obtained 
in only one way (/=1). The states r=2,3(S=1) are 
possible for the three values /=0, 1, 2. The values 
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l=1, 2, 3 correspond to the state r=4(S=2). For 
j=2, one value /=2 corresponds to the state r=] 
r=1(S=0), The states r=2,3(S=1) are possible for 
three values /=1, 2, 3 and, finally, the state r=4 is 
possible for five values /=0, 1, 2, 3, 4*. 


Together with the authors of Refs. 3 and 4 we will 
consider that a pseudoscalar isobar is formed in the 
nucleon collision process. Then, because of con- 
servation of parity, all matrix elements correspond- 
ing to transitions with changes of / of +1, 13... 
should be zero. 

Thus, 4 complex or 8 real constants enter into the 
description of the transition: nucleon + nucleon > 
isobar + nucleon (in S-states). However, the situa- 
tion alters materially if one considers the collision 
of two identical nucleons. In this case it is neces- 
sary to take into account the Pauli principle, accord- 
ing to which all matrix elements corresponding to in- 
itial states with even S and odd / and with odd S and 
even / are zero. 

Considering that the contribution of terms with 
l>0 is small in the final states, we find that one** 
real parameter C is sufficient to describe the colli- 

sion of two identical nucleons. 

Thus, in the collision of two identical nucleons, 
the scattering matrix has the form 


(ne S;e) Foti. Se) == CW, (ny Saag, Srdt(24) 


Using the well known expression for spherical 
vectors’, we obtain 


Jaret Say Ya (n) oO; (Sn,), 
Aine (n, Sn,) = Von (n), (2.5) 


where 02S ) are spin functions corresponding to 
total spin S=2 and projection Sig=m 
Thus, the operator Ween, Sao} no» s) can be 
written as 
We" (M, Sus Moy Sn) = (42) * DOH (Sn,) Yam (Mg): 
m 

(2.6) 

If the Z-axis is directed along n, then 


W3" (I, Sng} Moy Sn.) = (V5 /45) Do” (Sn). (27) 


*The coefficients (r [R; |r) for j > 3 are not considered 
because after collision the state with /=0 (S-scattering) 
is not possible for j > 3. 


** In general, C is a complex number, but in so far as 
the absolute value of the phase is not important, only the 
modulus of C need be considered. 
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But since we are interested in states with spin pro- 
jections on the direction n, because different angular 
distributions correspond to states with different spin 
projections, it is necessary to transform O15 ) to 
the new system of coordinates with the Z-axis along 
the direction n. The matrix corresponding to the 
irreducible representation of order / of the rotation 
through Euler angles Py 6, Po» has the following 


form® 


Lune. ai 
Teese tik pe COS emma 


Pony ey ee 


n+im) | 2 dae 
dyl—” 


x(n (Ley) (2.8) 


In our special case /=2 and y, = y,=0. Therefore, 
we have 


©’ (S,) =T?O? (Sn,) = — > / 3 sin? 6 (O® (Sn) 
oD. ( Se) el iV 5-sin 8.cos 9 (®%) (See 
X(Sn)) + + (3 cos? 6— 1) O(S,). 
Now (see Ref. 2) 
oe (Sn) a O.., (Z,) p14 (Fn)» 


(2) 1 
On (S_) = ay oy, (2, ) Le. (c_) 


V3 
ate ao Oi, (%,,) Xp, (ane 
t 
OO Sy) = yz Pe Ea) to (4) 
it 
As V2 ®,,, (2,,) Loerie eet 


Thus, the probabilities of different states corre- 
sponding to different projections of the spin of the 
isobar 2 and spin of the nucleon a, on the direc- 
tion n are equal to 


$/,,Sin° 0 for Yn = + 3/2, Sp = 1/05 
ig Sul 0 COS" Og FORE Sige an oe eet 
*/gsin? Gcos?@ for 5,—=—+1/,, o,= = van! 
*/s (3 cos? @— 1)? for 3, = 32 1/,, 6, = 1, 


and, summing over the two possible projections of 
the nucleon spin, we obtain 


3/, Sin? @ for Z, = +3/,, 
$7, COS? 0. 1/, for Ya = a 1/,, 


Integrating the expression obtained over all solid 
angle, we find that the total probabilities of states 
with spin projections of the isobar + * and + 
are the same. 


(2.10) 
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3. DECAY OF THE ISOBAR 


The determination of the differential cross section 


for decay of an isobar into a nucleon and 7-meson 
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is most simple in the center-of-mass system of the 
isobar. According to Ref. 7, the components of the 
wave function of the isobar in the center of mass 
system are 


ip 4 / U \ 
= heptane haces et 
0 0 
. = “e x (3.1) 
1 wed hie ela 1 [| 0 
S= 7: B=y3( 0) B= zeal 0} B—yel O) B=o 
0 ‘ 0 / 0 
J \ y— 1 A) 
1 1 0 | 0) 4 : 
S,=— zs: B=— B, =—= te ge = 
“4 2 i V 6 0) Ie a B 0 ’ OS an 0 ? B="; 
0/ coal \o 
/ 0) af (3.1) 
; : eg es asl a Pe Sa 
0 / Roe Y 
If the 4-momentum of the 7-meson in the center of Ws),, 3), = 1/, sin? 9, Ws), 1, = 0, 
mass system of the isobar is designated by Ty? then Wp, 1}, = 2/3 cos? 6, Wi), 1, = 1/, sin? 6 n 
the matrix element of the transition can be written W 11,1 = 1,sin?9, W_a,, », = 2/, cos? p 3 
ae Wee ae W_s =I} ane sin? G 
= Wr pet > —3), ’ 
OU 27 4,3 (3.2) atl ls th 
Re eenhe above epresaions tor B@ | waheve where Ws. _ is the probability of decay of an iso- 
# bar weil spin projection S| into a 7-meson and nu- 
al \ cleon with spin projection Ost? ' 
ae e: eee 1 qsin 8 ai? Dele Summing over different orientations of nucleon 
é 2 Beit 2 ( 0 ) spins, we obtain 
0 
2 cos 0 Wa, = sin? 6, W1, = 4/3 cos? 6 + fs Sine 0, (3.5) 
Sa ee B= : Serie where W,/,W,, are the probabilities of decay of an 
Oe ieee ie a ayy ged : re 3? May P 
; isobar with [s.=%4, We 
/sin 0e~ 
ae ize ies 1 2 0 
tae ass Tn er 4. TRANSITION TO THE LABORATORY SYSTEM 
3 : The probability wy (yw) of formation of an isobar 
S=— =: Gas = SS q sin be-!? 0 | in the laboratory eae Ey etcm is connected 


0) 


where q= Iq| and @, ¢are the angles defining the 
direction of motion of the nucleon in the center of 
mass system of the isobar. 

Substituting in (3.2) definite values of y and q, 
B_, corresponding to particular orientations of the 
spins of nucleon and isobar, we obtain the matrix 
elements and, consequently, the probabilities of 


various transitions. Thus, we have 


with the probability of formation Ws! (y‘) in the sys- 
tem of the center of mass of the colliding nucleons 
by the following relation 


= ws, (b) sind, (4.1) 


WS, (BY sinY dy = wh 
whereas there is the following relation between the 
angles of emergence of the isobars wy’ and y in the 


different systems: 
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cos ¥’ = (P (4) cos b — p/2) / (P? () — pP (9) cos » 


+ p2/4)'!, (4.2) 


where P (y) is the momentum of the isobar, p the mo- 
mentum of the incident nucleon. But in the labora- 
tory system, to each y correspond two values of 
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P (y) (P* and P~) and consequently, also iE values 
of y’. In this connection, we definite ws to be 
the probability, in the laboratory system, é£ forma- 
tion of an isobar with spin projection S, and momen- 
tum P*, if A=1, and P’, if A=2. 

If the total probability of formation of an isobar 
is normalized to unity, then 


: se ; 4 aR; ie , 
| ——~/ cos ¥ + — i ¥) 
Ps “db 


(1— K, cosb + K?/ 4)? 


‘idk § zy Sa K dP, )) 
a -K, cos + )(1— Blob E Sing) } 


, 


(4.3) 


9 


a 


> 


4n (1 — K, cos) + K} / 4) "te 


K;, (b) = p/ P>.(9)- 


The transition from the center-of-mass system of 
the isobar to the system where the Z-axis coincides 
with the direction of flight of the isobar in the lab- 
oratory system is accomplished in an analogous 
fashion. 


WQ 
3 


~ 


Q 
§ 0 6 DB GB DB SK W 


FIG. 3, Angular distribution of the scattered protons in 
the laboratory system. 


Thus, we let Ws Cy) be the probability of for- 
mation of an Paee with momentum P, in the lab- 
oratory system, and we oa (0) be the probability of 
formation of a nucleon ie momentum p_ (0) (u=1 
for p, and p=2 for p_) as aresult of decay of an 
isobar of type S_, A in the system of coordinates 


connected with the direction of motion of the isobar. 


Then the probability of emergence of the nucleon at 
angle Q in the laboratory system relative to the 
direction of the incident nucleon is equal to 


VQ)= Dy | wh.) 282.00 dyad, 
S352) p (4.4) 
cos§ = cosQceos) + sinQsin sins. 


In order to simplify the calculation of the double 
inte pret Eq. (4.4) we replace the probabilities 

we (y) by 5-functions, corresponding to the most 
probable angles, taking the exact expressions for 


we, Ns 
given on Fig. 3. In order to evaluate such an approx- 


9). The results of such calculations are 


imation, a numerical integration of the expression 
Eq. (4.4) was carried out for a single value (.=18°. 
It turned out that the error coming from the replace- 
ment mentioned above was 16%. 

In conclusion, I should like to use this opportu- 
nity to express my deep gratitude to Iu. A. Gol'fand 
and Acad. I. E. Tamm for valuable advice and crit- 
ical remarks and constant interest in this work. 
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The general statistical method of the microcanonical distribution is applied tothe problem 
of the computation of statistical weights for the reactions of production of 7-mesons in 
collisions of nucleons with nucleons. A general formula is derived for computation of the 
Statistical weight of a state with an arbitray set of particles, considering not only the laws 
of conservation of energy and momentum, but also the different type of statistics for ferm- 
ions and bosons. In allowing all particles to obey Boltzmann statistics, this general for- 
mula reduces to the formula proposed in Ref. 2. In particular, corrections are found which 
are due to consideration of the type of statistics for all possible collision processes of nu- 
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cleons with nucleons, in which not more than three mesons are created. 


T HE statistical theory of multiple production of 
mesons proposed by Fermi!, was made more 
exact by a series of authors*“4. The most general 
formula for computation of the statistical weights of 
processes of different multiplicity was put forth by 
Lepore and Stuart”. 

In contrast to Ref. 1, the authors of Ref. 2 took 
into account exactly not only the law of conserva- 
tion of energy, but also the law of conservation of 
momentum for particles of arbitrary mass; however, 
both in Ref. ] and in Ref. 2, the different type of 
statistics for fermions and bosons was not consid- 
ered. For calculation of the statistical weights in 
Refs. 1 and 2, a method was used which is suitable 
only for a set of particles obeying Boltzmann sta- 
tistics. 

For calculating the probabilities of the states of 
a system with different numbers of particles, taking 
into account both the conservation laws and the 
type of statistics, it is simpler to use the general 
statistical method of Gibbs. In the given case, for 
a system with exactly given total energy and total 
momentum, it is obviously necessary to use the for- 
mula for the microcanonical distribution. We shall 
use this distribution to derive a more general for- 
mula than that of Lepore and Stuart. We shall con- 
sider the general case of a system in which there 
may exist and be created particles of several kinds, 
both bosons and fermions, having arbitrary masses. 
Finally, after an analysis of the general properties 
of the expressions for the probabilities of different 
states with given numbers or particles, several ap- 
plications of the derived formulas to the processes 


of multiple production of 7-mesons will be consid- 
ered. 


1. THE MICROCANONICAL DISTRIBUTION 


Let us consider a system consisting of v kinds of 
noninteracting particles having masses My) Moy +++ 
The total energy E of the system and the total mo- 
mentum P is given, but the total number of particles 
of arbitrary kind is in no way limited. Let the dis- 
crete set of vectors p, (i.e., P. ,P,.s «+» ) represent 
all possible momenta of one particle of type s. In- 
asmuch as the particles do not interact with each 
other, the set of vectors p_ also represents the pos- 
sible states of the whole system, while the set of 
occupation numbers n. (p,) completely determines 
the state of the system under consideration.* The 
probability of a given set of occupation numbers can 
be represented in the form 


w {f, (Pi), M2 (Pe); 
=Ab {E— By >, &5 (Ps) Ms (p.)} 6 {P — >, >; Pstls (p.)} 


S=1 Ps S=1 Ps 


fy Deyi 


x] Q, {ns (Ps)}> (1) 


s=] 


where 8 is the Dirac 8-function; A a normalization 
factor; 0. {n.(p,)} is the multiplicity of a state 


*Particles having the same momentum p, can be found 
in different states of polarization; therefore it is neces- 
sary to keep in mind that to each vector p, correspond g, 
independent states. 
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with given p.; ©, (p,)=(p2+ m2) is the energy of 
this state*; the summation over p_ is taken over 
all permitted values of this vector and over all 
states of polarization. 

Obviously, both in the case of Bose statistics and 
in the case of Fermi statistics (. =] on account of 
the indistinguishability of the particles. But in the 
case of Boltzmann statistics, 


OQ, {ns (Ps)} = > Ns (Ps) ! I [Ns (Da) ities (2) 
Ps Ps 


where the product is taken over all p.. 
The probability of a state in which there are NV, 
particles of the first kind, \, particles of the sec- 


ond kind, etc., is clearly equal to 


W nino... Ns 
Oily (Pi); =< « 5 ty (py 7 3 pam | 
ee) (W 2ns(P,)} 
(3) 


is the Kronecker symbol; the sum- 


where 6 {N}=8y, 


mation is carried out over all occupation numbers, 


> fir) Gy ap aire OG ss) 


n(p) 
whereby in the cases of Boltzmann and Bose statis- 
tics all n“? run through the values 0, 1, 2, 3, -. 
in the case of Fermi statistics, however, only the 
two values n(*/=0, 1 are allowed. Obviously from 
the normalization conditions 


Di eae NN oN 
N,; No, ... =0 


Wes 


= )| @ {t (p:),-.-, mv (py)} = 1, @) 


ny, Ne 


and, consequently, according to Eqs. (1) and (4), 


yy | 


| 


(ESPEN err 


Wyn, .. Ny mast] (E; P; N,, Ring. 


<i 


NAS NG, «5 =0 


» Ny), (5) 


where @ is the statistical weight determined by 


*Here a system of units has been chosen in which the 
velocity of light c=1. 
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GUE AP oN ag tates) 
= 3 {2-3 Den too} 
Die Tater ; S—iep. : 6) 
<3{P— S'S psns(p.)} Tf 2 {Ns— Syne(vs) 
s=1 Ps s=1 Ps 


X Q, {ng (ps)}. 


Noting that the 5-function and the 5-symbol can be 
represented in the form 
1 +coo—iB or 
8 (x) = oe \ Clos dOnt = | ei®N de, 
—co-—18 0 
where 6 is a small, positive quantity, set equal to 
zero in the final equation,* we get 


é TO—1B +05 
Or aP eae Bye Fees \ \\ 
—co-si Bo 68 
& 
x ie Nexp{i i(aE + bP + SeW . (7) 
rata s=1 
+3 | 24) } da.db dey acon 
sS=1 


pPs(% b, es) > [exp {— ins (ps) [aes (Ps) 


ES VS 


+ bps + 9,]} Qs {ns (ps)}. (8) 


The last sums can be easily calculated both in 
the case of Fermi and Bose statistics and in the 
case of Boltzmann statistics. For Fermi and Bose 
statistics, 0. =], but it is necessary to sum over 
all nh) = 0, 1 in the former case and over all nt). 


On oy 3, .-- inthe latter. Carrying out these sum- 
mations we sat 
®, (a, b, ¢.) = + Din {1 texp (—i (ze, (p,) 


Ps 


+ bp, + 9,)]}- (9) 
Here as in what follows, the upper sign refers to the 
case of Fermi statistics and the lower sign to the 


* The introduction of a small parameter 6 enables one, 
in integrations to come, to avoid a pole, analogously to 
the way this was done in Ref. 4. 
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case of Bose statistics. But in the case of Boltz- 
mann statistics, according to Eqs. (2) and (8), we 
get 


, (a, b, 2.) = Diexp {— i las, (p,) 
Ps (10) 


+ bp, + 9,]} + In W,!- 


Expanding the logarithm after the summation sign 
in Eq. (9) into a series and interchanging the order 
of summation, we obtain for the Fermi and Bose 
cases* 


D5 (c, b, ~,) = Sk ACE 1)5 Syexp{—i (ae, (p,) 


r iS (1) 
+ bp, + ¥,] 4}, 
from which it is seen that the case of Boltzmann 
statistics corresponds to a limitation of the series 
(11) to only the first term, with addition of a term 
ln! 

If the linear dimensions L of the volume of space 
V =L® occupied by the gas are sufficiently large, or 
if, in a finite volume, the energy is sufficiently large 
that the de Broglie wavelengths of the different par- 
ticles are small compared with L, then the summa- 
tion over p in Eq. (11) can be replaced by integra- 
tion and instead of (11) one can take the approximate 
expression 


®@, («, b, 2.) 


fos) 


eel 


kR=1 


+ bp, + ¢,]&} dp,, 


a(t eae as =. Vexp{—i las, (p) 


(12) 


where w=(27%/L)° is the volume of the elementary 
cell in momentum space. Introducing the notation 


gk 


Bs(kim,, 2; b)= <— exp sn Io6( (us me)" 


a ce R} dp. 
we have in place of Eq. (12) 
®, (2, b, o,)= R(t ee eae BS (kiana, b). 
a (14) 


It is possible to carry out the integration over the 
angular variables in the space of the vector p,, as 
a result of which we obtain 


(13) 


*Here (+1)=- 1 for all s designating particles obeying 
Fermi statistics, and (+1),=+ 1 correspondingly for the 
case of Bose statistics. 
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gsk* 2 
=F i exp {ik [bp — a V p? + m? }} pdp 
— (15) 
2n°g (Rk 
na (hms ©) Fem, (a® — 62)'*), 


where PAS is Hankel function. (For an analogous 
transformation, see Ref. 4), 
To compute a, according to Eq. (7) it is necessary 
to calculate the intermediate integrals 
aT 
Loe Dy 


Te | eHP {iNs¢, ap ®, («, b » 9 )} de, 


(16) 
where ®_ is determined by means of Eqs. (14) and 
(15). 


Carrying out the change of variables z=e!* 


, we 
get, according to the calculus of residues, 
N 
i Ap) ee 4 al 

= —~\z Ns es) dg = [ o cua f 

oa Se oie z=0 

(17) 


where the cymbol C* denotes that the integration is 
taken counterclockwise along the contour |z |=1. 

Putting Eq. (17) into Eq. (7), and integrating over 
all directions of the vector b, in analogy with Eq. 
(15), we get 


oo +00— 
2 sinbP ick 
(E, Pi Ma Ms) = Gar a bP 
ps eee ea 
1 d > QD (2) 
yao e b?dbd 
x I a Hoe pe ae 


On account of Eqs. (14) and (15), the last formula 


can be written in the following final form: 


oo -+oc—i 
ci poe 2 sinbP ioF 
0(E, P; Ni... Ny) = aoe \ \ = 
0 —co—ip 
Fisk ang a a 
xT [ar —- no XP loar a De ape 
s=1 R=1 
(km,)? HY? [km, (a? — 6?) *) z) bdbdx. (19) 


z=0 


Inasmuch as it is necessary in the case of Boltz- 
mann statistics to limit oneself, according to Eq. 
(10), to only the first term in the sum over k in the 
exponent of the integrand, and to add InN,! to it in 
this case 
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S ; 2 (2m2)¥ 
7 Oo P; Nj, <a erie eV a (2n)3 oN 
pe N iE 
sinbP ae 
a) 34? (a — 68) oe 
‘ I {gsmsHy [mg (a? — 6*)"*)}"s b®dbda, 


where NV = =>,N, is the total number of all particles 
in the system. For P =0 this formula agrees with 
the corresponding formula in Ref. 4. 

In this way Eq. (19) is a more exact formula, cor- 
rectly taking into account the type of statistics for 
computation of the statistical weights. But the for- 
mula of Lepore and Stuart is correct only for the 
case when all particles obey Boltzmann statistics. 


2. STATISTICAL WEIGHTS FOR REACTIONS 
PRODUCING MESONS IN 
NUCLEON-NUCLEON COLLISIONS 


We shall apply the general formula (18) to the de- 
termination of the statistical weight of the reactions 
of meson production in collisions of a nucleon with 
a nucleon. Since the greatest interest in connection 
with experiments on the cosmotron is provided by 
the cases in which 1, 2, or 3 mesons are created, we 
shall limit outselves to particular expressions ob- 
tained from Eq. (18) when at the end of the reaction 
there are formed not more than three identical par- 
ticles of each kind. 

The factors entering into the integrand of Eq. (18) 
in the cases N =O, 1, 2, and 3 are, according to Eq. 
(14), respectively equal to 


Se eng |. 8s(2)] 

Ee es |_- }: ler é = Bs (Ms), 
d? ©, (2) ¢ i 

[are | = (Bs (my) F Ze Bs2m,), (a) 
a3 — 8 

[aes 08 | = Bs (ma) F se Bs (2m) B, (m.) 


+ B,(3m,), 


where as before the upper sign refers to particles 
obeying Fermi statistics and the lower sign to par- 
ticles obeying Bose statistics. 

From Eqs. (18) and (21), it is seen that in the 
case in which all N, <1, Eq. (18) does not differ 
from Eq. (20), obtained for Boltzmann statistics, 
which in the notations of Eqs. (18) and (14) takes 


the form 
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Cote DEE Ss lier NGS tity) 
9 eee * : (22) 
=o) | eT] [B. (ms)]"sb°dbda. 


0 —~m—ip 


But in the case when any of the N_ are equal to 2 
or 3, it is necessary to add to the statistical weight, 
calculated according to Eq. (22) and multiplied by 
(ILN !) 1, additional terms which also can be cal- 
culated according to Eq. (22), but for particles of 
double or triple mass. 

We shall compute a for all possible cases in 
which at the end of the reaction there are 2 Fermi 
particles of mass M (i.e. nucleons) and 1, 2, or 3 
Bose particles of mags p (i.e. 7-mesons). We con- 
cisely designate the statistical weights (18) and 
(22) by means of bracket expressions, in which the 
figures in the upper line denote the numbers of par- 
ticles of each kind, while in the lower line below 
each figure is correspondingly indicated the mass of 


ie Nose inee A) 
OK pA . 
“> v/0 


ys) (ase 


the particle, i.e., 


( Neier: 
=== 


Tiss 


. Ny 
-» My 


According to Eqs. (18), (21), and (22), we obtain for 
the statistical weights o, computed by the strict for- 
mula (18) their expressions in terms of the statis- 
tical weights computed according to the formula 
[Eq. (22)] of Lepore and Stuart. In the table presented 
below, expressions are given for o in terms of Oo 
and the corresponding concrete reactions are written 
down. 

From the table it is seen that corrections for the 
type of statistics have a twofold character. Firstly, 
there are the corrections which do not depend on the 
difference between Fermi and Bose statistics and 
are caused only by the indistinguishability of the 
particles. These corrections lead to a decrease in 
the statistical weight by a factor of N,!. Ni! 
Secondly three occur specific corrections, nee sign 
of which depends on the difference between Fermi 
and Bose statistics. We shall call these corrections 
“corrections of the second kind” in distinction to 
the corrections caused only by indistinguishability, 
which we call “corrections of the first kind”. From 
the expressions presented in the table it is seen 
that the corrections of the second kind decrease the 
statistical weights in the case of the presence of 
identical particles obeying Fermi statistics, and 
they increase them in the case of the presence of 
identical particles obeying Bose statistics. 

Therefore, the calculation of exact statistical 
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weights, with consideration of the type of statistics, 
for all reactions at the end of which no more than 
three mesons are formed and two nucleons are left, 


reduces to calculation of statistical weights of the 
2 ee a a a es ey 


same reactions by Boltzmann statistics and of sta- 
tistical weights of states with fewer numbers of 
particles, but with double or triple masses, also by 
Boltzmann statistics, i.e., by Eq. (22). 


eee 


Statistical weight 


Type of reaction 


np pp nn 
cnt 4yded 
MMu (ume), np 0 np + np — 
DAN oysh of D4 1h 4 nn + 
(itu) = 2 (atuly 262m w), ein feandsdotenel baal 
1444 1144 
MM pp) = MMuu), np-+— | np+0 np—O 
(Th ON byt ae 1/4144 
Pa ler be Gren BEN 
PA 3 ch fi pral al 1 Aad ot nn+0 
(i wu) = 2 Muu om wa) pp nike al ail Citar 
EEG ae Glee 4 See PE ene 
Mu ae Muy}, 25\2Mu/," 2\M2u/, nn wy 
Bi 14 
2 (oman), 
eyes Lepr totais 
MMpuy)]~\MMuvy), AB socal 
pasted Aedes! ae Wile la 
MM uw) = 2 (aM uw t (at Muu) P 
Cp ee eaeesen 14 Ges : np 000 
MMyp]~6\MMyz/,* 24\MM Quy), 34\MM3u/, 
re ee) pp+—0| nn+--0 
Mupys — 2\Mppp/ys  24\2Mppu/o 
i es ae aa LS pp —00 |nn ++ 0] pp——0 
Muy) 4\Mup), ®\2Myy), t Dot 
My Ma (cova eel A's dad nn + 00 
4 i(M2uu)s— 2 2M 2u w) ee 
tn) = 75M « vod +35( au), pp 000 nn 000 
Mu 12\Mup/, ' 2°\M2uu 2-34 \M3p/o. 
(ais at ne a 4 
~~ 3-28\2Myp/J, 28 Siena 64 \2M3u/, 


3. STATISTICAL WEIGHTS FOR CREATION 
OF SINGLE MESONS. 


As the simplest example of the application of the 
relations derived, we shall consider the statistical 
weights of the reactions 


oi Ope and BPP Pp 


Inasmuch as direct calculations by Eq. (22) are 
tedious, we limit ourselves to only the simplified 


particular cases when the z-mesons can be consid- 
ered ultrarelativistic, while the nucleons are non- 
relativistic. In this case, according to Ref. 4, one 
can approximately compute 


os 
mal 
where s is the number of nucleons, n the number of 


m7-mesons, T=E-~3m.N, the kinetic energy. Ac- 
cording to the table and Eq. (23) we obtain 


M3sl2 (27)3 (s—1)/2 
(sM)'!2 


93nn T3sl2+3n—*|2 
DP [/2 (S12) ae on 


X= 


(23) 
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30 @ 
208 V 27 (MT)? 


a(pp—>pn+) 2 


o (pp — pp 0) 4 [ | (24) 


The last equation is valid for p<7’<M. In this re~ 
gion, the change from summation to integration in 
Eqs. (11) and (12) can be considered justified. 
Assuming, as in Ref. 1, L3=(41/3) Gi/p)? and, 
consequently, w=(2 wh/L)* =6 7" es we get 


ieee Nae yee ce 


From the last formula it is seen that the correc- 
tion caused by the difference between Fermi and 
Bose statistics, in the region of its applicability, 
amounts approximately to from ] to 10%. 


4. SOME REMARKS ABOUT THE METHOD 


The method of the microcanonical distribution ap- 
plied in this article is most exact for computation 
of statistical weights for a system of noninteracting 
particles with precisely given energy and momentum, 
but with arbitrary, unspecified total angular momen- 
tum. In a system of colliding nucleons, the angular 
momentum is not fixed in advance, but certain val- 
ues of the total angular momentum of the final sys- 
tem may be forbidden, which must lead to a change 
in the statistical weights, as was remarked by 
Fermi!’5, For evaluation of this circumstance it is 
obviously necessary to change at the very begin- 
ning the assumptions about the allowed states of 
the system of noninteracting particles and to con- 
sider not the states with given momenta, but states 
of a system of particles with given angular momenta. 
However, this requires special investigations. 

Consideration of the conservation of charge and 
of the relations between the cross-sections result- 
ing from conservation of isotopic spin can be intro- 
duced into the present method even in the final ex- 
pressions (as was done in making up the table, 
where the laws of conservation of charge were taken 
into account). 


In case of sufficiently large energy, one can use 
the mathematically simpler canonical distribution 
instead of the microcanonical distribution. Obvious- 
ly the “statistical” weight, calculated according to 
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the formulas of the canonical distribution (a¢) is 
expressed in terms of the statistical weight by the 
equations of the microcanonical distribution, as 


oo +100 


(Ny, .o5 Ny) = -\\\ e-2lea (2 ve eae 
29 (N, ) \ Mie 80 seat) 
xdE dP. (26) 


The general relations for the statistics with con- 
served charge, found in Ref. 6, are a particular case 
of formulas which can be derived from Eq. (26). The 
so-called thermodynamical method, applied by 
Fermi?5 for computing the average number of par- 
ticles formed in collisions of nucleons with ex- 
tremely high energies, is also a special case of the 
method of the canonical distribution. 


It is well known that in the limit of sufficiently 
large energies, and correspondingly for large average 
numbers of particles, the results given by the micro- 
canonical and the canonical distributions practically 
coincide. Thus the method of the canonical dis- 
tribution and, in particular, the thermodynamical 
method, applied in the region of small average num- 
bers of particles, are approximate methods of com- 
putation of statistical weights, which are more ex- 
actly computed by the method of the microcanonical 
distribution. 
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The types of experiments needed for determination of all elements of the scattering matrix 
are investigated. It is shown that because of the unitarity condition the required number of 
experiments equals the number of complex functions entering into the scattering matrix. For 
nucleon-nucleon scattering, the inelastic scattering matrix can be determined on the basis of 
five experiments measuring the cross section, polarization, normal components of the polar- 
ization correlation tensor and of the triple scattering tensors (for the scattered and recoil 
particles), It is shown that experiments involving spin rotation by a magnetic field are not 


necessary for a phase shift analysis. 


1. INTRODUCTION 


4 ade LITERATURE contains a large amount of 
experimental information concerning nucleon- 
nucleon scattering in a very wide range of energies.* 

A phase shift analysis of the experimental find- 
ings has also appeared in many articles. But it is 
seen in all of these articles that the phase shift an- 
alysis is not unique and the authors usually present 
a few sets of phases which provide equally good de- 
scriptions of the result. The phase-shift analysis 
begins with a preliminary limitation of the number 
of states which participate in the scattering. Then 
the algebraic equations for a finite number of 
phases are written out. But for particles with spin, 
it is not clear which experiments provide the data 
for these equations. 

The clearest example is proton-proton scattering 
at low energies. The two principal states involved 
in this case are 'S, and*P,. These states cannot 
be distinguished by either cross section or polari- 
zation measurements. Yet they can easily be sep- 
arated by polarization correlation. Thus more com- 
plicated experiments are obviously needed. In oth- 
er instances, where the scattering is anisotropic 
and the determination of a finite number of phases 
may appear to be formally possible, it is not clear 
to what extent these phases can also describe more 
complex scattering such as multiple scattering. 

It therefore seemed important to attempt an anal- 
ysis of all possible experiments in order to show 
which of these are independent in the sense that a 


*Wolfenstein’ has given us a good review of recent 


data. We take this opportunity to thank Professor Wolfen- 


stein for sending us his manuscript before publication. 
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complete reconstruction of the scattering matrix is 
possible when their results are known. For the pur- 
pose of clarity, we shall begin with two very simple 
examples: the scattering of spin-zero particles in a 
central force field and of particles with spin % by 
spin-zero nuclei. Subsequently we shall consider 
nucleon-nucleon scattering. 

The case of arbitrary spin, which thus far pos- 
sesses only theoretical significance and the case 
of photon scattering will be examined in future com- 
munications. In the present article we shall also 
limit ourselves to the study of the scattering ma- 
trix for a given energy. The energy dependence of 
the matrix elements requires further study. 


2. SCATTERING OF SPIN-ZERO PARTICLES 


Measurement of the differential cross section of 
a spin-zero particle determines a function a (9) 
which is the square of the absolute value of the 
scattering amplitude: 


a (9) =|f (9) /. (2.1) 
It is clear that when this quantity is measured for 
only one value of the energy and of the angle 9 the 
phase of the complex function f() is not complete- 
ly determined. 

However, when the scattering is measured at all 
angles and is known to be elastic, the phase of 
f{(9) is also determined. Indeed, the unitarity con- 
dition for the amplitude f(9) can be written as* 


Anim f (9) =k \ desf* (9") f (8). 


Here 9’ is the angle between k (the initial wave 


(2.2) 
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vector) and the variable vector k” over whose direc- 
tions da the integration is carried out. 9” is the an- 
gle between the final wave vector k' and k”. If we 
denote 

f (9) = Vo(9) exp [ia (9)], (2.3) 
we obtain from (2.2) an integral equation for a (0) 
when o@ (3) is known: 


o (9) a (9) 7? 9! 
5 (9) | cos [a (0’) 


(2.4) 


4xsina (9) = h\[ 


— a (9")] doo. 


The solution of Eqs. (2.1) and (2.2) or of (2.4) is 
equivalent to a phase-shift analysis. The represen- 
tation of f(%) as a finite sum of Legendre polyno- 
mials is clearly only one method of solution, which 
is useful when it is known that only a few phases 
are involved in the solution. For the general case 
the direct solution of (2.4) may be more convenient. 
Equation (2.4) is seen to be invariant with respect 
to the substitution f (9) > — f* (9) or, equivalently, 
a (9) > x —a(9). (2.5) 
This transformation represents a change of sign 
of all scattering phases. It indicates the ambiguity 
in the reconstruction of the scattering amplitude 
from its absolute value. We know that this ambigu- 
ity is eliminated by consideration of the interference 
with Coulomb scattering (for charged particles) or by 
study of the energy dependence of scattering at low 
energies. Therefore, the measurement of the scat- 


4x Ima (9) =k \ deo|a* (9") a (9") +6" (9") 6 (9") 
4n Reb (9) =k \ deo [2 Im a* (9”) b (9’) 


PUZIKOV, RYNDIN AND SMORODINSKY 


tering cross section at a given energy and at all an- 
gles is a complete experiment in the sense that it 
provides a possibility of completely reconstructing 
the scattering amplitude (except possibly for the in- 
dicated ambiguity). 


3. SCATTERING OF A PARTICLE WITH SPIN 4 


The scattering amplitude for a particle with spin 
% is described in the usual manner as 


M = a(%) + 6 (9) (sn), (3.1) 
where o is the Pauli matrix and n=kk' / |kk’ | is the 
unit normal to the scattering plane. 

The cross section and polarization (double scat- 
tering) are measured experimentally, thus enabling 
us to determine two functions: 


o(9) =|aP+[6P=% (FP +IFY), 6.9) 
(9) P (9) =2Reab* =1/, (|f,?—|f_)). 


Equation (3.2) clearly determines two moduli*: 


lf,P=le+oP, |pP=ta oP, 63) 


If the measurements are carried out over all angles 

and the scattering is elastic the phases of the com- 
plex functions f,(%) and f_(9) are determined again 
by the unitarity conditions: 


cos } — cos 9 cos #” 


| 


ps (9”) , (9’) 1 + 2 cos $cos 9 cos 9” — cos? $ — cos? 9’ — cos? “|. 


Equations (3.2) and (3.4) also permit a certain 
invariant transformation. In order to determine this 
we note that the transformation (reversal of the 
signs of all scattering phases) 

a(%)>— a’ (3), 6(8) 0° (3) (3.5) 
does not affect the cross section and unitarity con- 
ditions but that it does reverse the polarization. This 
This is also true for the Minami?’* transformation 


sin } sin 9” 
cos $cos 8’ — cos 9” 
sind sin 9 oe 
sin 9 sin 9 sin 9” 
a (9) >a (9) cos $ + ib (9) sin $, 
(3.6) 


b (3) > — ia (9) sin 6 — 6 (9) cos 9. 


Therefore the product of the two transformations: 


*We note that (3.3) represents the scattering cross sec- 
tions of a polarized particle whose spin is directed “up” 
or “down” with respect to n. 
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a (9) = — a’ (9) cos$ + ib* (9) sind, 6(%)-s 


+ ia’ (9) sin 9 — 5° (3) cos 9 (3.7) 
leaves all quantities invariant.* 

Thus for a particle with spin 2, the measurement 
of the cross section and of the polarization is a 
complete experiment. Non-uniqueness of the phases 
resulting from the existence of the transformation 
(3.7) can be eliminated by investigating the energy 
dependence of the cross section at low energies. 
We also add that, as was shown by Wolfenstein, 
this non-uniqueness can be eliminated by the study 
of triple scattering (in which the scattering planes 
of interest are mutually perpendicular). 


4. NUCLEON-NUCLEON SCATTERING 


Nucleon-nucleon scattering can be described by 
the matrix 


M = « (9) + 8 (9) (sin) (920) + 7 (9) (a, + 95) 0 
+ 6 (9) (a,:m) (s,m) + ¢ (8) (9:1) (21). (4.1) 


Here 9, and o, are the Pauli matrices of the two 
particles and m, | and n are the unit orthogonal vec- 
tors of the Cartesian coordinates, which are paral- 
lel to k—k‘', k+k’ and [kk’], respectively (in the 
center-of-mass system)°. This system is obviously 
suitable when we note that in the laboratory system 
the unit vectors are parallel to the wave vectors of 
the two particles after scattering and to the normal 
to the scattering plane. 

Equation (4.1) differs from the general scattering 
matrix for two particles with spin % by the absence 
of a term proportional to ¢, —¢,. This results from 
identity of the particles for a p—p system and charge 
invariance for an—p system. 

For identical particles the matrix coefficients in 
(4.1) are symmetrical with respect to the substitution 
3 —> x= — 4. These can be formulated conveniently 
by introducing new functions which will also be 
useful subsequently’: 


a=a+B8, b=a—8, c=6+¢, 
(4.2) 
d=6— 6, e= 2Y 
It can then be shown that for identical particles 
a(x—8)=—a(9), b6=(s—9) =—c 9), 
c(x—%) =— 6(9), d(c—$)=d (9), (4,3) 
e(x—) = e (9). 
*In terms of the phase shifts 6(j, /) this transforma- 
tion represents 8(j, j—1/2) 2 —8(j, j + %/2)- 
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Therefore for identical particles the measurement is 
performed only for the angles 07/2. F'or the scat- 
tering of neutrons by protons the interval of meas- 
urement is doubled to 0-7, which corresponds to 
doubling of the number of states in this system. 

Before making use of the unitarity condition, we 
shall briefly describe the experiments needed in a 
two-nucleon system. 

If we have an unpolarized beam of nucleons the 
first scattering determines the differential cross 
section, which is associated with the elements of 
the scattering matrix by the formula 


o(9) = 4, (ja)?-+|b2%+ic?+\dP+ el’). (4.4) 


The first scattering gave rise to a beam polarized 
along the n direction. In the second scattering the 
polarization in hydrogen is measured: 

3 (9) P (9) = Reae’. (4.5) 
It is clear that in order to obtain polarization the 
first scattering can be produced by any target with 
certain properties (the polarizer). The polarization 
of the recoil particle agrees with P(%) (¢, — @, is 
absent in M) and need not be measured. 

A third target can be added in two ways. Meas- 
urment of the P| component of the correlation ten- 
sor gives 
3 (9) Pan (9) = "2 (la)? —|6? —leP +14? +]e/). 

(4.6) 


In these measurements all three scatterings take 
place in a single plane. It is possible in addition 
to measure the polarization of the particle after the 
second scattering. When it is measured by the third 
target (which can be any analyzer) we obtain two 
quantities which correspond to the two particles 
participating in the second scattering”. If all three 
scatterings occur in the same plane we shall have 
for these quantities 


5 (9) Dan (9) 


(4.7) 
=") {lajt+o#—[cP id + lel 
(for the scattered particle) and 
o(9) Kan (>) 
(4.8) 


="ailal’—loP tie? —|e@? + jer} 


(for the recoil particle). For neutron scattering by 
protons, the difference between these two quantities 
is evident; for identical particles, the first quantity 
corresponds to measurement in the angular interval 
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0 to 7/2 and the second to the angular interval 7/2 
to 7. 

The methods which have been described give us 
five equations from which we easily determine the 
absolute values of the five functions a+e, a—e, ), 
c, d. Further consideration follows the path indi- 
cated earlier. In order to determine the phases of 
these complex functions measured over all angles 
we must make use of the unitarity condition. It can 
be shown (see Ref. 8) that five such conditions 
exist. [These conditions (see Appendix 2) are in- 
variant with respect to 


a (9) > —a* (9), B(3)>—8"°@), 1A 
3G) = 370), °C) == @), 


(9), 


which is equivalent to simultaneous reversal of the 
signs of all phases (as in the preceding case this 
substitution reverses the polarization); a substi- 
tution which corresponds to the Minami transforma- 
tion does not exist for nucleon-nucleon scattering ®.| 
Hence it follows that the indicated set of experi- 
ments is a complete set. 

The preceding considerations are characterized 
by the important conclusion that determination of 
the scattering matrix does not require measurement 
of quadruple scattering or the introduction of a mag- 
netic field but can be confined to experiments with 
three targets and parallel scattering planes. Up to 
the present time, however, such a complete set of 
experiments has not been performed for any single 
energy; this is the cause of the ambiguities in the 
analysis of these experiments. 

In connection with the determination of the scat- 
tering matrix there arises the question of its rela- 
tion to the potential. It is noteworthy that the num- 
ber of independent functions in the scattering am- 
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plitude coincides with the number of scalar func- 
tions that appear in the interaction Hamiltonian. 
Indeed, it is easily shown that the general form of 
the interaction of two protons, for example, will be 


V = Vj (r) + V2 (r) (0192) + Vs (r) (618) (82r) 
+ V,(r) (¢1+ a,)L + V; (r) (¢,L) (¢,L) 


where L is the orbital angular momentum. It would 
be very interesting to determine how the scattering 
matrix is affected when one or more V, vanishes. In 
other words, can anything be krown qualitatively 
regarding the form of V from the characteristics of 
the scattering matrix? 

In conclusion we wish to thank Professors E. 
Segre and O. Chamberlain for interesting discus- 
sions which we had with them during the summer of 
1956 concerning nucleon scattering experiments. 


APPENDIX 1. FORMULAS FOR, POSSIBLE 
NUCLEON-NUCLEON SCATTERING 
EXPERIMENTS 


Since the set of five experiments indicated above 
for the determination of the nucleon-nucleon scat- 
tering matrix is not the only one possible, we shall 
now briefly review all conceivable experiments. 
These experiments can differ first in the polariza- 
tion of the primary beam and secondly in the nature 
of the quantities to be measured (cross section, 
polarization of the scattered particle, polarization 
of the recoil particle, polarization correlation). 
They can be summarized in the following table: 


Initial spin state 


A | B | Cc | D 
Measured quantity | Unpolarized| Polarized | Unpolarized| Polarized 
beam—unpo-|beam—unpo- beam—po- beam—po- 
larized larized larized larized 
target target target target 
1. Cross section o* of!) o) Sip 
2. Polarization of (1) * (1) * , { 
é eeatiered particle Po Dip Krp Tip 
> Polarization of (2) # 
recoil particle PG K ig DY Te 
4. Polarization * (1) * 9 x 
correlation Pop Lge Po Tepe 
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Here each column represents a definite initial spin 
state of the two-nucleon system and each line gives 
a characteristic of the scattering process which can 
be measured. The subscript i denotes the direction 
of initial polarization of the incident particle; & 
denotes the initial polarization of the target; p de- 
notes the measured polarization component of the 
scattered particle; q denotes the measured polari- 
zation component of the recoil particle. Each ex- 
periment will hereinafter be denoted by a letter 

(for the column) and numeral (for the line) indica- 
ting the initial spin state of the system and the 
characteristic of the scattering process which is to 
be measured. For example, B2 means measurement 
of the set of quantities DS ’) which determine the 
influence of the i-component of incident particle 
polarization on the p-component of scattered par- 
ticle polarization, etc. 

Not all of the experiments in this table are dif- 
ferent. Some of them are actually identical because 
of symmetry. Thus in the absence of singlet-triplet 
transitions (the absence of the s;—3, component) 
there is essential identity of experiments A2 and 
A3, Bl and Cl, B4 and C4, D2 and D3, B2 and C3. 
For identical particles (see the symmetry properties 
in (4.3)) experiments B2 and B3 determine the quan- 
tities of B2 for supplementary angles (9 and x—9). 


Experiments C3 and C2 are related in the same way. 


Because of the time-reversal symmetry of the ma- 
trix M the experiments which are situated symmetri- 
cally with respect to the main diagonal of the table 
are equivalent (A2 and Bl, A4 and D1 etc). Thus 
the only distinct experiments are denoted by aster- 
isks in the table. It appears immediately that a 
polarized target is needed in principle only for the 
most complicated experiments. But, as we have 
seen, for the actual determination of the scattering 
matrix even these experiments are unnecessary. 

We now proceed to review the characterstics 
which are determined in the different experiments. 


Al. The cross section is measured: 


= (9) = 1/,Sp MM* 
= ¥/,(ja?+]62+ |cf +14? + lel?) 
A2. The polarization is measured: 


a (9) P (3) = 1/,Sp (o,n) MM* = Reae’. 


B2. The tensor is determined: 
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3 (9) Dip (9) = */4Sp Ms,;M*o,, 
=A a tet OP ere de aera, 
+ Re(a*b + c*d) mimp 
+ Re (a°6 — c°d) lil, — Im b"e (mil, — Lm). 


From triple-scattering experiments with parallel 
and perpendicular planes these components are de- 
termined: 


3 (9) Dan (9) = Yo (la)? + | 6)? —|cP —|dP + le), 
3 (3) Dem (3) = — cos = Re (a*b + c’d) 


+ Im6*e sin = : 


The determination of the components 


3 (9) Dim (8) = sin . Re (a*b + c*d) + cos ° Im b"e, 


2 


—c'd)+ cs Imb*e 
requires either quadruple scattering or triple scat- 
tering with a magnetic field between the targets. 
The unit vectors z and x are along the directions 
k and [nk], respectively. 

B3. The tensor is measured: 


3 (9) Kig (9) = */4Sp May; M* oq = 1/2 (1a? — | 0? 
+icj/?—|d/? + |e?) nny + Re(a'c + O'd) mum, 
+ Re (a°c — 67d) [;l, —Imc*e (mil — lim,). 


are determined from 
triple scattering and K, and K, , from quadruple 
scattering. 

For identical particles this is equivalent to the 
measurement of corresponding components of D,, 
for supplementary angles (9 >< — 9) giving 
Diasle—2) = Kn), Dinle—9) =the ee 
Din (& — 9) = — Kz,-1 (8), Dit (x —9) = 
os ee m (9). 


A4. The polarization correlation tensor is meas- 


The components K_ and K 
nn x 


ured: 
3 (9) Pog (9) = Ma SP Sip%q/MM" 
{ r 
= (\a?—[62—|eP+ | dP a le?) npn, 
+ Re (a*d + b’c) mpm, + Re (6°c — ad) It, 
-+ Im de® (mplg + mal). 


The component 


a4). Pi.) = 4/2 (1a? 1b) — el daa 
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is determined by an experiment in which the planes Experiments in which the planes of the analyzing 
of the analyzing scatterings coincide with the basic scatterings are perpendicular to the basic plane, 

scattering plane. with a magnetic field perpendicular to the primary 
scattering plane placed in front of one of the anal- 


yzers, determine the components 


) (9) LOSS (9) — Re (a*d ok b*c), 


The determination of the component 


3 (9) Pmt (9) = Im de* = — o (9) Pm_—i(®) 
requires an experiment in which the planes of the ‘ 
analyzing scatterings are perpendicular to the basic SONS CS) ae (ON As 


scattering plane. B4. The tensor is measured: 


5 (9) Ping (9) = Sp Mo; M*9y 9529 = 
= Reae*njnptg + Re be* [mimyng + lil png] — 
— Im (a°b + c'd) limpng + Im (a°b — c"d) mil png — 
— Im (a*c + b'd) linpmg + Im (a*c — 6"d) m;nplg + 
+ Im (a°d + b'c) njilpmg + Im (ad — 6'c) nimylg + 
+ Ree’c [mjnpmg + linpla] + Ree’d [nimpmg — nil plq). 


C4. For this experiment a polarized target is required. The tensor components are measured: 


3 (9) Tikpg (9%) = */4 Sp M4 iS9xM* 41 952g = 
=e(laP+ oP +e? + [dP +/el?) aimenpng + 
+ 4/2 (Ja)? + [67 + )e? +] dP? — lel?) (mummy + lilel pla) + 
+ Re(a°b + c'd) (nilatplg + lingl png) + 
+- Re (ab — c'd) (nim NptNg + MikM ply) + 
+p (lal? +(b2—fo—|d Je) (nailatrigly + luttigl pttg) 
+p ('a? —16 22 + lo —|d  — let?) (tmilel pity + Larmurtiglg) + 
+_(—laP-+|bP + je? — [dP + | ei) (nsntel ply + lilempmy) + 
+ Re(a’c + b'd) (Linknplg + nilkl png) + 
+ Re (a°c — b'd) (nimympng + mingnym,) — 
— Re (a'd + 6'c) (Liletpttg + nite! plg) + 
+ Re (ad — bc) (ningmpmy, + mimyn pny) + 
+ Ime'e (mnghplg + Nimyl pg — nilkmpng — Link png) + 
+ Ime*d (njngmplg + njttel pmg — Mil «npng — Limyn png) + 
+ Imave (Limympm, + milxmypng + Uilxtmylg + lilgl pg — 
— Milgl plg — Lyryl plg — mimmMplg — miyryl pm) + 
+ Im b%e (jngmpng -+ Nilknp Mg— NMA ply — Mifyl ply). 


APPENDIX 2 UNITARITY CONDITIONS 
These are the unitarity conditions for nucleon-nucleon scattering: 
4x Ima (9) = 7 SpiM* (k’, k’) M (k, k")] dere 
R C fr ” wu“ 
4x Im8 (9) = Z\SP [Mt (k’,k”) M (k, k”) (a,n) (agn)] deoxy, 


4z Rey (9) = s\SP [M* (k’, k”) M (k, k”) (, + 42) n] doy, 


41m (9) = 7\SP (M* (k’, k”) M (k, k”) (a,m) (g3m)] dog, 
4x Ime (9) = \ Sp {M* (k’, k”) M (k, k”) (a1) (a21)] dog. 
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The calculation of the traces in the unitarity con- 
ditions is elementary but results in complicated ex- 
pressions which we shall not reproduce here. It 
should be noted that when Wolfenstein’s® form of M 
is used the unitarity condition for B (9) (singlet 
scattering) is of the same form as the unitarity con- 
dition for the scattering of spin-zero particles. 


or Bs Wolfenstein, Ann Rev. Nucl. Sci 6,(1956) 


2k. Glauber and V. Schomaker, Phys. Rev. 89, 667 
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Nee is presented in the present paper for 
the investigation of the energy dependence of 
inelastic scattering near the threshold. As an illus- 
tration, let us consider a system A consisting of a 
fixed force center and a particle a bound to it. Let 
particle b fall on this system. We shall consider that 
a and b are different, in order to avoid difficulties 
connected with the Pauli principle (in the case of 
identical particles a and 5, the results are not 
changed in principle, but the calculations are more 
complicated). 

We are interested in the inelastic scattering of b, 
in which a undergoes a transition from a state with 
energy Fy to another state with energy £,. Expand- 
ing the wave function of the system A + bY (rir2) 
in the eigenfunctions W, of system A 


¥ (tite) = D) by (11) Fe (Fa), (1) 
we get for Fa the system of equations! 
AF, ker = >WVaaha (2) 
8 
with asymptotic behavior 
Bee exp UKE) Ong ts Gah eX Ulery (3) 


We introduce the notation 4k? / 2m, for the energy 
of the particle before collision: 


RR2/2m, = hk /2m, + (Eo — E,); (4) 
he = h2 + 2a, x, = ho — hyy = (KZ +24) — hyo. (5) 


The effective cross section of the transition 0 >a 
is related to the amplitude g, by the equation: 


Soa 2 (Ra/Eo) | qq 2dQ. (6) 
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We shall consider the system (2) in an approxima- 
tion in which we can separate the two equations for 
Fy and F, and neglect the coupling of these equations 
with the other equations (regarding this approxima- 
tion, see Refs. 1, 2). 

We shail then have 


(A-- KS) Fo= VooFotV pt ito h?) Fy = Vis Fy + VioF o- 
(7) 


We limit ourselves to the simplest case of a tran- 
sition between s states; moreover, we shall take into 
account only the s state of particle b which under- 
goes scattering. Then F, and F, will be spherically 
symmetric. Setting Fa = fa/r, we get 


1 
falar + kela= D) Vaghg(a=0; 1). 8) 
B=0 
For large r, 
f,~w kz! sin kyr8y9 + Jy expik,r. (9) 


We can convert the system (8) with asymptotic con- 
ditions (9) to the integral equations 


1 
Fa=lPat > 


\ Gag (rs 8)ig(s)ds (2 =0; 1), (10) 
B=0 0 


: sin kr 
Gag (i, S) = Sime (7 — 5) Vag (Ss); oO, = a i 
a 


a 


i co 
ani Res 
bg Sageete| © Vago) ig ids: 
0 


i (se) 
1 é 
m= —s- Dy | #269) Veg ig ()ds. (11) 
B=0 0 
We set 
1 
i= >> CyXxq (a =0; 1) (12) 
B=0 
and introduce the notation 
ae 

1 oS 

Moy = >, \ e * Vapxpy (s) ds. (13) 
B=00 
We then obtain 

rl F; 
Xag = Padag + >, GaAGas) X+g (Ss) ds, (14) 

Y=00 

1 
Cy = By 9 — > M yl: (15) 

Y=0 
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Solving the system (15), and taking Eqs. (11)-(13) 
into account, we get for the amplitude of the excita- 
tion 
Myok, * Im My, — (1 + My) k7* Im Mio 


q = 
: (1 + Moo) (1 + Mir) — MoM 


- (16) 


Taking it into consideration that sink,r/k, is an 
analytic function of k2, we can represent Xj in 

the form of a series in k?. Substituting this series in 
My, and expanding exp ihkys in the radicand in 


powers of k,, we get 
e 


My, = MD + iksMD + BME) + iKMB+ _. (y = 0; 1). 
(17) 


The series (17) converges, generally speaking, 
only over some region of variation of k,. The radius 
of convergence is determined by the form of Vig(7). 
So far as M,., is concerned, we can, by making use 
of (5), transform Eq. (13) to the form 

oO 
Mo > \ ei %S + ikes Vog(5)%ey(8)ds. 
B 9 


(18) 


Expanding exp ikis in powers of ki, we get 


My = MOO + im, MY 4rd) + BME) +... (19) 


Substituting (17) and (19) in Eq. (16), and then in 
Eq. (6), and limiting ourselves to terms of no higher 
order in /, and x, than the second, we obtain 


1 -+ apk® 
om ont a —_________+________. 
0 1 ++ ashy + @4%y + Gs {+g % Ay + A7ky 


(20) 


The coefficients a;... a, are expressed in terms of 
M@), In the case in which the threshold of excitation 
is sufficiently high, we can expand «; near the thres- 
hold in powers of £?. We then have, with accuracy up 
to terms in 4?, 


o = Ax (ky/Ro)ay (1 + aokr?) / (1 + ashy + agk?). (21) 


In a number of cases, we can neglect the term 
VioFo in (7). This is the so-called method of dis- 
torted waves:? In such an approximation, Mo: = 0, 
whence, as is easy to show, a; = 0. Thus, in the ap- 
proximate method of distorted waves, the linear term 


of Eqs. (20) and (21) is absent. 


1N. Mott and G. Massey, Theory of atomic collisions, 
IIL, Ch. VIII (Russian translation). 
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Statistical Retardation in Dielectric 
Breakdown of Solid Dielectrics 


.E. A. KONOROVA 
P. N, Lebedev Physical Institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor June 28, 1956) 
J. Exptl. Theoret. Phys, (U.S.S.R.) 32, 603-604 (March, 1957) 


EITZ! made the assumption that, in computing the 
dielectric strength of crystals on the basis of 

Hippel’s criterion, it is necessary to account for the 
fluctuations in the behaviour of the electrons in the 
energy exchange with the lattice. The possibility 
of such fluctuations is described by a certain proba- 
bility that the electron will be accelerated to the 
ionization potential without collisions with the lat- 
tice. This assumption leads to the possibility of 
statistical retardation in the breakdown of thin layers 
of solid dielectrics, and also to the dependence of 
the dielectric strength of crystals on thickness (for 
the thickness range 10°? to 10°4 cm). 2° In 1952-1954, 
Japanese investigators?” obtained data on the de- 
pendence of dielectric strength on the time of appli- 
cation of the voltage and on the thickness for sam- 
ples of mica 3 to 5x 10°4 cm thick (dotted lines in 
Figs. 1, 2). These authors concluded that Seitz’ 
assumptions were confirmed experimentally. The 
size of electron avalanches and also the number of 
initial electrons formed per second were computed. 
The quantities computed in this manner were in 
accordance with the approximate computations of 


Seitz. 
4 
1 
A 
2 cote 
Q z Ss 
Foe 8 n 
5 Toe 
<= 8 la Fee 
x apes 
Ae 
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ee 4 
= = = = 7 J =f 
we id i rid 10 10 0 sec. 


FIG. 1. Dependence of the dielectric strength of glass 
and mica on the duration of voltage application. 
1—glass, 2—mica, 3~—mica according to the data, Ref. 5 
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FIG. 2. Dependence of electric strength of glass and 
mica on the thickness. @ —mica; a—mica, Ref. 2; en 
glass, 5 usec pulse; O —glass, 0.2 uw sec pulse; 

x —glass, 100 usec pulse; V—glass 10? sec pulse. 


We have also measured the dielectric strength and 
its dependence on the time of application of the 
voltage and on the thickness of mica-muscovite and 
glass of the following composition: Si0,—68%, 
B.0; — 20%, Al,O; —3%, Na,0—4%, K,0 —5%, 

As,0; ~0.25%. A linearly increasing voltage was 
applied to the samples. The time from the beginning 
of the voltage rise to the puncture of the sample 
could be varied between 10°? sec and 5 x 10°8 sec. 
The dependence of the puncture voltage (EF _) on 

the sample thickness was obtained for pulse duration 
of 5x 10° sec. Measurements of the puncture voltage 
for short pulses were made with the CRT oscillo- 
graph type KO-20 (experimental factory VEI), and for 
pulses of 10-? sec duration with an electrostatic 
voltmeter across the kenotron. Errors in voltage 
measurements did not exceed 10% and, judging by 
the calibration oscillograms, were generally smaller. 

Mica plates 2 to 10p thick and glass films 3 to 10p 
thick were used in the experiments. Silver electrodes 
were formed on the mica surfaces, after carefully 
cleaning of the latter with benzol, by evaporation in 
a vacuum in form of two discs 1.5 mm diameter on 
one side and 5 mm diameter on the other. The sam- 
ples were placed between two electrodes, sphere and 
plane (sphere diameter 4mm) with a mixture of gly- 
cerine and alcohol poured over them. Since in most 
cases the samples were punctured at the center of 
of the smaller disc, it may be considered that punc- 
ture took place in a uniform field. Glass samples 
were punctured between sphere-plane electrodes; a 
50% mixture of glycerine and alcohol was used as 
the medium. Thickness measurements of the sam- 
ples were made with a +3% accuracy. 

Results of measurements are shown in Figs. 1 
and 2. Each point on the graph represents the 
mean value of dielectric strength measurements 
on 10 to 16 samples. The mean square error does 
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not exceed 6%. As seen from Fig. 2, the puncture 
strength of mica and glass increases noticeably 
with the decrease in thickness from 5 to 2.5p. This 
is in agreement with the data obtained earlier 
(Joffe and Aleksandrov, 1932) for mica at constant 
voltage, although at constant voltage secondary 
phenomena could have taken place, such as heating 
of the sample and formation of space charges. The 
general form of this dependence agrees also with 
results of measurements obtained by Ryu and Kawa- 
mura” for mica-biotite (dotted curve, Fig. 2). How- 
ever, no dependence of the puncture strength on the 
duration of voltage application was observed even 
in sufficiently thin samples, which is contrary to 
the results of the Japanese investigators (dotted 
curve, Fig. 1). 

The dependence of dielectric strength on the 
duration of voltage application is very frequently 
determined by the non-uniformity of the field in the 
sample. Since the absolute values of dielectric 
strength for mica-muscovite obtained in our ex- 
periments are higher than those published in Ref. 3, 
the question arises whether the dependence ob- 
tained in Refs. 3 and 5 is not in fact related to a 
non-uniform field. , 

For glass, with sufficiently short pulses (from 
1074 and shorter), the dielectric strength also does 
not depend on time, and is noticeably lower for 
pulses of 10° sec duration. As shown in Refs. 6 to 
8, this dependence can be satisfactorily explained 
as due to the heating of the sample by the prepunc- 
ture currents, increased in the ionic conductivity 
and, as aresult of this, formation of ionic space 
charges which distort the field at the electrodes. 

Thus, it may be considered that in the puncture 
of glass or mica, statistical retardation is generally 
either absent or less than 10°° sec. 

As far as the dependence of the dielectric 
strength on thickness, in this range of thicknesses, 
it can be explained not only on the basis of Seitz’ 
assumptions but also on the basis of other theories 


"of electric puncture, for example the theory of Chu- 


chenkov®. 

It appears to us, on the basis of these investi- 
gations, that there are not sufficient grounds so far 
for the conclusions made in Refs, 2 and 5. 

The author takes this opportunity to thank Prof. 


G. I. Skanavi for his interest and attention to this 
work. 


1F. Seitz, Phys. Rev. 76, 1376 (1949) 


“rel Ryu and H. Kawamura, J. Phys. Soc. Japan 9, 438 
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The Applicability of the Relation of Detailed 
Balance for a Cluster of lons 
of Stationary Composition 


IA. M. FOGEL' 
Physical-Technical Institute, 
Academy of Sciences, U.S.S.R. 
(Submitted to JETP editor July 15, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 604-605 
(March, 1957) 


[. a recently published work of Korsunskii, Levi- 

ant, and Pivovar! on the basis for the treatment 
of the experimental data presented in another work 
of these authors2, a confirmation is made of the 
fact that to processes of charge exchange between 
ions of a cluster and molecules of a substance, oc- 
curring upon passage of the ionic cluster through 
the substance, one can apply the relation 

Sin / Oni = N,/N,, (1) 

where oj, and o;; are effective cross sections for 
an ionic transition from the charge-state i to the 
charge-state k and vice versa; N;,/N;is the ratio 
of the number of ions with charge k to the number 
of ions with charge i in a cluster of stationary 


Energy : | 
of Ions, | %)— "10" cm 
kev. 


o_4°10” cm 
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composition. The composition of a cluster passing 


through a layer of material is determined by the dif- 
ferential equations 


m 


m 
dN, / dn =D) oinN;—Ny >) op, , 


i=1 . i=] 


(2) 


where n is the thickness of the layer of material in 
atoms per cm2, and 1, 2, ... m are the charge-states 
of the ions of the cluster. The cluster attains a 
stationary state for the condition dN;/dn =0. The 
relation (1) is obtained from this condition for the 
charge-states fulfilling the condition |i —& | = 1, 
if for li —k | > Lall oj, = 0,; = 0 (processes of ex- 
change of more than one electron do not occur). 
Since the conditions indicated in Ref. 2 are not 
satisfied, its fulfillment in this work proves to be 
purely by chance, inasmuch as the relation (1) is 
not derived from any sort of general considerations. 
The applicability of Eq. (1) can be subjected to 
a direct check in processes of capture and loss of 
two electrons in single collisions of protons and 
negatively charged hydrogen ions with molecules of 
hydrogen. For these processes, according to Eq. 
(1), the equality 


Oy, /6_,,=N-/ N+. (3) 


must hold. The effective cross-sections a, , for 


1-1 
capture of two electrons by protons upon collision 
with hydrogen molecules, and the ratios N-/Nt ina 
hydrogen cluster of stationary composition, formed 
in the passage of protons through hydrogen, were 
determined in the work of Fogel’ and Mitin3. On 
the other hand, we determined the effective cross 
sections of 0.1) for the loss of two electrons in 
collisions of negative hydrogen ions with mole- 
cules of hydrogen*. In the Table, values of the 
quantities 01.1 /7:1,and N-/N+ are presented for 
various energies of the ions of the cluster. The 
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errors in measurement of the quantities in the table 
are as follows: for 01-1, 30%; for N—/N+, +18%; 
and for 0.11, 15%. As is seen from this Table, 
the equality (3) is not satisfied in a significant 
part of the energy interval investigated. 

Thus the relation (1) cannot be of universal ap- 
plicability to processes of energy exchange be- 
tween an ionic cluster and a material. 


1 Korsunskii, Leviant, and Pivovar, Dokl. Akad. Nauk 
SSSR 107, 664 (1956). 

2Korsunskii, Leviant, Markus, and Pivovar, Dokl. 
Akad. Nauk SSSR 103, 399 (1955). 

3Ta, M. Fogel’ and R. V. Mitin, J. Exptl. Theoret. 


Phys. 30, 450 (1956); Soviet Phys. JETP 3, 334 (1956). 
4 Fogel’, Ankudinov and Slabospitskii, J. Exptl. 
Theoret. Phys. 32, 453 (1957). 
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On the Possibility of Observing the Variation 
of the Chemical Potential of Electrons 
of a Metal in a Magnetic Field 


M.I. KAGANOV, I.M. LIFSHITZ and K. D.SINEL-NIKOV 
Physico-technical Institute, Academy of Sciences, 
Ukrainian SSR 
(Submitted to JETP editor September 27, 1956) 
J.Exptl. Theoret. Phys.(U.S.S.R.) 32, 605-607 (March, 1957) 


1 AS is known, the quantization of the energy 

© levels of electrons in a magnetic field leads 
to a number of phenomena (diamagnetism of the 
electron gas, De Haas-van Alfen effect, Shubni- 
kov-de Hass effect, et el.) As arule, the varia- 
tion of the chemical potential of the electron gas 
in the magnetic field is insignificant in all these 
phenomena. 

The dependence of the chemical potential € on 
the magnetic field can be detected directly by 
measuring the contact potential difference 5 
between two samples of the same metal, if one 
of these samples is placed in a strong magnetic 
field. 

The contact potential difference which arises 
is determined by the difference of the chemical 
potentials 


edo = (H) —¢,; Co=6 (0). 
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to the accuracy of a constant component related 
to the different states of the sample surfaces. 
According to Ref. 1, this difference is: 


Se 2V dn ehH ‘ls G (Co, H) (1) 
oO 8 = dU Tae \~ co) |S Co, 72) OPER ” 
where 
= : k 
G(Colt)= Dy sap FED sin E S mu (Ca) FG — 2 why 
k= 
k dS 


WY (z) =2/sinh z; A= (wcO/ehH) dS, /de 


(the notation is the same as in Ref. 1). If the ex- 
pression for the oscillating part of the magnetic 
moment M) ,. [Ref. 1, Eq. (3.2)] is used, then there 


can be obtained: 


a MH dU 
osc : 
oe (2) 


edo = — wee 


a | 
iff SE ol S 
ores (U dt 


a is a nondimensional function of the angles be- 
tween the field and the crystallographic direc- 
tions; a = 2 in case of an isotropic quadratic de- 
pendence; N is the number of electrons. 

We took into account only that variation of the 
chemical potential in (1), which is related to the 
oscillating component of the thermodynamic po- 
tential since that variation of the chemical poten- 
tial which is caused by the presence of monotonic 
components (diamagnetic and paramagnetic) is 
proportional to 


and, as we will see below, is considerably less 
than the oscillatory part (certainly, for low tem- 
peratures), 


In order to estimate the order of magnitude of 
the effect expected, it can be considered that 


| 8S (0, P2)/9P5 |G (Coy H) ~ 4, 
e89 ~(u H/C); u = eh/m'c. 


For 


Horm (G, So -~210™ apr 10 =: Saas een 
This estimate is lowered considerably since it is 
not taken into account that the effective mass of 


the majority of metals for which the De Haas-van 


LETTERS TO THE EDITOR 


Alfen effect is observed is considerably less than 
the mass of the free electron (for which p ~ 107?°), 
If m* = 107m is taken, then it is shown that 
dy ~ 107° V. Moreover, it should be taken into 
account that ¢) ~ 107! erg corresponds to one 
electron per atom (n ~ 1) which, as a rule, also 
does not hold (n < 1). 

If there are several electron groups then the 
potential difference arising is determined as 


039 =2V2n Bae ee o/> dU,/d&. (3) 


Here, the summation in the numerator and de- 
nominator is made over all the electron groups. 
However, it should be taken into account that 
even the weak domain structure, which always 
exists in single crystals, leads to the diffusion 
or the total smoothing of the oscillations in com- 
ponents corresponding to the bands with a large 
number of electrons for small fields. Actually, it 
is easy to show! that it is simply necessary to 
average the right side of (3) over the various do- 
mains to take the domain structure into account. 
Here, naturally, the components containing the 


as 
dp? 


significant random variations of the sine argument 
drop out,* i.e., precisely those components which 
correspond to bands with a large number of elec- 
trons. 

2. The variation of the chemical potential of 
an electron gas in a magnetic field leads to a de- 
pendence of the emission current (both the cold 
and the thermionic emission) on the magnetic 
field Hence, the oscillations in the magnetic 
field must be observed only in the cold electron 
emission case**, Portions of the electrons lo- 
cated on the “tail” of the Fermi distribution where 
they behave substantially as classical particles 
participate in the thermionic emission. Conse- 
quently, a periodic dependence on the magnetic 
field naturally does not arise. 

Direct calculation of the thermionic current 
under the assumption that the magnetic field is 
perpendicular to the metal surface and that the 
dispersion law is quadratic and isotropic, yields 


*We note that S_(£) is a function of the angles be- 
tween the magnetic field and the crystallographic axes. 
** The variation of the total cold emission current 
in a magnetic field is extremely slight. In particular, 
a periodic dependence on the magnetic field is appar- 
ently not observable in practice. Consequently, we do 

not dwell on these questions here. 
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Jf 8Hcosh(BoH / RT) 


cers (@H / kT) 


To; 

where /, is the thermionic current in the absence 

of the magnetic field, B = eh/2m*c is the electron 

diamagnetic moment, m is its effective mass, 

Bo = eh/2me is the electron spin magnetic moment. 
It is interesting to note that the thermionic cur- 

rent can either increase or decrease in strong 

magnetic fields depending on the relation between 

the effective mass m* and the mass of the free 

electron m. If m* = m, then 


I (At a 


“~ RT tanh(®H TRY 2 


that is, the thermal current increases linearly 
with the magnetic field tanh x ~ 1, x > 1 for 
BH > kT. 

It should be noted that the experimental ob- 
servation of thermionic current variation in a 
magnetic field is extremely difficult because of 
the low current intensity at low temperatures. 


1], M. Lifshitz and A. M. Kosevich, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 29, 730 (1955); Soviet Phys. 
JETP 2, 636 (1956). 

os bags [ Rozentsveig, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 31, 520 (1956); Soviet Phys. JETP 4, 455 
(1957). 
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Natural Line Widths of Microwaves 


V. M. FAIN 
Gorkii State University 
(Submitted to JETP editor November 24, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 607-608 
(March, 1957) 


We molecules are contained in a space whose 
linear dimensions are much smaller than the 
emitted wavelength, as often occurs in the micro- 
wave range, the molecules radiate as a single quan- 
tum-mechanical system and the line width of the 
spontaneous emission depends on the number of mol- 
ecules. Dicke and Romer’? showed that the line 
width is proportional to the number of molecules for 
“bound” states. The present note will show that 
this result is also valid for “unbound” states of a 
molecular system. 
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We shall consider the practical case of a Boltz- 
mann distribution of molecular energies. For sim- 
plicity we shall assume that the molecules are in 
only two nondegenerate energy states L , and E_ 
(E,>E~). The molecular radiation will be regarded 
as approximately dipolar. It will be assumed that 
direct molecular interactions can be neglected. Let 
n, be the numbers of molecules in states of energy 
E.,. Then when the gas is in thermal equilibrium 
with a thermostat at temperature 7’: 


n_—n, =nk/ kT; n=n_+nE =E,-E_=hog. 


(1) 


Here we have taken account of the smallness of E 
compared with kT, as is usually the case for micro- 
waves. 

According to Dicke!, the states of the gas are 
characterized by the quantum number m=(n,—n_)/2 
and the “cooperation number” r. The following con- 
dition is satisfied: 


|m|<r<n/2. (2) 
The radiation intensity from a gas in state (r, m) is! 
I= Io (r+ m)(r—m-+1), (3) 


where /) is the intensity of spontaneous emission 
from a single isolated molecule. 

When the molecular system is in state (1), m= 
—nE/4kT. The bar denotes averaging over the 
Boltzmann energy distribution. By Eq. (2), r cannot 
be smaller than |m |. It also cannot be much larger 
than |m| because states with large r are of small 
statistical weight’. When r=—m there is no sponta- 
neous emission because |m | then increases by 
unity and violates condition (2). Thus it is physi- 
cally significant to consider the radiation from a 
gas in the state m=m+1; r=—m. The radiation in- 
tensity from such a gas is* 


(4) 


I =—1,2m = IpnE/2kT, 


and thus proportional to n. We shall determine the 
natural line width when the initial state is m=m + 
1, r =—m. For the probability amplitudes b(r, m, v). 
where v denotes the number of photons of frequency 
«,) in the radiation field, the method of Weisskopf 
and Wigner®’* gives the equations 


*We note that for spontaneous emission by a system of 
molecules separated by distances much greater than the 
emitted wavelength, we would have J = n,/Io, which dis- 
agrees with (4). 
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—i%b(—m,m +1,0) = }}(—m, m+1,0|H’"|—m, m, 1) 


A 
X b(— m,n, Aye OA Ot, --i Lb (—m, m, 4) 
= (— m, m, 1 |H’|— m, m + 1,0) 
Xb (-— m, m+ 1,0) efron, 
where H' is the interaction energy operator. These 


equations are solved as in Refs. 3, 4 (for more de- 
tails see Ref. 5). We use Dicke’s relation! 


(r, m|H’ |r, m—A1) = (Ey |H| E-) U(r + m) (7 —m +1)? 


where (FE, |H' |E_) is the transition matrix element 
for a single independent molecule. The resulting 
spectral intensity distribution is 


— 2m Yo %;oOdw 


df do= = : 
Te fo og + me 


Thus in this case the natural line width is 


Y= — 2m Yo = (h @/2kT)n Yo, (5) 
where Vo is the natural line width for a single mole- 
cule. We shall now estimate y. Let a. =2% 10" 
sec~! (A~1 cm): 


Yo = wu? , w3/% ccf. Ref. 4), Ug, = 10-18 CGSE; 


then y, =3x107’ sec~!. This would be the natural 
line width of a gas where the molecules are assumed 
to radiate independently. If in a distance of the or- 
der of 1 mm, n=1015 molecules are to be found (on 
levels E_ and E ,) and T=300°K, then nh @)/2kT = 
25 x 101% and y=10° sec 1. Thus the natural line 
width of microwaves is not negligibly small, as is 
usually assumed. 

It is easily shown that absorption lines also have 
the width given by (5)°. This follows from general 
considerations. 

We note in conclusion that there is a classical 
analogue of the effect which has been described. In 
a system of oscillators whose separation is small 
compared with the emitted wavelength there is al- 
ways an indirect interaction through the total radia- 
tion field. In the dipole approximation, the radia- 
tion damping force which acts on each oscillator is® 


n 
K ad = (2¢2/3c8) » ie 


k=Y 


(6) 


By using (6), it is easily found that the width of the 
emitted line is y=n Yo: Where n is the number of 
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oscillators. This will be discussed in greater de- 
tail in another article. 

The author is indebted to Professor V. L. Ginz- 
burg for comprehensive discussions. 


1R. H. Dicke, Phys. Rev. 93, 99 (1954) 

2h: Dicke and R. H. Romer, Rev. Sci. Instr. 26, 
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yy Weisskopf and E. Wigner, Z. Physik 63, 54 (1930); 
65, 18 (1930) 

4W. Heitler, Quantum Theory of Radiation. 

Sy Ms Fain, Dissertation, Gorkii State University, 
1956 

°L. D. Landau and E. M. Lifshitz, Classical Theory of 
Fields, 2nd Ed., Moscow, 1948 
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Double Absorption Peaks in Electron 
Resonance at Saturation 


N.S. GARIF‘IANOV 
Physico-Techn ical Institute, Kazan Branch, 
Academy of Sciences, USSR 
(Submitted to JETP editor November 24, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 609 
(March, 1957) 


A een observed the splitting of nuclear res- 
onance lines when the modulation frequency of 
the magnitude field was of the order of the line 
width. We have observed the same type of double 
peaks of electron resonance absorption in strong 
fields, when the angle a between the magnetic com- 
ponent H,, of the radiofrequency field and the static 
magnetic field H, differs from 90°. 

Measurements were performed by Zavoiskii’s” 
grid current method from 3 to 300 Mc at room tem- 
perature. The method is described in detail in Ref. 
3. The oscilloscope screen showed twin resonance 
peaks. The splitting was produced by a 50Mc mag- 
netic field. 

For the free radical of aa-diphenyl-f-trinitrophe- 
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nyl-hydrazyl in weak radiofrequency fields when a 
is changed from 90° to 0° only the ordinary resonance 
absorption peak is observed with 8 eg hv/BH, =2 
(Fig. 1 a). This peak has maximum intensity when 


SV) co ee 
| | 
DN WN. 


FIG. 1. Twin resonance absorption in the free radical 
of aa-dipheny]- {6 -trinitrophenyl-hydrazl at v = 30 Mc and 


T=300°K. a) a=90° with field (H,,= 0.1 oersted) 6) 
a= 90° and c) a= 45 with strong field (H,, = 2 oersteds) 


z 
% 


= 
coo 
a 


ve. 
FIG, 2. 
a=90° and vanishes when a=0. In strong fields, the 
free radical with a# 90° (Fig. 2) reveals additional 
absorption peaks (Fig. 1b) which result from modu- 
lation of the static magnetic field H, by the paral- 


lel component H,,,. The number and position of 


+e 
these peaks epend both on the field strength and 
the angle a; they are given by v)=v + nv, where 
n=l, 2,3.... This is a special case of Smaller’s 
condition’. 

Additional peaks were also observed in anthracite 
from the Kuznets basin and in metallic lithium. 


1B. Smaller, Phys. Rev. 83, 812 (1951) 

ci i Zavoiskii, Dissertation, Physics Institute, 
Academy of Sciences, USSR, Moscow, 1944 

3. S. Garif‘ianov and B. M. Kozyrev, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 30, 272 (1956); Soviet Phys. 
JETP 3, 255 (1956) 
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Radiation of a Point Charge Moving 
Along the Boundary between Two Media 


V. E. PAFOMOV 
P,N. Lebedev Physical Institute 
Academy of Sciences, USSR 
(Submitted to JETP editor October 25, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 610 (March, 1957) 


We here determine the angular distribution of 
radiated energy from an electron moving above 
the interface of two dielectrics. The special case 
of radiation by a point charge moving along the 
plane separation between a vacuum and dielectri¢ 


aw 
dz 


2e C 
ee \ oda \ do 
£28°>1 0 
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has been considered by Danos! and Linhart?, but 
Ref. 2 contains incorrect results and Ref. 1 con- 
tains misprints. 

We assume that the electron is in uniform rec- 
tilinear motion with velocity v at distance d from 
the interface of two media with dielectric constants 
€, and € which are assumed to be real. Let €, be the 
dielectric constant of the medium in which the 
electron is moving. When the condition for Ceren- 
kov radiation is satisfied only in the second 
medium (€,$? < 1; ef? > 1), all of the energy is 
radiated into the second medium, and the intensity 
distribution along the generating lines of the 
Cerenkov cone is 


[(€282 — 1) (e1 + €2) cos? p + 2 (1 — €187)] (e282 — 1) sin® 
(€2 — €1) [(€1 + €2) Sin? @ + €28? (€2 cos? p — eg, sin? 9)] 


(1) 


ay 1) 
x exp{—2d 2 ((en —e1) B? — (e28#—1) sint gf, 


where ¢ is the azimuth whose zero is such that the 
plane y = 7/2 is perpendicular to the interface of 

the two media*. The Cerenkov cone is defined as in 
the homogeneous problem by the condition nScosd=1, 
and since this condition is satisfied only below the 
interface the cone will be semicircular. 

Ginzburg and Frank? (see also Ref. 4) have con- 
sidered the radiation from an electron moving along 
the axis of a channel cut through a dielectric. For 
wavelengths shorter than the channel radius, the 
radiation energy decreases exponentially as the 
radius increases. This is also true qualitatively for 
the present case. 

When ¢,8? > 1 and €,8? > 1, the result depends on 
the ratio of €, and €,. When ¢€, > €, the distribution 
of energy radiated into the second medium is 

wT 
A 

\ ode | BR dg; 
e28?>1 0 
A = {(e18?— 1) +[V (eB? — 1) — (28? — 1) cos* p-sin 

-+ Ve,82 — 1-cos? @]?(e2 82 — 1)} (€232—1) sin? 9 , 


2e%c® 
~ mut 


B =e, V £.8? —14 sin @ + eV (e182 — 1) — (e282 — 1) cos?@ 
(2) 


*For €,= 1, Eq, (2) is not transformed into the cor- 
responding formulas of Refs. 1 and 2, because of inac- 
curacies in these articles, 


When for «8? > 1 and «8? > 1 we have a < &, 
then in the region where cos? 9 < (ef? -1)/(e.B?-D, 
the integrand in (2) must be replaced by the inte- 
grand in (1). 

The flux into the first medium which results from 
interference is expressed by a more complicated 
formula that we shall not present here. We shall 
only mention that for d = 0, which means motion in 
the plane of the boundary, this flux is obtained from 
(1) and (2) when « and ¢, are everywhere inter- 
changed. 

Since our case is not symmetrical with respect 
to the electron trajectory, a torce arises which de- 
flects the electron from its rectilinear motion; this 
is of interest in some cases. This effect will be 
the object of a separate investigation. 

The author wishes to thank B. M. Bolotovski for 
discussions. 


1M. Danos, J. Appl. Phys. 26, 2 (1955) 

2 J. G. Linhart, J. Appl. Phys. 26, 527 (1955) 

3V. L. Ginzburg and I. M. Frank, Dokl. Akad. Nauk 
SSSR 56, 699 (1947) 

4B.M. Bolotovskii, Dissertation, Physics Institute, 
Academy of Sciences, USSR, 1955 
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Temperature Dependence of the Overhauser 
Effect in Metallic Lithium 


N. A. BEKESHKO AND BE. I. KONDORSKII 
Moscow State University 
(Submitted to JETP editor November 5, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 611-612 
(March, 1957) 


Desk has shown’? that in metals the 
saturation of resonance associated with con- 
duction electrons must result in a high degree of nu- 
clear polarization. 

Brovetto and Cini® have considered the case of 
high temperature and weak constant magnetic fields 
and have obtained the following formula for the 
quantity P which characterizes the degree of nu- 
clear polarization: 


P=(Q41) (¥, +5] Yel) Mg / 3k. (1) 


Here y, and y, are the gyromagnetic ratios of the 
electrons and nuclei of the metal, / is the nuclear 
spin, H, is the magnetic field strength, 7 is the 
absolute temperature and s is the saturation para- 
meter of electron resonance. 

Brovetto and Ferroni* found that the equilibrium 
value of the nuclear polarization is independent of 
the relaxation time and depends only on the mag- 
netic field strength, temperature and degree of 
saturation of electron resonance. Bloch® and 
Korringa® showed that nuclear polarization must 
also be observed in nonmetals. 

The nuclear polarization predicted by Overhauser 
and others was first observed by Carver and Slich- 
ter’ in experiments with metallic lithium and later 
by Beljers, Van der Kint and Wieringen® in experi- 
ments with the free radical of diphenylpicrylhydro- 
zyl. We present here the results of an investigation 
of nuclear polarization in metallic lithium at various 
temperatures from 77.2 to 373° K, 

This experiment was performed in a constant 
magnetic field of 30.1 oersteds generated by Helm- 
holtz coils. The sample consisting of 6 cm? of 
metallic lithium dispersed in oil was placed in a 
glass test tube within the two coils. The first coil 
was connected to an oscillator with an output of 
about 70 watts. The frequency of this oscillator 
was set equal to 83.6 Mc, the Larmor precession 
frequency of electrons in the magnetic field. The 
second coil was included in a double T bridge sup- 
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plied by an oscillator of frequency 49.89 kc, which 
was the Larmor precession frequency for nuclei in 
the same field. The specimen was prepared by 
cooling during continous stirring of the lithium pow- 
der in oil heated above the melting point of lithium 
(in an argon atmosphere) followed by cavitation 
crushing in a sound field. The lithium particles 


were smaller than the depth of the skin layer at 
83.6 Mc. 


Signal Amplitude 


The increase of nuclear polarization was observed 
through the strengthening of the nuclear magnetic 
resonance signal. The 49.89 kc signal was trans- 
formed into a 465 ke signal which was detected, am- 
plified and observed on an oscilloscope screen. The 
signal was modulated with 200 cycles. The constant 
magnetic field, the hf magnetic field and the 49.89 
ke magnetic field were mutually perpendicular. The 
coils and samples were placed in a special housing 
and the hf oscillator was in a brass container. When 
the hf was not switched on the nuclear magnetic res- 
onance signal could not be observed because it was 
weaker than the amplifier noise. In all of the meas- 
urements, the same amplifier gain and degree of 
bridge balance were maintained. 

The results are shown in the Figure. For compar- 
ison of experiment and theory, the figure includes 
the curve which represents the temperature depend- 
ence of nuclear polarization of lithium in a field of 
30.1 oersted as calculated from Eq. (1) with s =0.9 
(broken curve). The separate circles represent the 
experimental values. The ordinates of the circles 
represent the nuclear magnetic resonance signal am- 
plitude in arbitrary units of a corresponding scale; 
the strength of the nuclear resonance signal is 
known to be proportional to the degree of nuclear 
polarization. We note also that Ref. 7 contains a 
quantitative comparison between the theoretical and 


506 


the experimentally observed degree of polarization 
at room temperature. 

The figure shows that with increasing tempera- 
ture, the signal strength is reduced. The experimen- 
tal signal strength ratio at 0 and 57° is 1.15, and 
the corresponding ratio of the values of P calcula- 
ted from Eq. (1) is 1.21. 

Our data are a basis for concluding that the res- 
onance line width increases as the temperature 


drops. 


1 4, W. Overhauser, Phys. Rev. 89, 689 (1953). 

2 A, W. Overhauser, Phys. Rev. 92, 411 (1953). 

3 P, Brovetto and G. Cini, Nuovo Cimento 11, 618 
(1954). 

4 P, Brovetto and S. Ferroni, Nuovo Cimento 12, 90 
(1954). 

5 F, Bloch, Phys. Rev. 93, 944 (1954). 

6 J, Korringa, Phys. Rev. 94, 1388 (1954). 

77. R. Carver and C. P. Slichter, Phys. Rev. 92, 212 
(1953). 

8 Beljers, Van der Kint and Wieringen, Phys. Rev. 95, 
1683 (1954). 
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The Character of Nucleonic Forces 


A. Z. DOLGINOV 
Leningrad Physico-Technical Institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor November 6, 1956) 
J. Exptl. Theoret. Phys (U.S.S.R.) 32, 612-614 
(March, 1957) 


AY ALYSIS of experimental data on proton-proton 
scattering apparently allows us to draw the con- 
clusion that the principal role is played by 1S and 
3Po states in the energy region up to 400 Vev!-3. 
There is no basis for thinking that the concept of a 
potential is generally inapplicable in this region of 
energy; however, numerous attempts to explain the 
observed character of the scattering and polariza- 
tion for pp and np collisions, using central, tensor 
and (IS)-forces*, have been unsuccessful. In order 
to describe the large contribution of ae and the 
small contribution of °P. and Po states, we intro- 
duce the interaction operator in the form 
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O =f (1 0162) Vit Ve Vo [(Is*—B],  (D) 
where %o and | are the spin and orbital momentum 
operators of the nucleon, S=(,+0,)/2; V,, V, and 
B are functions of the invariants r, 0/dr, S? and 12, 
while B is such a function that By, p = V3p,%. ¥sP is 
the wave function of the system in *P states. It is 
not difficult so to choose f that the second term in 
(1) plays a role only in the triplet states, for exam- 


ple, B=17S?/4. It is obvious that 
O%sp, = Veh , Upp, = Usp, = 0, 


i.e., U does not act on the 3P , and eRe states. 

We shall not consider here a possible explicit 
form for V, and V,, since the existing phase anal- 
ysis is not unique and does not give reliable infor- 
mation on the phases. Nevertheless, data on the 
character of the interaction in °P states make rea- 
sonable the separation of the forces in the form (1) 
and the consideration of the remaining part of the 
potential (which leads to scattering into the states 
es and 8) as a small correction. It is possible 
to choose the values of V, and V. 
Oi, and Osp > 
the remaining phases 

A more accurate description of Ube 3F and the 
other states, and also an account of the small con- 
tribution of 3P; and 3P2 can be achieved by the in- 
troduction into U of additional terms [tensor forces, 
(1S) forces] of corresponding magnitude. We note 
that a small phase shift 03p and S3p3 which does 
not appreciably disturb the isotropy of the angular 
distribution, can have a strong effect on the char- 
acter of the polarization of the nucleons. 

Data on np scattering at J =0 could be explained 
on the basis of the assumption of a central static 
potential’. If a detailed analysis shows that forces 
of the form VUs)? — 3] do not give an appreciable 
contribution at 7’=0, then V, can be multiplied by 
(1+, t,),where t is the isobaric spin operator of 
the nucleons. 


» to account for 


and to guarantee the smallness of all 
5,6 


A number of authors’*® have pointed out that in 
the nuclear shell model, along with (la) forces, one 
must introduce other, velocity-dependent forces. 
For example, Nilsson® has observed that the expres- 
sion for the average potential of a nucleus ought to 
contain terms proportional to /*. We note that 
1? =(1o)?, i.e., it has the same character as the 
operator (IS)? in Eq. (1). It is well known that ve- 
locity-potentials are equivalent to nonlocal poten- 
tials (the potential operator is an integral operator). 
It is possible that the appearance of terms of the 
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form V((S)?—] in the interaction potential of two 
nucleons (for T=1) reflects the nonlocal character of 
of this interaction. 

Let us consider the general case of velocity-de- 
pendent forces. The potential between two nucleons 
can depend on four vector operators n=r/r, 71,0, 
and |, and on the scalar operators r, 0/dr, 1?. 


Examples are given in the papers of Simon® and 


Racah?° of irreducible tensor operators acting on 
spin space. In similar fashion we can introduce 
operator functions Y,, (1), whose components are 
transformed in a rotation of coordinates according 
to a (2N +1) dimensional irreducible respresentation. 
For example, 


YoM=1; Yo =ls Yt Woe tily) 


un ve (32 — 2); 


You O= ttl til) Lt 1, bith 
Yo (= S (i, # ily). 


Yy Al) must be so constructed that its form does not 
change upon permutation of /, and/, til. Only in 
this case will the representation be irreducible. 

An explicit form for Y, ,(1) can be found by means 
of the relation 


Yn (1) => >» CR ay,, 1v2 Yn—-ay, (1), Vive (}, (2) 


Vi, V2 


where { } represents and anti-commutator, while 


¥ ny VV p99) = AyiCNyrmY ty, (99)- (3) 


In order to compute the A,_,, it is necessary to make 
use of the explicit form of Y, Al), where we can 
take any convenient values for v and m, since the 
Ay, do not depend on them. 

Let S be the operator of the total spin of the sys- 
tem of particles of spin %. We can then construct 
lin a fashion similar to (2)] operator functions 

Yy AS). By virtue of the commutation properties of 
the o,, they can be shown to differ from zero only 
for N<2S. For example, Y,, ,(c)#0 only for N=0 
or l. 

Since T is a sufficiently good quantum number, 
transitions between singlet and triplet states are 
improbable; this means that o, and a, ought to 
enter symmetrically into the potential. Therefore, 
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we have only n and | left at our disposal. The in- 
variant function of these operators, which can be 
regarded as the interaction potential, has the form 


7 0 
U = NV'BN, A 9 N * 
py NN, ( Or , =a ‘ ) te8®, naa ho (99) Y Nw, 


(1) Y yyy, (S); (4) 
where y)=1, y,= 7, To BN Ny, are functions of in- 
variant operators. The summation is taken over all 
possible values of N , v, and g. Only those N. are 
possible which leave (4) invariant relative to inver- 
sion of the coordinate system (r>—r) and to time 
reversal (1 +> —l, 0+ —a). It is easy to see that o 
contains all forms of potentials which are usually 
considered. 

If account is taken of the possibility of transi- 
tions between states with different S, then we make 
the following substitution in Eq. (4): 


¥ van (S) > DON CNN ve” Nan () Ynyy, (2): 


where by? Nn, 18 a function of the invariant operators, 
symmetrized for N,, v, and N,, v,. The operator 
(IS)—£ selects one state of all the possible states 
with S=1 and /=1, the state with the definite value 
of total angular momentum J =0. We give a general 
method for the construction of such projection oper- 


ators for arbitrary /, S and J. We shall seek the 


projection operator in the form 


Tb1$ = Ya7s(—1)Y w_y (S) Vy (1) Vi8 = 8/978 
Ny 


where ye is the wave function with definite values 
of the total angular momentum j and momenta / and 


S: 


VIS = SICH soso (E) ¥ rm (89)- (5) 


Making use of Eq. (3) and the orthogonality rela- 
tions for the Racah functions !° W (abcd; ef), we 
obtain 
ZONA erth CHS “agama sD 
4h} (6) 
XK (28-+1)}) WSs; NJ). 
Since 


(is) = S) (—1)¥y_, ©) Yay), 


v 


then, for S='%, we obtain the well-known relation 
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mV , = (4180 — dds) 2 ef pi 


The projection operator on the state with given L, 


S and J of the form 
ety J 
Piss a 87/8, 355478 
is an integral operator with kernel 


y yi (é, 9, 9) yee (ELao eee 
M 
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Photodisintegration of Neon Nuclei 


A. P. KOMAR ANDI. P. IAVOR 
Leningrad Institute of Technical Physics 
of the Academy of Sciences, USSR 
(Submitted to the JETP editor November 24, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 614-615 
(March, 1957) 


APO mixture of neon isotopes contained 
in a fast acting Wilson cloud chamber under a 
pressure of 1.4 atm, was irradiated by y-rays from 
the synchrotron up a to maximum energy of 80 Mev. 
The Wilson chamber was in a magnetic field of 


5750 Oersted. 


The following reactions were observed (a total of 


719 cases): (yp), (ypn), (y2p), (y2a), (yap) and (y5a). 


Reactions (yp) and (ypn) were distinguished by the 
pulse size and direction of the recoil nucleons, re- 
actions (yp) and (ya) were distinguished by the 
ionization density and the tracks of the recoil 
nuclei. 
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The orientation and length of tracks were deter- 
mined by the reprojection method. The angular dis- 
tribution (in the laboratory system of coordinates) 
of photoprotons from 1 to 15 Mev was studied. The 
dependence of the relative number of protons per 
unit solid angle on the angle 6 between the direction 
of proton flight and the axis of the y-ray beam is 
shown in the Figure in diagram forin in 20° inter- 
vals. The angular distribution is well described by 
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a formula of the form a + bsin?0, where b/a = 2.5. 
The number of observed cases for the separate 
types of reactions is as follows: 


Type of 
disintegration: (yp) (ypn) (y2p) (y2a) (yap) (y5a) 
Number of cases: 352 137 64 21 143 2 


It should be noted that there is a substantial dif- 
ference in the angular distributions of photoprotons 
for argon’ and neon. Since the neon and argon 
nuclei are even-even, this difference cannot be due 
to the difference in nuclear spins but is apparently 
associated with the difference in the shell struc- 
tures of the nuclei. The integral (yp) reaction cross 
section for neon determined relative to the (yp) re- 
action cross section for helium? turned out to be 


0.16 + 0.08 Mev-bn. 


1A. P. Komar and I. P. lavor, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 31, 531 (1956); Soviet Phys. JETP 4, 432 
(1957), 

25. R. Gaerttner and M. L. Yeater, Phys. Rev. 83, 146 
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Concerning the Lifetime of the Two Forms 
of the 7° Meson. 


A. V. ROMANKEVICH 
Moscow State University 
(Submitted to JETP editor February 12, 1956) 
J. Exptl, Theoret. Phys. (U.S.S.R.) 32, 615 (March, 1957) 


pase NDING to the theory of Fermi and Jang}, it 
is assumed that 7 mesons are formed by nucle- 
ons in contact interaction (potential well of width 
%i/Mc~ 10°14 and depth 25x 10° ev. According to 
this theory there exist two forms of 7° mesons; 7° 
(P+P) and 7° (N+N); where P denotes proton, NV 
neutron, P antiproton, N antineutron. In this note 
are presented results of calculations of the lifetime 
for the two form of the 7° meson. 

Computations were made by the general method of 
the invariant perturbation theory for a pseudoscalar 
meson with pseudoscalar coupling in the approxima- 
tion (u/M)? <1, where p denotes the mass of the 
meson and M the mass of the nucleon, under the as- 
sumption that the expansion in the power of g*/fic 
is valid. It was considered that the disintegration 
of the two forms of 7° mesons occurs according to 
two mutually exclusive Feynman diagrams (Figs. 


la and b), 


= 
Sica | 
lagi 
KR 


where & is the 4-momentum of the meson, ¢,/ are 4- 
momentum quanta, p is the 4-momentum of the virtual 
nucleon, Yi = —iBa; (¢ = 1, 2,3), ya = 8, V5 =y1, 2» 
¥3, ¥4> y3 = 1, # =c =1, the upper portion which 
includes the charged meson, computed in Refs. 2 
and 3. 


The life time obtained was: 


=[5S ge \2)_ 1 (g?\(e?\2/u \2 uc? 
mT hx? Nhe laos e Nae) (Fa) as 


where the first term in the square parenthesis cor- 
responds to the 7° (P +P) meson, the second term to 
the 79(N+N) meson. Within the limits of the method 
used, the life times of the two 7° mesons, are gen- 
erally speaking, different. 

By the same method and using the same approxi- 
mations the conversion probability of one 7° meson 
into the other was evaluated by the simpler diagram 


(Fig. 2) 
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where q denotes the 4-momentum of the end meson. 
The logarithmic deviation was removed by subtrac- 
tion. For the life time in this process we obtained 
the value: 


1/7 ~ (N4/192r) (g?/hic)? (e°/fic)? (u/M)* (m/w)? me*/h, 


where m denotes the mass of the electron, N=(p, 
— ,)/m the mass difference of the mesons. 


1m, Fermi and C. Jang, Phys. Rev. 76, 1739 (1949). 
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On the Derivation of the Low Equation 
in the Theory of Meson Scattering 


A. M. BRODSKII 
Moscow State University 
(Submitted to JETP editor November 27, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 616-617 
(March, 1957) 


HERE is shown in this note a new method of 

deriving Low’s equations, the analysis of which 
is very important in discussions pertaining to the 
theory of scattering of mesons by nucleons. It is 
shown that they may be written in a form, where the 
concrete type of interaction enters in a simple way 
through a nonhomogeneous term.* In the analysis of 


*It should be noted that a series of causality conditions 
and renormalization, assumed in the derivation of the dis- 
persion relations, are thereby imposed on the interaction 
and also the condition of sufficiently rapid decay of cer- 
tain expressions under the integral in Refs. 3, 4. 
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the scattering of 7-mesons by nucleons, let us in- 
troduce the amplitude (7’-matrix) of scattering con- 
nected with the corresponding matrix element of the 
S-matrix in the following manner. 


(p’o’, k’j | S| po, ki) = 8,4, 8;; 8 (p’ — p) 8 (k — k’) 
— (2ni) [(2m)? 2k, 2ko] |? 8 (p’ + k’ — p —k) 


x (p’o’, k’j | T | po, ki). (1) 


Here p, k(p', k 1) denote the momenta at —a (+) of 
the incident (scattered) nucleon and meson, satisfy- 
ing the relations 


pt+tk=p'+k’, 


yp= yp =— m, 
R= k? = — , 


‘3 (2) 
where m and p are experimental masses; all other 
magnitudes are considered also renormalized. 

From the definition of the scattering amplitude and 
the unitarity condition of the S-matrix it follows di- 
rectly that 
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(T—T+) =[(p'o', k'j|T | ps, ki) —(p'0", #'j|T* | po, ki)] 
= —2ni S)\ dp, (n|T | p’o’, Ri)" (n|T | ps, ki) 
, x 8 (Pp—P—F), (3) 


where it is necessary to take p + k = p+ k*on the 
right side of the equation; (n) is the complete 
specification of the state as an example of which 
we choose the system of eigenfunctions of the en- 
ergy vector—the momentum P at infinity with eigen- 
values p”= p2. Note that for coherent forward scat- 
tering the left side of equation (3) is the imaginary 
part of the scattering amplitude, and on the right 
side represents the complete scattering cross sec- 
tion with an accuracy up to a coefficient proportion- 
al to the flow of the incident particles. Thus, in this 
case, (3) is equivalent to the well-known “optical” 
theorem.° 

Let us further make use of the scatter amplitude 
written in a general form which follows®® from the 
investigation of the property of invariance and syn- 
metry of the given amplitude* 


(p’o", k’j| T | po, ki) 
= — u(p’o’) ( +Int) >) (vk) (4)7,)** 0,5, (eo + 2)2, (Pp — p’)?)|u (p, 9), 


Aj =1,0 
Ints=k > — hi, i jp’ +k apt. (4) 
Here pA,A,(p + £), (p — p*)?) denote certain functions which can be represented, as analysis of the 
Feynman diagrams® and consideration of the causality condition will show, in the form: 
! 1\9 8A Ae) 
a k a tae 3 eo : 
Ne ((p ye (Pp )*) (p +h) + m?—ie 
a da dvd Bea ee (5) 
(mp)? (oh)* [(p + k)® + Mi — ie] [(p — p’)? +- M? — ie] ’ 


where 6(A,A,) is a constant depending on the meth- 
od of renormalization of the charge; dependence of 
6(A,A,) on 4, is determined by the form of interac- 
tion and can be readily established by comparing 
P),, with the first term of the perturbation theory 
expansion. Further analysis will be conducted in 
the laboratory system of coordinates [p = (m,0)]. 


(T —T*} = —2iu (p’o’) (1+ Int)! (=7,)* (y,)* Im [ey,q, (P-L), a 1 {po} 


Aj; =1,0 


> (=;7;)" (Y_,) P 


== — Irin ws) 
A; = 1,0 


(p +k) =p'+k It follows from the comparison of 
(3) and (7) that in the laboratory system of compu- 
tation, 


(2p)? 


The following inequalities which follow from (2) 
are valid for the subsequent portion of the analysis; 
(p—k’)? + M2? = —(m+ py)? + 2m (ky + uw) + M2>0, 
(p +k)? + m? = — 2mky — pw? <0, 
(p — p’? -+ My = — 2m (m—py)+M}>0. (6) 
Considering (4-6) and making use of (2), the differ- 
ence (J — T +) [Eq. (3)] can be written in form** 


Ooi (— (p+k)?, M3) 
(ope AG 


ant u (p,0) (7) 


*The symbols of Ref. 6 are generally used herein. 
** For the derivation of (6) it is necessary to remember 
that, according to the accepted symbols, u = u*y,, 


On 5)” eye 
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Now, separating in (3) the obvious dependence on 
Po +, and examining separately the terms of the 
expression of (7) within the square parentheses, 


(p'o’, &j| 


y 
7) 
Aj = 1,0 


= werfasiny > 


(y,)™ (757; rz 


jee sk j)’ (n|T | po, ki) 


Eq. (4) can from the present viewpoint, be finally 
rewritten in a form equivalent to the first of Low’s 
infinite system of equations: 


T | po, ki) 


8 (Ayre) 


(p + k)? — m2 —1e | Le) (9) 


n 


+(1 +Int) S| dp, 
ed Pon 


where prime at the summation symbol indicates that 
the summation is carried out over all n, except the 
case p*n=—m” and the momenta satisfy conditions 
(2). Thereby also, the physical state of the nucleon 
is considered as the lowest stable state and the dif- 
ference between the proton and neuteron masses is 
neglected. We note that this reasoning could have 
been simplified by the introduction of Gilbert’s 
concept of the transformation operator, since the 
hermitian and the skew hermitian operators 7 +7'* 
and T—T* are, in view of the causality principle, 
mutual forms in the sense of Hilbert’s transforma- 
tion, with an accuracy up to the addition of terms 
which differ by a permutation of the integrations. 

In conclusion the author expresses his deep grat- 
itude to Prof. D. D. Ivanenko, whose remark with 
reference to Low’s equation and dispersion relations, 
made at the Moscow Conference on High Energy in 
May 1956, served as the starting point for this work. 
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**For the derivation of (6) it is necessary to remember 
that, according to the accepted symbols, u=u* yo, (YoY )* 


=YoY ns 


= Po— hy te 


5m —P— 


8. Feldman and Matthews, Phys. Rev. 102, 1421 
(1956). 
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The Hall Effect in Bismuth Under Pressures 
up to 30,000 Kg/cm2 


A. I. LIKHTER AND L. F. VERESHCHAGIN 
Laboratory for the Physics of Ultra-High Pressures, 
Academy of Sciences, USSR 
(Submitted to JETP editor November 27, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 618 
(March, 1957) 


I the course of our work on the investigation 

of the Hall effect in bismuth’, we built an appa- 
ratus for measurements at pressures up to 30,000 
kg/cm”, A pressure up to 30,000 kg/cm? is created 
inside a microlite matrix, which is surrounded on all 
sides by a lead casing and receives support on al- 
most all sides in a steel conical mounting. The mi- 
crolite matrix was prepared for us in the Glass Lab- 
oratory the Mendeleev Moscow Chemico-Technical 
Institute.* The means for transmitting the pressure 
is silver chloride, which transmits hydrostatic pres- 
sure sufficiently well for a pressure chamber of di- 


*We consider it our pleasant duty to express our thanks 
to Prof. I. I. Kitaigorodskii and scientific technician Ts. 
M. Gurevich for the great labor furnished by them in work- 
ing out the technology and preparing these matrices. 
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ameter 11-12 mm and height 4 mm. A thin plate of 
bismuth is embedded in the silver chloride, with 
five contacts which make it possible to measure 

the resistance, the dependence of resistance on 
magnetic field, and the Hall effect, as functions of 
pressure. The magnetic field is introduced into the 
matrix through the plungers exerting the pressure. 
In one of the plungers are found four miniature elec- 
trical conductors. The measurements were made on 
bismuth of 99.99% purity. 

The occurrence of the I-II and II-III transitions in 
bismuth was clearly seen by jumps in the resistance. 
With increasing pressure the Hall effect in bismuth 
progressivley decreases, and in modification III, it 
becomes at least three orders of magnitude smaller 
than for bismuth under normal pressure. The depend- 
ence of resistance on magnetic field in modification 
III also falls below the limits of sensitivity of the 
measuring system. Noting that in modification III, 
according to the measurements of Bridgman” and 
also of Butuzov and Gonikberg®, the melting point 
increases with pressure; and that, according to the 


Hydrodynamic Fluctuations 


L. D. LANDAU AND E. M. LIFSHITZ 
Intitute for Physical Problems, 
Academy of Sciences, USSR 
(Submitted to JETP editor November 29, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 618-619 
(March, 1957) 


‘Awe theory of hydrodynamic fluctuations 
can be constructed by introducing “outside” 
terms into the equation of motion of the liquid, as 
was done by Rytov’ for the fluctuations of an elec- 
tromagnetic field in continuous media; he introduced 
corresponding “outside” fields in Maxwell’s equa- 
tions. 

The introduction of such additional terms can be 
accomplished in different equivalent ways. The 
most advantageous is the form in which the fluctua- 
tions of the “outside quantities” at the various 
points of the liquid are not correlated with one an- 
other. This is accomplished by the introduction of 
“outside stress tensor” s,, in the Navier-Stokes 
equation and the “outside heat flow” vector g in the 
heat conduction equation (the equation of continuity 
remains unchanged). The system of hydrodynamic 
equations then takes the form 
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measurements of Chester and Jones‘, superconduc- 
tivity occurs in bismuth III, it is obviously possible 
to assume that bismuth III is a true metal, in con- 
trast to bismuth I, which is characterized as a 
“semi-metal”. Since details of the change of Hall 
effect with pressure in modification I obviously de- 
pend on the orientation of the plate, the necessity 
arose of carrying out the experiments with mono- 
crystalline plates, after which we shall publish a 
detailed article. 


1a. 1. Likhter and L. F. Vereshchagin, Dokl. Akad. 
Nauk SSSR 103, 791 (1955). 

2p, W. Bridgman, Phys. Rev. 48, 893 (1935). 

3 Vv, P. Butuzov and M. G. Gonikberg, J. Inorg. Chem 1, 
1543 (1956). 

4p, F. Chester and G. O. Jones, Phil. Mag. 44, 1281 
(1953). 
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or t+ div (pv) = 0, (1) 
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at p (vv) Ox; ae : (2) 
OS Ae OU Ov 
i Ge eae = i ; 
eT ($+ ws) = ol, (se te \— ava, (3) 


(all the notation agrees with that used in our book”). 
To these equations should be added the relations 
which define the mean values of the products of 
components s,, and g.. We do this by first assuming 
the fluctuations to be classical (i.e., their frequen- 
cies o<kT/h), while the viscosity and the thermal 
conductivity of the liquid are non-dispersive. 

The rate of change of the total entropy of the liq- 


uid S is given by the expression [see Ref. 2, Sec. 
49] 


A o. OU. fare) 
Se \ ee eae he SNE 
\ fot = 3 | T? | av. 


Following the general rules of fluctuation theory 
laid down in Ref. 3, Secs, 117, 120, we select as 
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the values £, figuring in this theory the components 
of the tensor o, and the vector q*. It is then evi- 
dent from Eq. (6) that the role of the corresponding 
quantities X_ will be played by 


AD a reece 
2T \Ox,, Ox; / I? 0x, 


while Eqs. (4) and (5) play the role of the relations 
%=—-Va,4, +7, (see Ref. 3, Sec. 120), where the 
S,,, and g, correspond to the quantities y,. The coef- 
ficients y_, in these relations determine directly 
the mean values 


Yq (f1) Yp (te) = 8 (Yay + Ypq) 8 (tr — fe). 


The final formulas have the form: 


Sip (Tis £1)Spm (Fay C2) =24T [4 (8;)8nm + Simokp 
+ (€ — 2/3) 8;,8,,,] 8 (2 — 11) 8 (te — 4), (7) 
&; (Fx, 41) Zp (Fo, fa) = 2kT? x8 ,,5 (T2 — 11) 8 (t2 — ty), 
Bj (Fas 41) Sim (Fay f2) = 0. 


If use is made of the spectral components of the 
fluctuating quantities, which are defined by 


foo) 
a 
Lg =a \ ety eo" df, 
—o 


then the factor 5(¢, —t,) in eqs. (7) is replaced by 
5(@+@")/2z. 

These results are generalized without difficulty 
to the case of the presence of dispersion in the 
coefficients of viscosity or thermal conductivity and 
the quantum nature of the fluctuations with the aid 
of the general theory of Callen and others, in the 
form set forth in Ref. 4. There appears only the 
factor (hw/2kT) coth ha/2kT in the expressions 
for the average values of the products of the spec- 
tral components s,, and g,, while the quantities 7, 
6, « are to be replaced by their real parts. 


Is M. Rytov, Theory of electrical fluctuations and 


heat radiation, Academy of Sciences Press, 1953. 


*An inessential difference, connected with the fact 
that we are dealing here with a continuous (values at 
each point of the liquid) as against a discrete set of 
fluctuating quantities (for which the formulas in Ref. 3 
were developed), can easily be removed formally by di- 
‘viding the volume of the liquid into small but finite re- 
gions AV and carrying out the transition A V0 in the 
final equations. 
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oie Wandeu and KE. M. Lifshitz, Mechanics of con- 
tinuous media, 2nd edition, Gostekhizdat, 1954. 

°L. Dy Landau and E. M. Lifshitz, Statistical physics, 
3rd edition, Gostekhizdat, 1951. 

4L. D. Landau‘and E. M. Lifshitz, Electrodynamics of 


continuous media, Gostekhizdat, in press. 
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Dipole Moment of the HDSe Molecule 


V. G. VESELAGO 
P. N. Lebedev Physical Institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor December 6, 1956) 

J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 620 (March, 1957) 
G Bae dipole moment of the D,Se, molecule has 

been determined? from the Stark splitting of its 
rotational spectrum. For the dipole moment, the rel- 
atively small value of 0.24 Debye units was obtain-- 
ned. It would be interesting to confirm this result 
with another isotopic form of hydrogen selenide, 
HDSe. In the investigation” of the microwave spec- 
trum of this molecule, the transitions 259 ~201 
4,,—4,, and 9, ,—9., were identified. For the pur- 
pose of determining the dipole moment of HDSe, the 
Stark splitting of four lines was investigated: 
209 mar 431-432 954-845 and T4374 4- The 

—7,, transition was observed by us at 22,229.8 
Mc. Although a natural selenium mixture contains 
five isotopes we used only the most abundant iso- 
tope Se®®. 

The splitting Av in Mc for a Stark component cor- 

responding to a given quantum number M, is given by 


Av = 2-0,5535 [M2 / J (J +1) (2/ + 1)] (S/v) w2E?. 


Here ». is the component of the dipole moment along 
the a axis (in Debye units), E is the applied elec- 
tric field strength in volts/cm, S is the dipole ma- 
trix element for the given transition and v is the 
transition frequency in Mc. Terms proportional to 

Be in the expression for Av are very small and 
have therefore been neglected. 

In order to avoid the error associated with inac- 
curate determination of the field strength in the 
wave guide, we measured the Stark effect for semi- 
heavy water HDO. For this purpose we used the 
8577.7 and 22307.67 Mc lines*. The field strength 
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Transition a=p.q (HDSe)|pq (HDO) 
2e9—221 0, 68-40 ,02 
45;—Ago 0,67-+0 ,02 
Ta3—T a4 0,70-++0,02 
9sa—955 0,67+0,02 

a, = 0,68+0,02 


for these measurements was 2kv/cm. The resulting 


value of a is the ratio of the dipole components 
along the a axis for the molecules HDSe and HDO; 
values are given in the table. The total dipole mo- 
ment of HDSe is associated with a by the simple 
expression 

uw (HDSe) = a u (HDO) sin 82 / sin 84, 


where (HDO) is the dipole moment of HDO and 6, 


and 6, are the angles between the a axis and the 
direction of the dipole moment for HDSe and HDO 
respectively. 5, is approximately 45°, and if we 


take 6, =20°30’ and p(HDO) = 1.84 Debye units’ we 


obtain 0.62 Debye units for the dipole moment of 
HDSe, which differs extremely from the value of 
0.24 Debye units obtained in Ref 1. 


ache, Moser and Gordy, J. Chem Phys. 25, 209 
(1956). 

EvEG: Veselago and A. M. Prokhorov, J. Exptl. 
Theoret. Phys. (U.S.S.R.) 31, 731 (1956); Soviet Phys. 
JETP 4, 750 (1957). 

3 Weisbaum, Beers and Herrmann, J. Chem. Phys. 23, 
1601 (1955). 

4M. W. P. Strandberg, J. Chem. Phys. 17, 901 (1949), 
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Second Relaxation in a Spin System 
at Room Temperature 


Po Tisnhkoy. 
Physico-Technical Institute, Kazan Branch, 
Academy of Sciences, USSR 
(Submitted to JETP editor December 11, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 620-621 
(March, 1957) 


ee, investigation of paramagnetic absorption in 
Cr (NO ee 9H 30 3 in parallel fields at 300° K, 


employing Zavoiskii’s grid current method 1 re- 
vealed an effect which is unusual at room tempera- 
ture. The absorption x” (H, ) plotted in the figure 
for a 160 Mc oscillating field has quite a narrow 
peak. The right-hand half width was of the order of 
300 oersteds. As v increases the absorption peak 
is shifted in the direction of higher constant mag- 
netic field strengths; this is shown in the following 
set of data: 


vin Mc = 48 93 131, 160 
Magnetic field in 


oersteds at peak = 250 290 330 360 


My 
0 0000 2000 3000 YOU0 


The intensity of the absorption peak compared 
with absorption at H =0 diminishes with increasing 
frequency from 10 to 160 Mc. At frequencies of the 
order of 660 Mc, the shape of the paramagnetic ab- 
sorption curve differs very little from the usual 
x" (H,) curve which is described by Shaposhnikov’s 
formula? y"= (1—F)? p.v- 

Below 10 Mc, spin-lattice relaxation influences 
the absorption curve so strongly that a peak is hard- 
ly discernible. 

This phenomenon is apparently associated with 
the new form of spins spin relaxation discovered by 
DeVrijer and Gorter?’4 in potassium chrome alum 
at the temperature of liquid hydrogen. Gorter and 
his associates® later detected this type of relaxa- 
tion in a number of other materials but again only at 
very low temperatures. So far as we know the effect 


has not previously been observed at room tempera- 
ture. 


At the present time the author is using the grid 
current method in similar investi ations of other 
chromium salts and salts of Mn**, Cu** and Fe‘*?. 

In conclusion I take this ener uaiee to thank 
B. M. Kozyrev for guidance and constant assistance. 
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University, 1949, 
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Electric Monopole Transitions in Nuclei 


with Odd Mass Numbers 


L. K. PEKER AND L. A. SLIV 
(Submitted to JETP editor December 17, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 621-622 

(March, 1957) 


(hae non-radiative wholly converted electric mono- 
pole £0 transitions between two spin zero levels 
(0+ + 0+) have been studied well enough only in 
three cases (see Table 1). Ilowever, EO transitions 
can take place not only between 0-0 levels, but be- 
tween any two levels with same spin and parity, be- 
cause in this case the selection rules are satisfied 


(Al = 0, no). The matrix element for an £0-transition 


has the form 
Hy = <f| D\r3| i> = eR’, (1) 
p 


where Jo is the nuclear radius and p a parameter, 

which is of the order of unity in the case of a com- 
plete overlapping of the initial and final state wave 
functions. The monopole transitions, more than the 


others, depend on the structure of the nucleus; their 


study can therefore give additional information on 
nuclear models. 

An attempt has recently been made? to observe 
E0-transitions between two levels 2 > 2 in even- 
even nuclei. If one measures the internal conver- 
sion coefficient (ICC ) for the K-shell, a, and, by 
an independent method (e.g., from angular correla- 
tion), determines the contribution to the radiation 
of M1 and £2-transitions, then 


Gp = T/T, =%4g+ (1 +) 8, + Teq/Ty. (2) 


a2 and f are the theoretical ICC’s for E2 and M1- 
transitions respectively, « is the contribution of 
E2 transition, Ty is the probability of y-transition 
equal to T,(If1) + Ty (E2) and T, is the conversion 
probability. The third term T.9/Ty determines the 
part of the electrons involved in the monopole 
transition. 

It follows from the experimental values of the ICC 
for the 2+ + 2+ transitions in Pt!92, Pt196 and 
Hg!98 nuclei, that the part T .o/Ty is very small 
and lies within the limits of the experimental er- 
rors; theoretical considerations2 indicate that this 
part should be of the order of unity. Such a result 
has been understood after it has beendetermined that 
the spin 2 levels in the considered nuclei have a 
vibrational character, and that the transitions be- 
tween them involve a change by unity of the vibra- 
tional quantum number v. This strongly forbids E0- 
transitions and reduces their probability by a fac- 
tor of about 100. The investigation of /0-transi- 
tions between levels of other type is made difficult 
by the necessity of independent measurements of 
the ICC and of the percentage of £2 (or M1) transi- 
tions, which is a very difficult experimental prob- 
lem at the present time. 

The purpose of the present note is to point out 
the existence of £0-transitions between spin 4 
levels (4 + > ¥ +) in odd A nuclei. In this case, 
the spin selection rules rule out the possibility of 
E2-transitions (k =0) and Eq. (2) becomes: 


Ug hes mace (3) 


This simplifies the experimental method a great 
deal, because it suffices to measure only the ICC 


an 


Sf2* 
2+ (x/2+) 


ye+ 


fa 
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The best investigated is the level scheme of 


Au 197 (see Figure). The latest measurement? of 
the ICC for the 191 kev transition gave the value 
a,= 2.5. If the transition was a pure M1, then 

ax = 1.0; with a mixture of £2, the ICC would be 
still smaller. The possibility of a higher spin con- 
tradicts the 8-decay character. It remains therefore 
to assume that the spin of the 268 kev level is % 
and that the 191 kev transition is a mixture 
M1+E0. Evaluating Ty for an M1-radiation by 


\loszkowski’s formula‘, we obtain from (3) 


T 29 ~ 4.10" sec-!. The corresponding value of p 
is p ~ 0.5, which is in agreement with the value of 
p obtained from 0+ + 0+ transitions. The table 
gives a compilation of the data on /0-transitions. 

It seems of interest to determine the contribution 
of £0-transitions to the conversion spectra of other 
nuclei, e.g. Int45 and He!99; there are indications 
that these nuclei have two spin 4 levels with same 
parity. One would also like to confirm the results 
of Potnis et al.3, which we used here. 


Nu- Type of E p 
cleus E0-transition | (Mev) 

cr at | Over cs | 172 

O18 OUI ROseH! 6: 007"| Meese 

Ge?2 Ree WO sell CO Ne atyi9 
Po?l4 O+ O+ 142A 20 
Auls? 4/2+ } 1/24 0,191 |~1/2 

Eee We 2 ale dete a0, 0 eed 15 

pt1s6 24- 2 Opes eselyeye 
Hg198 mie Dak |) OO ee 


1J, Blatt and V. Weisskopf, Theoretical nuclear 
physics. 

2. L. Church and J. Weneser, Phys. Rev. 103, 1035 
(1956); 100, 943 (1955). 

3 Potnis, Mandeville and Burlew, Phys. Rev. 101, 753 
(1956). 

4S. A. Moszkowski, Beta and Gamma—Ray Spectro- 
scopy, Chapter 13. 

5B. S. Dzhelepov and L. K. Peker, Decay Schemes of 
Radioactive Isotopes,(Academy of Sciences Press (1957), 
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Internal Conversion Coefficient of the 53 kev 
Gamma-Radiation on the L shell of Th230 


A. A. VOROB’EV, V. A. KOROLEV, A. P. KOMAR 


AND D. M. SELIVERSTON 


Leningrad Physico-Technical Institute, 
Academy of Sciences, USSR 
(Submitted to JETP editor December 17, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 623 (March, 1957) 


fe energy of the first excited state of Th?3° is 
now determined to be of 52.5 kev!. From the 
data available in the literature, it can be concluded 
that the conversion coefficient of the 53 kev 
y-radiation is large?. 

For the measurement of the conversion coefficient 
we have used the a-y coincidence method. An en- 
riched source of U234 was used. The a-particles 
were recorded by an impulse ionization chamber, 


1000 


20 JO 
FIG. 1. The volts (V) show the dis¢riminator level. 


(the a-spectrum is shown on Fig. 1) the y-quanta 
by a scintillation counter with an Nal(TI) crystal. 
The y-spectrum was photographed when in coinci- 
ence with the a-particles, which gave an impulse 
on the output of the multiplier in the interval 17 to 
23 volts (Fig. 1), i.e., when in coincidence with 
the a-particles going to the ground and first ex- 
cited states of Th230, On Fig. 2, the thin line 
shows the y-spectrum photographed without absorp- 
tion. As it can be seen, the main contribution to 
the spectrum comes from a 15 kev x-ray. Control- 
ling experiments have shown that this radiation can 
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20 Channels 


be neither the result of an excitation of Th atoms 
in the recoil process, nor the result of the excita- 
tion of the uranium atoms by the a-particles going 
through the source; it is due only to the internal 
conversion on the L-shell of Th23°. In the experi- 
ment, the 53 kev y-rays have been separated by us- 


ing 120 p of Sn as an absorber (thick line on Fig. 2). 


The conversion coefficient has been determined 
from the ratio of the number Nr of Roentgen quanta 
(without absorber) to the number Ny of 53 kev y- 
quanta, normalized to the same number Ng of re- 
corded a-particles. 

The following result is obtained: Nr/Ny = 130. 
The experimental error does-not exceed 50%. The 
extrapolation of the theoretical data gives for the 
sum of the conversion coefficient on L;, L;;, and 
L 3; shells, depending on the type of transition: 


ea Jap E3 M1 M2 

<0) 170 >95-108 ~25 > 9500. 
The comparison with the experimental result en- 
ables one to conclude that the observed radiation 
is of the electric quadrupole type. The ground 
state moment of even-even nuclei being equal to 
zero, and its parity +, the total angular momentum 
of the first excited state of Th 23° has to be equal 
to 2, parity+. The result obtained confirms experi- 
mentally the assumption of the rotational character 
of the level, according to the model of A. Bohr. 


1. A. Gold’in et al., Academy of Science USSR Ses- 
sion on the Peaceful Use of Atomic Energy (Phys.-Math. 
Section) p. 226 (1955). 


*'T, Teillac, Compt. rend. 230, 1056 (1950). 
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Level Shift of 7-Mesonic Atoms 


S. M. BILEN’KII 
United Institute for Nuclear Research 
(Submitted to JETP editor December 18, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 624 (March 1957) 


N recently completed experiments!~*, the energy 

levels of 7-mesonic atoms of light elements have 
been measured. It was found out that the ground 
state level does not coincide with the energy level 
obtained by solving the Schrédinger equation in the 
potential of a point charge, taking into account the 
corrections for the finite size of the nucleus and 
the vacuum polarization. Theoretically, this prob- 
lem has been investigated by Deser et al4 who ob- 
tained an equation expressing the level shift of 
m-mesonic atoms of light elements in terms of the 
scattering length of the 7-meson on the nucleon; 
the assumption is made, however, that the scatter- 
ing amplitude of the 7-meson on the nucleus is, for 
small energies, equal to the sum of the scattering 
amplitudes on individual nucleons. An attempt to 
take into account the binding of the nucleons in the 
nucleus was made by Brueckner®, but the agreement 
with experiment is worse than for the results of 
Deser et al. 

We will describe the non-electromagnetic interac- 
tion between the 7-meson and nucleus by a complex 
V, different from zero in a region of the order of the 
nuclear dimensions. For a sufficiently light nucleus, 
we apply the perturbation theory, and obtain the fol- 
lowing expression for the shift of the ground state 
level of the 7-mesonic atom: 


AE = \ VVO dt & 4/5 (rp / a)’ ZA, (1) 


where A and Z are the atomic weight and charge of 
the nucleus; V is the mean value of the interaction 
potential; a=h?/pe7, pis the meson mass; 
ry=R/A%, R being the nuclear radius. According 
to this formula, one can determine the product 

r°//, from the experimental data on the mesoatomic 
level shifts. If one takes r,=1.2x 1073 cm. then 


ee) 
the following values of Vp are obtained: 


| 
i 
| 
| 
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ro8V p108*Mev.icu8 Vr, Mev. 

Li 2,43 15 
Be Oe 10,3 
Ble 1,959 g 
Bi Poet} 1253 
C 1,37 79 
N 0,99 De: 
O 1,37 7,9 

sei 1,00 0,8 


In this fashion, the potential varies irregularly 
with the variation of the atomic number A. One does 
not succeed in explaining such a behavior by the 
variation of r, (it is true that the available data® on 
light nuclei are incomplete and preliminary). 

It remains to note that the formula of Deser et al. 
follows from (1) if the potential V is optical and is 
expressed in terms of the scattering lengths in the 
following way? 

V (r) = Voe (r), 
(2) 
VWw= 


Wie Nabe Ce 22 
ee reall 3 a + ai], 


where p(r) is the nucleon density in the nucleus, 


Possibilities of Focussing in a Linear 
Accelerator With the Aid of Traveling Waves 


V.to# LRADICH 
Physico-Technical Institute, Academy of Science, USSR 
(Submitted to JETP editor December 20, 1956) 

J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 625-626 

(March 1957) 


A S is well known, a simultaneous radial and phase 
stability of the motion of the accelerated parti- 
cle in a linear accelerator with a traveling wave can 


d 


mz =eE {fa (&r) cos (a —o \ = 


Zz 
7) 
mr = — eE {h (kr) sin (ad —oe \ = + 91, (Ayr) sin (ort a6) \=) 


where the first term is determined by the action of 
the accelerating travelling wave, and the second by 
the focussing wave. The phase velocities of the 
accelerating and focussing waves are determined by 
the formulas 

v = V (2eE / m) cos (z+ 20), 


v; = V (2eE / m) cos 9,(Z@+2%+8), = mua / 2eE cos 9,; 


where v, is the calculated velocity of the injected 
particles. 
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N the number of neutrons, @,, @, the scattering 
lengths of the meson on the nucleus in the spin 
states 4 and %4. Finally, Eq. (1) yields the same 
expression as Brueckner’s for the imaginary part of 
the shift (half width of the level). 

The author expresses his gratitude to Ia. A. 
Smorodinskii for the position of the problem and for 
the discussion of the results. 


1 Proceedings of CERN Symposium 2, 417 (1956). 

2M, Stearns and M. B. Stearns, Phys. Rev. 103, 1534 
(1956). 

3D. West and E. F. Bradley, Phil. Mag 8, 97 (1956). 

4 Deser, Goldberger, Baumann and Thirring, Phys. Rev. 
96, 774 (1954). 

5K A. Brueckner, Phys. Rev. 98, 769 (1955). 

®R. Hofstadter, Rev. Mod. Phys. 28, 214 (1956). 

? Frank, Gammel and Watson, Phys. Rev 101, 891 
(1956). 
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be obtained by introducing a periodic unhomogeneity 
in the wave-guide. This method of alternating-phase 
focussing was proposed independently by la. B. 
Fainberg*, by Mullet” and by Myron and Good? in 
1953. In the present note, a modification of this 
method is proposed: the simultaneous radial and 
phase stability of heavy particles is obtained by 
the action of the additional generator on the field of 
the focussing traveling wave. 

In the case considered here, the non-relativistic 
equations of motion of the accelerated particle have 
the form 


) + 3/9 (kyr) cos (ays — 0, ia ; 


7 


(1) 


Let us use the notation 
esven ile. N=o,/0, [SSS® jf ky = © / 04, 
A = 2rc/o, Az =z —-z,, Bao / ov 

= B8xmc?/n(Ngcos@,)?eF, O=k [(A2) ix eA: 
We will consider as small the deviations of the non- 
synchronous particle from the corresponding syn- 
chronous values, as well as the magnitude of the 
synchronous phase: 


| er |, | Ayr |, | RAz |, | ky Az |, LaKee (2) 
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The ratio of the amplitudes of the focussing and 
accelerating waves and the difference in their 
phase velocities will also be considered as small: 


%, NS, g, (vy. —v)/u<1. (3) 


In the approximate formulas reported below, only 
the lowest-order terms are included. 

In order to perform the integrations in (1), we 
start by solving the equation of motion of a syn- 
chronous particle by the method of successive ap- 
proximations: 


c dz, dz, 
mz,= eE {cos (wt ra) \) + cos (on — 0, \ =) ; 
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with the use of the assumption that 


(9 / 10N) (8% / g)? < eEn/ me2B <4. (5) 


Using the obtained expression for z =z (t) and 
Eq. (4), let us expand Eq. (1) in a series with re- 
spect to the deviations of the particle coordinates 
from the corresponding values of the synchronous 
particle coordinates. Let us average’ (over a period 
of the high frequency perturbation) the linear equa- 
tions of motion for the deviations. The averaged 
equations of motion have the form: 


Peet (4) 
Az+ Q2Az=0, r+027=0; 
2 1 (e0E\2 Bw wg; oie! 2 OP, (6) 
= (Fe) ete) Geaprese. Cr telmp ott ob ecaenme 


to = mv /eE cos 9, 


If p,= 0, the solutions of (6) are 


nie. Bias ck eve 
Az=C,Vi+t Jy. 
pigs olaai AUN | 


_ ese tyvos ( 


On the other hand, if ?, # 0, applying the WKB 
method, we get: 


where C,, Cj, , C{ are constants determined by 
the initial conditions. When Gan os 0, the solution 
obtained for Az and r are ducitlating, which corre- 
sponds to a simultaneous radial and phase stability 
of the accelerated particle motion. 

If one takes into account the non-linear terms in 
the equations of motion for the deviations, then one 
obtains, for the capture angle ® and for the accep- 
table velocity spread (AB /f),., the expressions 


uO) — 96 
cos es : 
ZeEn  [v (N9)2? — 9]? 


(en ‘i vee COS 5 


’ 


2 ee Mie 


2V2 mg (t + to) We 


edE ; ‘ye 
VE ag | str ah 


which are accurate in the absence of resonance in 
the radial and phase oscillations®’®. 
The author is grateful to Ia. B. Fainberg for val- 


uable discussions. 


1a, B. Fainberg, Report # 601, Physico-Technical 
Institute, Academy of Science, USSR (1953). 

21. B. Mullet, AERE-GP/M-147, Harwell, England 
(1953) [cited in Rev. Sci. Instr. 26, 220 (1955)]. 

3 V. Myron and L. Good, Phys. Rev. 92, 538 (1953). 

4N.N. Bogoliubov and Iu. A. Mitropol’skii, Asymptotic 
Methods in Non-Linear Oscillations Theory, Moscow 
(1955). 

5Ta. B. Fainberg, Report at the Geneva Conference 
(June, 1956). 

OF, M. Nekrasov, Thesis, Kharkov State University 
(1955). 
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Derivation of the Formula for the Cross 
Section for Formation of High Energy 
Neutrons in Deuteron-Nuclei Collisions 


V. S. ANASTASEVICH 
(Submitted to JETP editor December 24, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 626-627 
(March, 1957) 


OMEWHAT prior to the appearance of Serber’s 
S article, | we suggested that the formation of a 
narrow beam of neutrons upon interaction of high 
energy deuterons with matter, was due to the strip- 
ping of deuterons colliding with atomic nuclei. We 
derive here the formula for the effective cross sec- 
tion for the formation of neutrons by the stripping 
reaction; this was set forth in an unpublished 
report’. 

The formation of a neutron by stripping will of 
course take place every time that the proton in the 
deuteron interacts with the nuclear surface, while 
the neutron is outside the nuclear force radius. Let 
R be the nuclear radius, and d be average distance 
between the neutron and the proton of the deuteron. 
We shall call r the distance between the neuteron 
and the point at which the pn (proton-neutron) line 
intersects the nucleus. Let 6 be the angle between 
the x-axis (the x-axis is drawn from the center of 
the nucleus through the point where the pn line 
intersects the nuclear surface) and the pn direc- 
tion; the cross section for formation of neutrons for 
given values of 6, r, and R > is then: 


O,9 = 7 (e? — R?) = 2nRrcos8, 
o? = R?+ r2— 2Rr cos (x -— 8) S R? + 2Rrcos 0. 
The average cross section for neutron formation 
for a given r and arbitrary 0 is: 
Qmax nr 2 


mRr cos 0 27 sin 6d0 = «Rr, 


me) 
I 
ho 
a 
SS. 
: +e) 
: all 
l bo] 
Ad 
[ SS — Kear Ph 
bho 


— (d—r)/2nR, 


where dQ = 27 sin 6d@ is the solid angle formed by 

a change in the deuteron direction from 0+d0. The 

average cross section for neuteron formation for 

arbitrary 0 and r is found the formula: 

d 

‘ee 

= a o.dr = 
0 


Te 
By 


Rd; 


this is the effective cross section which we were 
seeking. 
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1k. Serber, Phys. Rev 72, 1008 (1947). 
2.5, Anastasevich, Otchet Akad. Nauk SSSR (Nov., 


1947). 
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Possible Correlations in 7-p-e Decay 


L. OKUN’ AND A. RUDIK 
(Submitted to JETP editor December 24, 1956) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 627-628 

(March, 1957) 


i Pex and Yang? have recently shown that if parity 
is violated in 7-p-e decay, there must be cor- 
relations between the orientations of the momenta of 
the p-mesons and the electrons. We present here the 
results of computations of such correlations when 
parity is violated in both the 7+,.+v decay and the 


p.>e+2v decay. ‘ 
The interaction leading to 7-meson decay has 
the form: 


Jah = fob, (1 = ays) b,. (1) 
The coefficient a characterizes here the degree of 
violation of parity conservation. The probability 
that during the decay of 7-meson, a p-meson will be 
emitted with momentum n and spin s is given by 


ee Ea 2) (fa See : 
at = i {a 4-\a| (1+ 54) +(a+a ) (ns) 
pe cme ale EE ara eG Fy (ns), 2) 


m? 


where m is the mass of 7-meson and p the mass of 
the p-messon. Expression (2) indicates that the 
p-meson is longitudinally polarized. It may be shown 
that if a=1, the p-meson is completely polarized in 
the rest system of the p-meson. 

Let us consider now the decay of a u-meson at 
rest. The interaction for this process has the form 


5 
Hy, = Sie; %, 1 + 2:75) 0,4.) (0,0,%,). (3) 
1 


If the two neutrinos which appear during the decay 
of the p-meson are identical, then it is well known 
that g,=g,=0. Applying Lenard’s method2, one ob- 


tains the following expression for the angular dis- 
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tribution of decay electrons: 


BW , /dQde = (2m)-*e> ©? {(@1 + a5) (1 — )+ 8/sag (3 — €) 
+-?/3 (dz + a4) (3 — 2e) + [(b, + 05) (1 — €) 
— “/abs (1 + ©) + 7/s (bs + ba)(1 — 2e)] (s1)}, (4) 
where | denotes a unit vector in the direction of the 
momentum of the electron, and 


9 


a;= gi (1+ |a,)*), 6; =g2(a; +27), 


Integrating the probability (4) over the energy of 
the electron yields 


Av 5 
dV ere Em (/Qy + as 5 Ag+ Ga 
dQ (2z)4 i pe 1 aa 8 
d /b > bs 14 by b 
a ‘ 0} ate 


(5) 


Note that the coefficient a which characterizes 
the degree of parity violation may be either real 
(for invariance under time reversal) or purely imag- 
inary (for invariance under charge conjugation). In 
the latter case, the coefficients u, and v, are eas- 
ily seen to be identically equal to zero, and there 
is no correlation. If a is real, then the correlation 
between the direction of the momentum of the 


p-meson and that of the electron is given by 


W (1, n) = S) (ns) Wy (51, so) W,, (Sol). (6) 


$483 
W_ and Ware obtained from Eqs. (2) and (5), and 
W (sj, $,) is the probability for depolarization of the 
p-meson as it is slowed down. If the depolarization 
is small, i.e., if Wi ~5(s,-s,), Eq. (6) is easily 
solved: 


W (In) = 1104 -}- Uode (In). 


(7) 


Note that the effect of parity violation shows up in 
(7) through the appearance of a scalar quantity 
(In), and not a pseudoscalar as is usually the case. 
This is linked to the fact that parity is violated 
twice in the process under consideration, during the 
decay of the 7-meson, and during that of the y-meson. 
In conclusion, we remark that experimental ob- 
servation of this correlation is very difficult due to 
the fact that strong depolarization takes place 
during the lifetime of the p-meson (~ 10-© sec). 
The authors wish to express their appreciation to 
Acad. L. D. Landau, V. B. Berestetskii and B. L. 


Ioffe for a discussion of this analysis. 


1p. D. Lee and C. N. Yang, Phys. Rev 104, 254 (1956). 
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Polarization in Reverse Reactions 


A. I. BAZ’ 
(Submitted to JETP editor December 27, 1956) 
J. Exptl. Theoret. Phys. (U,S.S.R.) 32, 628-630 
(March, 1957) 


N this note, weshall demonstrate a relation which 

holds between the polarization of final particles 
in forward and reverse reactions. Consider an arbi- 
trary reaction of the form a + X + b + Y, where a, b, 
X, Y are arbitrary particles of spin 4; we shall as- 
sume that the product of the intrinsic parities of 
the particles before the reaction is the same as the 
product of the intrinsic parities of the particles 
formed after the reaction. We shall denote the spin 
states of the initial and final systems by the com- 
ponents €,,, of a column vector, where s is the to- 
tal spin and m its z-component. It may be shown 
that the amplitude of the final particles has the 
form 


a—f c—d|| Su Gn 
elk Vu |b o> b= On Sto i ele Cio 
Fo diol © fe 5p —— dy |G =aeaeay: C11 |’ 
ah (eh e Coo Coo 
(1) 


where & and fk are the wave vectors before and af- 
ter the reaction, €,,, is the spin function for the ini- 
tial state (particles a and X), and the coefficients 
a, b, c, ... are expressed by means of the elements 
of the reaction matrix Mj), j-., and the scattering 
angle 6. If we know the operator M, we can solve 
for the average values of the spin operators of par- 
ticles 5 and Y and the reaction cross section do 


do/do. 
af?) = <al?) > /(do/(da); 6,” = < of!) > | de/do 
Ko My = (ky/k) Sp(MpMto\” ”); 


do/do = (k,/k) Sp (MeM?*). (2) 


p is here the spin density matrix for the initial 


state, andi=%, y, Z. 
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In the center-of-mass system of coordinates 
* 
(x, y, 2’, we have: 


do/do = (do/de), + P y (40/de) y; 
(Gy? = yo + Py yy» ae <>, + Py Gyr 
<g PG ae {82 (3) 


where P; is the polarization component of particles 
a (particles X are assumed unpolarized), and 
(do/do)y,, and <o;>,,y,z are expressible in terms 
of the coefficients a, b, c,... appearing in formula 
(1). The polarization of particles 6 and Y is con- 
veniently expressed in the coordinate system (x'‘, 
y', z'), wherein the z-axis is in the direction of 
motion of particle 6, and the y'-axis coincides with 
the y-axis; The components of the vectors <a‘b)> 
and <o(Y)> inthis system are obtained from the 
components of these vectors in the system(x, y, z) 
by applying the usual rules of vector algebra. Their 
dependence upon the polarization of particle a has 


the same form as in the (x, y, z) system [see Eq. (3)]. 


For example, 
<a> = P, [cos 9 <ai>, — sin 9 <a) J -+ P, 


[cos # <a) — sin 8 <a”) .] = P, <0, + P,<o?)»,. 


Consider now the reverse reaction b+ Y + a+X. 
The cross section for this reaction (da/do)’ and 
the average values of the spin operators for parti- 
cles a and X may be obtained in exactly the same 
way as in the reaction a+ X + b+Y. One need only 
interchange a and X with b and Y in the preceding 
analysis, and correspondingly change the directions 
of the coordinate axis (i.e., the z-axis must now be 
directed along the direction of motion of particle 5, 
the z‘-axis along the direction of motion of particle 
a, etc. ...). Then in all the formulas , of2) wil] re- 
place ab), of Y) will replace o(X), k, will replace 
k, and some new coefficients a‘, b’, c', d‘) ... will 


replace a, b, c, dj, ...; furthermore the quantities 
P; must then be taken as describing the polariza- 
tion of particle b before the reaction. The coeffi- 
cients a‘, b', c',... which describe the reaction 

b + Y +a+X depend upon the elements of the ma- 
trix for this reaction, My ea i exactly the same 
ey as the coefficients a, b, c, ... depend upon 
Mi. 1 ‘s Symmetry under time reversal implies! 
that Mi 


and of the explicit form of the elements a, b,c,..., 


st Mi y,t Making use of this rest 


it may easily be shown that 


a—av=M, g—g’ =— 2M; c—c’ =— M; 6-H’ = Ge 
f—f =V2ctg9-M; dg =d\; d—=d,; e’ =e, (4) 
a ec eee (=f), 


Substituting the expressions obtained from (4) for 
a‘, b’,... into the formulas for the cross section 
and the polarization of particles in the reaction 
b+Y-+a+X, one finds that the cross section and 


polarization for this reaction are related to the 
cross section and polarization for the reverse reac- 
tion in the following way: 


(do | do), = Bh /k ” (do / da)o, <a") > = (k/ kx)? (do / do), 
ne —_ (Rk / ky Ve eo) Cat ae ’ 
Cy y= te) a) <a> ys KOU) y= (hha)? <O%))> 55 (5) 


<o'4)) = (k/ ky)? cal? 3 <0) =— 


Pe a i 


Se la 
(hf hy)? <> 5 <oO), = (kk)? <o8)y 


Ky = (k/ ky)? OE) 2s CAM, = — (R/ er)? OM 2; CAM = (k/ ea)? AD? 


The first formula in (5) gives the well known re- 
lation between cross sections in the forward and 
reverse reactions. The second formula in (5) re- 


*The z-axis is directed along the trajectory of parti- 
cle a, the x-axis lies in the reaction plane (so that the 
direction of motion of the particle b corresponds to an 
azimuthal angle ~ = 0), and the y-axis is perpendicular 
to the reaction plane. 


ee et 
lates the asymmetry of angular distribution in the 
forward reaction to the polarization in the reverse 
reaction. Indeed the right-and-left symmetry of the 
angular distribution in the reactiona + X +b + Y, 
e=\PY (do/do),/(da/do) g (P, is the polarization 
component of particle a, perpendicular to the reac- 
tion plane), may be found from the second formula 
in (5) to be equal to 
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e = PY) <a) / (do / do), = Pa®), 


(6) 


where ope) 


is the polarization of particle a in the 
reaction b + Y +a +X, when b and Y are unpolar- 
ized. In the case of elastic scattering (a +X +a+X) 
equation (6) becomes the well known formula of 
Wolfenstein.? Note that Wolfenstein only proved 
his theorem for the case where inelastic scattering 
is absent (he assumed the scattering operator Vf 
was unitary). Our demonstration is free of this 
limitation. The third formula in (5) relates the po- 
larization of particle Y in the reaction a+ X > 
b + Y to the correlated polarization in the reverse 
reaction. The remaining formulas in (5) need no 
special elucidation except for the formula of line 
four. The asterisk attached to the brackets <>, 
such as in <atb) oes denotes the fact that it de- 
scribes the polarization of particle 6 for the reac- 
tion a + X + b + Y wherein particle X was polar- 
ized in the initial state while particle a was com- 
pletely unpolarized. The index x attached to the 
bracket <>, refers here to the x-component of po- 
larization of particle X. The rest of the formulas 
of line four may be interpreted in this way. 

In conclusion the author wishes to thank Ia. A. 
Smorodinskii for a discussion of the results. 


1J. M. Blatt and V. Weisskopf, Theoretical Nuclear 
Physics, John Wiley and Sons, Inc., New York (1952). 

21. Wolfenstein and J. Ashkin, Phys. Rev. 85, 947 
(1952). 
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Polarization of Cerenkov Radiation 


A. A. SOKOLOV AND IU. M. LOSKUTOV 
Moscow State University 
(Submitted to JETP editor January 3, 1957) 
J. Exptl. Theoret. Phys. (U.S.S.R.) 32, 630-632 
(March, 1957) 


1 order to analyze the dependence of Cerenkov 
radiation upon the spin of the charged particles, 
we have utilized the method developed in Ref. 1 
(see also Ref. 2)., which allows one to solve for the 
intensities of both linearly and circularly polarized 


radiation. 
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When we consider linear polarization, we must 
resolve the amplitude of the vector potential of the 
quantized photon field into two mutually perpendic- 
ular components in the following fashion: 


a = a. + as = Boge + Bags, , 
Bs = [¥9k°] / V1 — (xk), By = [x35]. 


(1) 


x° = x%/x is a unit vector which characterizes the 
motion of the photon and the unit vector k® must be 
assigned some definite direction (in our problem, we 
shall assume that the vector k® is in the direction 
of the electron motion, i.e., along the z-axis). 

In the case of circular polarization the vector 
potential is resolved into two different components: 


a=a,-+a.. = 89, + 819-1, 


> (2) 
V26, = Be4-ikBs, A= 41, —4, 


The quantized part of the vector potential appearing 
in Eq. (1) and (2) must satisfy the relations 

qj qj == 0), qj9j0 = dj jn He Sy By tg Se 

In contructing the quantized transverse electro- 

magnetic field in a medium of refractive index 
n(n=v/ &, p=1) (cf. Refs. 3 and 4, where the quan- 
tum theory of the Cerenkov effect is developed), we 
find that the vector potential A is related to the 
quantized amplitudes a(cf. Ref. 1 or 2) through the 


following expression 


A= Lh) 
xn 


+ at exp {ic (xt /n—ixr}). 


arch (a exp {— ic (xt / n) +- ixr} 
nx 


(3) 


We shall choose to write the wave function for a 
free electron in the form 


v= Loh ae exp {— ic K’t + ik’ r}, (4) 


k’ 


where Ak is the momentum of the electron, 
chK=ch \V/k*+k? the electron energy and Ak, /c its 
mass. We shall denote the initial state of the elec- 
tron by an unprimed symbol and its final state by a 
primed symbol 

Introducing the perturbation energy U=(e/c)(aA), 
we must consider the coefficients C’ as time-depend- 
ent, satisfying the initial condition: 
C=C(k; 0) = Oy. 


When solving the Dirac equation (i.e., including 
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electron spin), the y-function (4) is given by a four- 
row matrix. When solving the Klein-Gordon Equation 
(i.e., for spinless particles), we must limit ourselves 
to two wave functions assuming 

(5) 


b, =(2cRK)—"*, b.=(c&K; 2 


In that case the expression for the density becomes 
P=vy Yo + Wy Y,- One then finds the following ex- 

pression for the radiation intensity per unit leath of 
electron motion: 


Ww — ko : +C'= 
Wo a a 2 


eS K-2.—®) 


RY RE sin Odddpetdx, at = et a (6) 
r S| 


a*) b, 
where v is the electron velocity. The index s(s="2 
s(s='s, 0) denotes here the spin of the particle, 
j(j=2, 3, + 1,~—1) denotes the polarization of the 


radiated photons, and @ is the angle between the 
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initial momentum of the electron and that of the re- 
diated photon. 

The expression for cos @ may be obtained, as 
usual, from conservation of energy and momentum 
(ef. Ref. 3 and 4): 


cos § = (it 


(2) 


Taking inte account the dependence of z upen the 
frequeacy @ and the fact that = tends te unity fer 
large values of @, radiation is possible if Salal>h™ 
and is cut off at a frequency @=@_ , | for which 
cos @=1. 

When solving the Dirac equation, we must ws 
the aS? by the well-known Dirac matrices (e‘* =e). 
while in the case of zero-spin particles we mast set 7 
ba’) bk /K and b’a" =k /K. The radiation due to 7 
zero-spin particles (s=0), and that due te particles 
possessing spin, is thus found te be: 


32) + (ret / Jee} (2 — 2-*) 


“a 


we2erts Kah'Xp) ) 3(x—*— K* ) sin @ 40 wae, + 
tA) v \ nk K \ m 
5 : 
mex » / 
2 e (ka,..) (k’a;) { ke + (kk) | + ; 
Ch) __ ¢ 7) iat _ 2 2 ) (2 @ 
nil aang ae a nKK’ 2 KK) Sani - 
; ; 
f \ 7 
x 3| K ——— — K’ }sin Odthedxe 2 
\ / ¢ 
fe 
In order to take polarization into account, we radiation threshold (E=£,). The linearly polarized 
must apply formulas (10)—(12) of Ref. 1 to elimin part of the radiation is ae ing at threshold. but it 
ate the quantized amplitudes of the vector poten- grows in proportion to (E—E ) ie uke Ghee 
tial. The intensity of radiation emitted per unit cueeee ECE —E WE, <D ph . 
length of a zero-spin particle is then found to be P7 . 
@max 5 “max : 
te) __ ey eS ot | ee eee -@) 95 & —E, ¢ a > 
uw () 0, W na ee \ @ (i—cos?*6)de, (9) W Qo a = j eutizes (12) 
Q 


0 
i.e., the radiation will be strongly linearly polarized 
over the whole range of frequency , and the po- 
larization vector (the electric intensity vector for 
the radiated photons) must be in the plane (xk). 

In the case of radiation due to particles of spin 


one half, we find i 


. ex 2,..¢ 
WS eee pe ANS 0) 
(3) c2 \ Sct 5? So ° 
Wh) — Fre) + we »- Wh) — pytls)_ (11) 
(3) (3) (2) 3 (1) 


Thus it may be seen that in the classical approxi- 
mation (f > 0), the radiation will be completely 
linearly polarized just as in the case of zero-spin 
particles. 

The presence of spin leads to an additional un- 
polarized radiation which does not disappear at the 


Harding and Henderson® state in a brief note that 
they have observed non-polarized Cerenkov radiation 
near threshold. However, in view of the small inter 
sity of the unpolarized part of the radiation. proper 
tional to #> » it is difficult te believe that these ob- 
servations are somehow tied up with spin effects. 
Still, it should be noted that, due te the wide use 
use of light counters, experimental technique has 
reached such a degree of accuracy that it kas be 
come possible to observe Cerenkov effects due to 
single particles.® 


1 A. A. Sokolov and I. M. Termov, J. Exptl. Theoret. 
Phys. (U.S.S.R.) 31, 473 (1956); Soviet Phys. JETP & 
396 (1957). 
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